
0090-6778 (c) 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TCOMM.2014.2334619, IEEE Transactions on Communications

1

A New MSE Channel Estimator Optimized for
Nonlinearly Distorted Faded OFDM Signals with

Applications to Radio-over-Fiber
João M. B. Oliveira, Henrique M. Salgado, Member, IEEE, and

Miguel R. D. Rodrigues, Member, IEEE,

Abstract—In this paper, we propose a new channel
estimation (CE) structure that aims to minimize the mean-
squared error (MMSE) of orthogonal frequency division
multiplexing (OFDM) signals that are corrupted by fading,
nonlinear and additive white Gaussian noise channels. We
demonstrate that it exhibits a simple structure consisting of
a set of correlators matched to every frequency component
in the nonlinearly distorted signal, followed by a linear
transformation. An extension suitable for frequency shifted
signals is also discussed.

As case study, the potential of such CE in uplink
radio-over-fiber (RoF) systems conveying WiFi signals is
analyzed. Through simulations, we demonstrate the usage
of the one-tap and an iterative maximum likelihood (ML)
algorithm based equalizers, when used jointly with the
proposed MMSE, zero forcing (ZF) or perfect CEs. Results
show that the performance of the MMSE CE approximates
the one of the perfect CE. Also, when used in conjunction
with the ML algorithm it enables relaxation of linear
requirements of components in RoF by passing the need for
transmitter pre-distortion techniques that would otherwise
increase significantly wireless devices complexity.

Index Terms—OFDM, fading, mean square error meth-
ods, optical fiber communication, nonlinear distortion,
maximum likelihood detection.
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I. INTRODUCTION

IT is true that the demand for broadband con-
tents and services in both wired and wireless

technologies has been growing rapidly. We are liv-
ing in an era where broadband Internet with high
bandwidth services and applications such as HD
multimedia, real-time video, fast P2P and on-line
gaming are continuously evolving and demanding
for even higher data rates. The residential home
market has also grown tremendously in the past
few years leading to an increase in the number
of wireless access subscribers calling for higher
bandwidths (e.g. [1], [2]).

An interesting recent phenomenon relates to the
increase in the uplink data traffic. This phenomenon
is mainly due to the exponential use of Inter-
net services like social networks and video/photo
sharing combined with the ever increasing mobile
systems with full-HD capabilities and high speed
connectivity. Therefore, it is clear that wireless
standards will have to be able to provide both
broadband downlink and uplink solutions. A notable
scheme that is the basis for the realization of such
broadband downlink and uplink solutions is orthog-
onal frequency division multiplexing (OFDM). In
addition, due to its good performance in multipath
fading environments without the need of complex
equalization processes, OFDM offers many advan-
tages including high spectral efficiency and FFT
based efficient DSP transceiver implementations [3].
These characteristics make it the preferred scheme
for current and modern wireless standards like,
e.g, Wi-Fi IEEE 802.11a/g/n [4], [5] and WiMAX
IEEE 802.16/e [6]. Yet, due to its multicarrier na-
ture, OFDM is very sensitive to frequency, clock
and phase offsets and also exhibits a high peak-
to-average ratio (PAPR), which leads to a high
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Fig. 1. Representation of an uplink radio-over-fiber system.

sensitivity to nonlinear distortion.
To reduce system cost, maintenance and complex-

ity in upcoming dense cell based wireless system-
s [2], which will play a prominent role in enabling
future wireless, it is important to simplify antenna
units or base stations (BS) and to concentrate signal
processing functions at a centralized headend, usu-
ally referred to as the central station (CS). In par-
ticular, there is currently a considerable widespread
interest in using radio-over-fiber (RoF) techniques to
transport and deliver RF signals from BS to the CS,
including wireless OFDM based standards. The RoF
concept is based on the modulation of an optical
carrier by an RF signal so that it can be distributed
over an optical fiber based network. A generic
RoF system is composed by a CS and several BS
designed only for wireless signal distribution. By
using the optical fiber as the transport medium, we
are taking advantage of low loss and high bandwidth
transmission. Its architecture permits significantly
simple BSs since they usually only perform optical-
electrical-optical (O/E/O) conversion and, in some
cases, filter and amplification operations. Addition-
ally, the expensive high frequency equipment can be
shared and concentrated at the CS, which enables
future upgrade tasks easier and system installation
and maintenance cost savings [7]. Nevertheless,
these systems also suffer from specific impairments
which include the nonlinearities associated with
various optical components such as E/O converters.
This type of impairment is particularly problematic
for OFDM signals, so efficient techniques are on
demand to counteract the nonlinear phenomena.

In this paper, we focus on RoF uplink wire-
less transmission systems that leverage post-
compensation rather than pre-distortion techniques
in order to limit the complexity of the mobile
device. Specifically, we consider an uplink intensity
modulation/direct detection (IM/DD) RoF system
based on external modulation of a LASER by means
of a Mach-Zehnder modulator (MZM) (see Fig-

ure 1). Due to the effect of both the wireless channel
and the MZM, the signal is linearly and nonlinearly
distorted, respectively. Specifically, the nonlinearity
causes intermodulation distortion (IMD) to arise and
to fall both inside and outside the signal’s band,
causing error penalty and signal spectral spreading.
Additionally, IMD also limits considerably the per-
formance of any channel estimation process.

Since linear MMSE based techniques (e.g. [8]–
[12]) that only exploit the behavior of the linear
portion of the channel are unlikely to perform well
in the presence of nonlinear distortion, the goal of
this work is to derive linear CEs that embody both
the effect of the linear and nonlinear components
of the communications channel usually present in
RoF uplink systems. It is also important to highlight
that it is a topic that is not well exploited in the
literature. In particular, we derive the structure of the
MMSE CE for faded OFDM signals distorted by a
bandpass nonlinearity and AWGN. We demonstrate
that it consists of a set of correlators or a set of
filters matched to every possible frequency com-
ponents in the nonlinearly distorted OFDM signal
followed by a linear transformation. It is shown that
this structure outperforms conventional zero forcing
(ZF) CEs and to perform similarly to perfect CE.

This paper is organized as follows: Section II
introduces the system model under study; Section III
derives the proposed MMSE channel estimator
structure; Section IV compares the performances
of the ZF, MMSE and perfect CE with both one-
tap and ML algorithm equalizers for OFDM sig-
nals based on IEEE802.11g/n conveyed by a RoF
system; Finally, Section V summarizes the main
contributions and their implications for RoF based
wireless systems design.

II. SYSTEM MODEL

The equivalent baseband OFDM communications
system in Figure 2 represents an abstraction of the
OFDM RoF uplink system in Figure 1, where the
bandpass fading channel corresponds to the radio
channel between the remote antenna unit and the
wireless device, the bandpass nonlinearity is caused
by the electro-optic modulator and the AWGN
source is caused by the combined photodiode ther-
mal and shot noises and receiver thermal noise. We
now describe the main system blocks in detail.
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Fig. 2. Equivalent baseband uplink wireless communication model.

A. OFDM transmitter
The complex envelope of the transmitted band-

pass OFDM signal is given by [3]

s(t) =
∞∑

k=−∞

N−1∑
n=0

Sk,ngn(t− kT ) (1)

and

gn(t) =


1√

T − TCP
e
j
2πn(t−TCP )

T−TCP , 0 ≤ t ≤ T

0, otherwise,
(2)

where Sk,n is the complex transmitted symbol in
time slot k and subchannel n, T is the total OFD-
M symbol duration, N is the number of OFDM
subcarriers and TCP is the cyclic prefix duration.
The complex symbols conveyed by different time
slots and subcarrier are assumed to be statistically
independent and to follow a constellation scheme of
size M 1.

B. Channel
The complex envelope of the received OFDM

signal is given by

r(t) = y(t) + n(t) = f(s(t) ∗ h(t)) + n(t) (3)

where h(t) is the complex impulse response (IR)
of the bandpass fading channel, y(t) is the complex
envelope of the nonlinearly distorted faded signal,
n(t) is the complex envelope of bandpass AWGN
and f(·) denotes the input-output characteristic of
the nonlinearity considered to be given by a com-
plex Taylor series [13]

f (x(t)) =
∞∑
i=1

c2i−1x(t)|x(t)|2i−2 (4)

1Note that independence assumptions are typically valid for
uncoded transmissions as well as coded transmission that use
interleavers/de-interleavers to uncorrelate the data. Thus, this assump-
tion does not entail significant loss in generality.

with complex coefficients cl. Note that this approach
offers a simple way to describe a nonlinearity,
allowing us to directly obtain the harmonic levels
in terms of the expansion coefficients. The lowpass
equivalent representation of the IR of the multipath
channel is considered to be given by (e.g. [3], [14])

h(t) =
G−1∑
g=0

hgδ
D(t− tg) (5)

where hg and tg are the different path complex
gains/attenuations and time delays, respectively, G
is the total number of paths and δD(·) is the Dirac
delta function. We take the channel coherence time
to be much longer than the OFDM symbol duration,
which typically occurs in various scenarios of prac-
tical relevance [3], [14]. The corresponding channel
transfer function, H(f), is given by its Fourier
transform. In typical tapped delay line (TDL) mod-
els akin to (5) it is common to assume that hg
follow a zero-mean circularly symmetric complex
Gaussian distribution for Rayleigh fading models,
or a nonzero-mean, for Ricean fading models. The
exact gains are dictated by the power delay profile
(PDP) that is typically taken to decay exponentially
in time [15].

C. OFDM receiver
The structure of the conventional OFDM receiver

can be viewed as a set of N correlators matched to
the various subcarriers frequencies, i.e.,

Rk,n =

∫ (k+1)T

kT+TCP

r(t)g∗n(t− kT )dt (6)

We assume that TCP is longer than the duration
of the channel IR. Then, by using (3) in (6) it is
possible to express the received symbol as follows

Rk,n = Yk,n +Nk,n

=
∞∑
i=1

c2i−1
(T − TCP )i−1

N−1∑
n1=0

· · ·
N−1∑

n2i−1=0

Sk,n1Hk,n1 · · ·

· · ·Sk,niHk,niS
∗
k,ni+1

H∗k,ni+1
· · ·S∗k,n2i−1

H∗k,n2i−1

×δ(n1 + · · ·+ ni − ni+1 − · · · − n2i−1 − n)+Nk,n

(7)

where δ(·) represents the Kronecker delta function,
Hk,n = H(n/(kT )) represents the frequency re-
sponse of the bandpass fading channel in time slot
k and subchannel n and Nk,n represents a circularly
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symmetric complex Gaussian noise random variable
(RV). The symbol Yk,n is composed by both linear-
ly and nonlinearly distorted terms. The latter are
responsible for the appearance of intermodulation
products (IMP) and, consequently, IMD.

We consider structures with two different equal-
izations: the one-tap and the ML algorithm. With
the availability of an estimate of the multipath chan-
nel frequency response, Ĥk,n, the one-tap equalizer
OFDM receiver produces the estimate

Ŝ1T
k,n =

Rk,n

Ĥk,n

=
Yk,n

Ĥk,n

+
Nk,n

Ĥk,n

(8)

Note that for high levels of nonlinear distortion
the term Yk,n has a relatively low mean due to
the compression factor and a high variance. Thus,
depending on the magnitude of Ĥk,n, the IMD
may be enhanced by this equalization procedure.
Alternatively, the ML estimate vector is given by

Ŝ
ML

k = arg max
Sk∈S

L
(

Rk

∣∣Sk, Ĥk

)
(9)

where S represents the search space composed by
MN different possible symbol combinations, Ĥk =
[Ĥk,0, · · · , Ĥk,N−1], Rk = [Rk,0, · · · , Rk,N−1], Sk =

[Sk,0, · · · , Sk,N−1], Ŝ
ML

k = [ŜML
k,0 , · · · , ŜML

k,N−1] and
L(·) is the likelihood function [16].

D. A note on ZF channel estimation

In order to correctly estimate the transmited com-
plex symbols, it is necessary to obtain an estimate of
the fading channel. Conventional estimation meth-
ods are based on the transmission of known symbols
at specific subcarrier indexes (pilots) (e.g., [3]). In
the ZF channel estimation, the frequency response
of the channel is obtained as follows

ĤZF
k,np =

Rk,np

Sk,np
=
Yk,np
Sk,np

+
Nk,np

Sk,np
(10)

where the index np indicates the index of the pilot-
subcarriers. In the presence of IMD, the perfor-
mance of the ZF is severely affected since Yk,np
is extremely corrupted. Additionally, the noise term
may suffer amplification.

III. THE LINEAR MMSE CHANNEL ESTIMATOR

We now derive the new linear CE structure that
processes the nonlinearly distorted OFDM signal

corrupted by AWGN in order to optimize a per-
formance metric, namely the MSE2.

Our MMSE CE is a block-type pilot-aided chan-
nel estimation technique where a specific OFD-
M symbol is used in the estimation process of
the frequency response of the multipath channel.
Contrary to what happens with the ZF estimator
and others MMSE estimators optimized for systems
exhibiting linear distortion only, our approach does
not disregard the potentially significant correlation
between the information conveyed by different sub-
carriers due to nonlinear distortion. Additionally, it
is assumed that both the input-output characteristic
of the nonlinear channel and the statistical properties
of the multipath channel are known by the estimator.

We take the estimator to consist of a set of N
linear filters with IRs un(t), n = 0, 1, · · · , N − 1,
that produces estimates of the frequency response
of the multipath channel associated with time slot
k and subcarrier n given by

Ĥk,n = [rp(t) ∗ un(t)]t=tk,
∫ +∞

−∞
un(τ)rp(tk − τ)dτ

(11)
where rp(t) represents the complex envelope of
the received OFDM signal given that the vector of
pilot complex symbols Sp = [Sp0 , · · · , SpN−1]T was
transmitted and tk = t0 + kT is the sampling time
instant, where t0 is a constant time delay.

By leveraging the fact that the noise is white with
PSD N0, the MSE is given by

MSE = E
[∥∥∥Hk − Ĥk

∥∥∥2 ∣∣Sp]
=

N−1∑
n=0

E
[
|Hk,n|2

]
+ 2N0

∫
un(τ1)u

∗
n(τ1)dτ1

+

∫∫
un(τ1)u

∗
n(τ2)E [yp(tk − τ1)yp∗(tk − τ2)] dτ1dτ2

−
∫
un(τ1)E

[
H∗k,ny

p(tk − τ1)
]
dτ1

−
∫
u∗n(τ2)E [Hk,ny

p∗(tk − τ2)] dτ2
(12)

where Hk = [Hk,0, Hk,1, · · · , Hk,N−1]
T and yp(t)

represents the complex envelope of the nonlinearly

2A nonlinear estimator would be, in principle, more efficient. Since
its computational complexity is likely to be much higher than that of
a linear estimator, we focus on the linear one only.
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distorted OFDM signal given that the vector of pilot
symbols Sp was transmitted.

The aim is to determine un(t) that minimize the
MSE. Using calculus of variations [17] it is possible
to show that the optimal linear filter responses
satisfy the set of integral equations∫

un(τ ′)E [yp∗(tk − τ)yp(tk − τ ′)] dτ ′

+ 2N0un(τ) = E [Hk,ny
p∗(tk − τ)] (13)

The filter IR can now be derived by computing
the expected value and the integral in the right-hand
side (RHS) and left-hand side (LHS), respectively,
of (13). By using (3) and (4) and assuming that
the nonlinearity exhibits nonlinear behaviour of
maximum order L, the expected value in the RHS
of (13) can be written as

E [Hk,ny
p∗(tk − t)] =

=

(L+1)/2∑
i=1

c∗2i−1
(T − TCP )(i−1)/2

N−1∑
n1=0

· · ·
N−1∑

n2i−1=0

× Sp∗n1
· · ·Sp∗niSpni+1

· · ·Spn2i−1

× E
[
Hk,nH

∗
k,n1
· · ·H∗k,niHk,ni+1

· · ·Hk,n2i−1

]
× g∗n1+···+ni−ni+1−···−n2i−1

(t0 − t)

(14)

and the integral of the expected value in the LHS
of (13) can be written as∫

un(τ ′)E [yp∗(tk − τ)yp(tk − τ ′)] dτ ′ =

=

(L+1)/2∑
i=1

(L+1)/2∑
j=1

cic
∗
j

(T − TCP )(i+j−2)/2

×
N−1∑
n1=0

· · ·
N−1∑

n2i−1=0

N−1∑
m1=0

· · ·
N−1∑

m2i−1=0

Spn1
· · ·Spni

×Sp∗ni+1
· · ·Sp∗n2i−1

Sp∗m1
· · ·Sp∗mjSpmj+1

· · ·Spm2j−1

× E
[
Hk,n1 · · ·Hk,niH

∗
k,ni+1

· · ·H∗k,n2i−1

×H∗k,m1
· · ·H∗k,mjHk,mj+1

· · ·Hk,m2j−1

]
× g∗m1+···+mj−mj+1−···−m2j−1

(t0 − τ)

×
∫
un(τ ′)gn1+···+ni−ni+1−···−n2i−1

(t0 − τ ′)dτ ′

(15)

for n = 0, · · · , N − 1. Therefore, it is possible to
show that

un(t) =
imax∑
i=imin

βi,ng
∗
i (to − t) (16)

g*
-1/2(L-1)(N-1)

(t-kT)

g*
1/2(L+1)(N-1)

(t-kT)

(K+1)T

KT+T
CP

dt∫

(K+1)T

KT+T
CP

dt∫

Li
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Fig. 3. Alternative structure of the proposed MMSE estimator.

where imin = −1/2(L − 1)(N − 1), imax =
1/2(L + 1)(N − 1) and βi,n, i = imin, · · · , imax,
n= 0, · · · , N−1, are constant coefficients that obey

imax∑
i=imin

βi,nE
[
Y p
k,iY

p∗
k,m

]
+2N0βm,n=E

[
Hk,nY

p∗
k,m

]
(17)

for m = −1/2(L−1)(N−1), · · · , 1/2(L+1)(N−1)
and satisfy the integral equations in (13), where Y p

k,i

are the received complex symbols given by (6) when
the transmitted symbols are Spn. To see this use (16)
in (15) and then use (15) and (14) in (13).

Equivalently, (17) can also be represented in
matrix notation as

Mβ =
{

E
[
Yp
kYpH

k

]
+ 2N0I

}−1
E
[
Yp∗
k HT

k

]
(18)

where Yp
k=
[
Y p
k,−1/2(L−1)(N−1),· · · ,Y

p
k,1/2(L+1)(N−1)

]
and I is the identity matrix.

The estimate of the channel frequency response in
time slot k and subcarrier n is obtained by substitut-
ing the impulse response of the nth branch given by
(16) in (11), i.e., Ĥk,n =

∑imax
imin

βi,nR
p
k,i, or in matrix

notation as Ĥk = MT
βRp

k, where Rp
k represents the

received symbols vector given that the vector of
pilot symbols Sp was transmitted. Thus, the structure
consisting of a set of linear filters can also be,
alternatively, represented by a set of correlators
matched to every possible frequency components
of the nonlinearly distorted OFDM responsible for
the extraction of the sufficient statistics of signal
r(t), i.e., no other statistic retrieved from the same
signal can provide additional valuable information,
followed by a linear transformation defined by co-
efficients βi,n given by (18) (see Figure 3).

Let us now focus on the derivation of matrix of
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coefficients Mβ . The elements E
[
Yp
kYpH

k

]
are given

E
[
Y p
k,aY

p∗
k,b

]
=

(L+1)/2∑
i=1

(L+1)/2∑
j=1

cic
∗
j

(T − TCP )(i+j−2)/2

×
N−1∑
ni=0

· · ·
N−1∑

n2i−1=0

N−1∑
mj=0

· · ·
N−1∑

m2j−1=0

Spn1
· · ·Spni

× Sp∗ni+1
· · ·Sp∗n2i−1

Sp∗m1
· · ·Sp∗mjSpmj+1

· · ·Spm2j−1

× E
[
Hk,n1 · · ·Hk,niH

∗
k,ni+1

· · ·H∗k,n2i−1

H∗k,m1
· · ·H∗k,mjHk,mj+1

· · ·Hk,m2j−1

]
× δ(a− n1 − · · · − ni + ni+1 + · · ·+ n2i−1)

× δ(b−m1−· · · −mj +mj+1+· · ·+m2j−1)

(19)

for a, b=−1/2(L−1)(N−1),· · · ,1/2(L+1)(N−1).
Similarly, elements E

[
Yp∗
k HT

k

]
are given by

E
[
Y p∗
k,aHk,n

]
=

(L+1)/2∑
i=1

c∗i
(T − TCP )(i−1)/2

×
N−1∑
ni=0

· · ·
N−1∑
ni=0

Sp∗n1
· · ·Sp∗niSpni+1

· · ·Spn2i−1

× E
[
Hk,nH

∗
k,n1
· · ·H∗k,niHk,ni+1

· · ·Hk,n2i−1

]
× δ(a− n1 − · · ·ni + ni+1 + · · ·+ n2i−1)

(20)

To analytically derive (19) and (20) it is necessary
to derive the expectation of the product of the
complex Gaussian RVs Hk,n present in (19) and
(20). To do so, we refer to the Isserlis’ theorem [18]
which relates the expectation of products of jointly
Gaussian RVs to products of pairs of these RV. This
is now illustrated for two common fading models.

A. Rayleigh fading channel
The Isserlis’ theorem states that the expectation of

the product of m even zero-mean jointly Gaussian
RVs, ζ1 · · · ζm, is equal to the sum of all distinct
ways of partitioning the RVs into pairs, while for
m odd it equals zero, irrespective of their mutual
correlation, i.e.,

E [ζ1ζ2 · · · ζm]=

{∑∏
E [ζiζj] , m is even

0, m is odd
(21)

This yields m!/
[
(m/2)!2(m/2)

]
terms in the sum,

each being the product of m/2 covariances E [ζiζj].
From (19) and (20) we can also note that all expec-
tations are in fact the product of m Gaussian RVs

in which m/2 are complex conjugate. Therefore,
the computation of the product of zero-mean jointly
Gaussian RVs reduces to a sum of products of pairs.

From (5) and its corresponding channel transfer
function it is possible to show that the three combi-
nations of expectation of product of pairs in (21) re-
duce to E [Hk,n1Hk,n2 ] = 0; E

[
H∗k,n1

H∗k,n2

]
= 0 and

E
[
Hk,n1H

∗
k,n2

]
= E

[
|hg|2

]∑G−1
g=0 e

−j 2πtg
T

(n1−n2).
Without loss of generality, we assume that the
channel is normalized, i.e., E

[
|hg|2

]
= 1/G.

B. Rician fading channel

Here, the frequency responses Hk,n are consid-
ered to be non-zero mean complex Gaussian dis-
tributed. For m RVs ψi = ζi + µi, with means
µ1, · · · , µm, where ζi is a zero-mean complex Gaus-
sian distributed RV, and by expanding the expecta-
tion of the product of ψi it can be easily proven that
it also reduces to a summation of expectations of
zero-mean jointly Gaussian RVs affected by mean
values µm. Thus, its computation also follows the
procedure described for the Rayleigh fading case.

C. Extensions

In OFDM systems the subcarrier frequency s-
pacing, ∆f , is typically much smaller than the
total bandwidth and as a result, the tolerable car-
rier frequency offset (CFO) becomes a very small
fraction of the total bandwidth making it hard to
synchronize the frequency. When CFO is present,
orthogonality between subcarriers is lost, resulting
in intercarrier interference (ICI) [3] and in a rotation
of the received constellation that is not distinguish-
able from the random attenuation/rotation imposed
by the multipath channel.

Consider now the complex envelope of the re-
ceived OFDM signal affected by both frequency and
phase offsets, respectively, δf and φ, given by

r′(t) = r(t)ej(2πδft+φ) (22)

We will now extend the MMSE CE described in
Section III to take also into account these impair-
ments. The new structure was found to be also the
one represented in Figure 3. Yet, the expectation
values E

[
Y′pk Y′pHk

]
and E

[
Y′p∗k H′pTk

]
are now given
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by

E
[
Y ′pk,aY

′p∗
k,b

]
=

(L+1)/2∑
i=1

(L+1)/2∑
j=1

cic
∗
j

(T − TCP )(i+j−2)/2

×
N−1∑
ni=0

· · ·
N−1∑

n2i−1=0

N−1∑
mj=0

· · ·
N−1∑

m2j−1=0

Spn1
· · ·Spni

× Sp∗ni+1
· · ·Sp∗n2i−1

Sp∗m1
· · ·Sp∗mjSpmj+1

· · ·Spm2j−1

×E
[
Hp
k,n1
· · ·Hp

k,ni
Hp∗
k,ni+1

· · ·Hp∗
k,n2i−1

× Hp∗
k,m1
· · ·Hp∗

k,mj
Hp
k,mj+1

· · ·Hp
k,m2j−1

]
×αa,n1+···+ni−ni+1−···−n2i−1

ejγk,a,n1+···+ni−ni+1−···−n2i−1

×α∗b,m1+···+mj−mj+1···−m2j−1

×e−jγk,b,m1+···+mj−mj+1−···−m2j−1

(23)

and

E
[
Y ′p∗k,aHk,n

]
=

(L+1)/2∑
i=1

c∗i
(T − TCP )(i−1)/2

×
N−1∑
ni=0

· · ·
N−1∑
ni=0

Sp∗n1
· · ·Sp∗niSpni+1

· · ·Spn2i−1

× E
[
Hk,nH

p∗
k,n1
· · ·Hp∗

k,ni
Hp
k,ni+1

· · ·Hp
k,n2i−1

]
×αa,n1+···+ni−ni+1−···−n2i−1

ejγk,a,n1+···+ni−ni+1−···−n2i−1

(24)

for a, b=−1/2(L− 1)(N − 1),· · · ,1/2(L+ 1)(N −
1) and where the attenuation and the time-varying
phase shift factors are given, respectively, by

αx,nl = sinc [(nl − x) + δf(T − TCP )] (25)
γk,x,nl = π(nl − x) + πδf [(2k + 1)T + TCP ] + φ

(26)

As it can be seen from (23) and (24), the expectation
values of the joint carrier frequency/phase offsets
and MMSE CE reduces again to the computation
of the expectation value of the product of complex
Gaussian RVs. Therefore, its analytical computation
follows the procedure described in sections III-A
and III-B. Similarly, the linear transformation given
by (18) can also be derived using (23) and (24).
Since the CFO estimation topic is out of the scope
of this work, here we consider that the channel
estimator structure knows the CFO value.

D. Considerations on the estimator complexity
The computation of the MMSE estimator can be

in fact quite complex. Nevertheless, if the nonlinear
channel is assumed to be static and the statistical
properties of the fading process do not change
frequently over time, the estimator only needs to
compute the linear transformation once and the
estimation process reduces to a multiplication be-
tween a [L(N + 1) + 1] × N size matrix and a
[L(N + 1) + 1] × 1 size vector. This assumption
is considered to be realistic since 1) the nonlinear
channel given by the electrical-optical converter
does not change over time, and 2) although the
fading channel may vary over time, in typical indoor
WiFi scenarios, its statistical properties do not.

Alternatively to the analytical computation, and
by knowing that the mean of the product of Gaus-
sian RV tend to its expected value, equations 23 and
24 can be computed and approximated using Monte-
Carlo techniques. Preliminary results have shown
that with only a few hundreds of fading channel
computations it is possible to obtain a good ap-
proximation of the MMSE CE linear transformation
matrix with a drastically reduced computation time.

IV. CASE STUDY: WIFI OVER FIBER

In this section we assess the performance of the
CE by considering an uplink RoF system that con-
veys OFDM signals with parameters in accordance
with the IEEE802.11g/n standard [5].

A. System model
We consider the typical IM/DD uplink RoF trans-

mission in Figure 1. The nonlinear element in
the model is given by the MZM transfer function
which is well modeled by Taylor series expansion.
Additionally, the following noise sources are also
considered: the antenna at the BS given by an
equivalent antenna temperature; the relative inten-
sity noise (RIN) from the LASER; and both shot
and thermal noises at the PIN photodiode, that are
assumed to follow collectively a Gaussian distri-
bution. The optical fiber is considered to act only
as an attenuation channel. This assumption is valid
for double side band (DSB) for fiber lengths up
to tens of kilometers or SSB, the latter avoiding
the beating between the two bands. Nonlinear fiber
effects are also masked by other impairments such
as electro-optic converter nonlinear distortion and
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noise, for relatively low optical powers (< 0 dBm)
and fiber distances of typical RoF scenarios (e.g.
[19]). Moreover, the impact of a CFO between the
transmitted and receiver is also addressed. Addition-
al impairments such as MZM chirp, IQ imbalances
and nonlinear effects of the fiber fall outside of the
scope of this study. The MZM has an input-output
characteristic given by

Pout(t) = PCW cos2
{

π

2Vπ
[x(t) + Vb]

}
(27)

where PCW is the optical power of the LASER,
x(t) is the AC component of the voltage signal,
Vb is the bias DC voltage applied and Vπ is the
voltage required to induce a π phase shift in the
optical signal. Note that in our scenario the signal
x(t) represents the faded OFDM RF signal (see
Figure 2). The nonlinear operating point can be
defined by the modulation index of x(t) which
is given by the ratio mi = σx/(0.5Vπ), where
σ represents the standard deviation. Note that the
modulation index is imposed by the MZM driver
represented in Figure 1 which acts as an automatic
gain controller (AGC). Since it is placed at the BS,
its size and power consumption are not a major
constraint, allowing us to simplify our analysis and
consider that its compression point is relatively high
and, thus, its transfer function is linear.

In order to operate in a quasi-linear region, Vb
is set to Vπ/2. After the fiber, a photocurrent pro-
portional to the incident optical power affected by
a responsivity is generated at the photodiode. This
responsivity is set to R = 1 A/W.

Since we are focusing on an uplink scenario and
on post compensation techniques for both channel
estimation and symbol detection, we assess the
performance of the MMSE CE by comparing it
with the one obtained by the widely used ZF based
and by the ideal perfect estimation. For the symbol
detection, we consider two different equalizer struc-
tures: the one-tap equalizer and an iterative structure
based on ML decision rule given by (8) and (9),
respectively. Due to its high computational cost,
the iterative algorithm only evaluates a restricted
group of data vectors that differ by one bit from the
last estimate vector. Then, the process is repeated
iteratively in order to refine the estimate of the
transmitted symbols vector. The starting point of
the algorithm, i.e., iteration ‘zero’, is provided by a

conventional OFDM receiver followed by the one-
tap equalizer. It is also important to note that the
algorithm typically converges to a local optimum
solution rather than the optimal one [16], [20].
While the “true” ML detection has an associated
complexity of order O(MN), the one of the iterative
ML algorithm is O(lNlog2(M)), where l is the
number of iterations used.

Results are obtained by first obtaining a channel
estimative using pilots defined in the standard. In
this first stage, the OFDM pilot symbol is affected
by a randomly generated multipath channel IR.
Subsequently, the faded OFDM symbol is corrupted
by noise from the BS antenna and then distorted
by the nonlinearity. Finally, after being corrupted
again with noise at the photodiode, the OFDM pilot
symbol is used to estimate the frequency response
of the multipath channel. In the end, the overall
estimate is given by averaging the estimates for each
subchannel index.

In the second stage, associated with the trans-
mission of data symbols for detection, an OFD-
M signal conveying uniformly random generated
complex symbols is considered. Then, the signal
passes through the RoF system previously described
in stage one; at the OFDM receiver equalizer an
estimation of the transmitted complex symbols is
obtained by using the channel estimate. As typically
occurs in practice, it is considered that the multipath
channel is constant over both stages.

The PDP profile associated with the multipath
channel was set to Ω(τ) ∝ e−τ/τrms , where τrms
is the RMS delay spread set to 100 ns. Note that
the PDP is normalized and so the average received
power equals to one. The fading channel is set to
a 6 tap TDL channel, Rician distributed (typically
used for indoor scenarios) with a Rician K-factor of
10 dB. A complex automatic gain control (CAGC)
was computed and applied to all received complex
symbols in order to correctly demodulate amplitude
modulations like 16-QAM.

A sampling frequency high enough to accom-
modate IMPs generated up to the 15th order is
considered. The linear transformation of the CE
structure was obtained for IMPs up to the 7th order
due to its high computation complexity associated
with higher orders.

For our simulations, we consider the transmission
of OFDM signals conveying 16-QAM symbols as
defined in the standard. Each OFDM symbol is
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created using the IFFT algorithm with 64 points
with a period of 3.2µs and cyclic prefix of 0.8µs.
The number of subcarriers used is 52 from which
48 are for data, four for pilots and the remaining
eight are null-valued. The pilot subcarriers can be
used to help synchronization and to allow a coherent
detection robust against CFO and phase noise. Yet,
since we consider a block type estimation procedure
and that the channel is invariant over both channel
estimation and equalization stages, these four pilots
are not taken into consideration. Also, forward error
correction coding and scramblers defined by the
standard are not considered since we focus on the
receiver performance over raw data. Additionally,
with respect to the analog-to-digital converter (AD-
C) receiver front-end, we have conducted several
numerical simulations and concluded that a quan-
tization resolution of 7 bit enforces a minimum
SQNR of 34.51 dB and, in these conditions, no
impact on the overall performance is seen. These
results are in agreement with the ones reported
in the literature [15] and are considerable higher
than the SNR values considered when modeling the
BS antenna and the receiver noise sources (due to
RIN, shot and thermal noises). Furthermore, the
SQNR values obtained are also consistent with
the minimum SNR value of 20 dB necessary for
a reliable WiFi transmission [21]. Hence, we can
conclude that for ADC/DAC resolutions higher than
6 bits, the quantization noise is negligible compared
to the other impairments and has no impact on
the considered RoF uplink system. Similarly, its
cascaded effect is also considered to be negligible
for the system under study.

B. Simulation results

We use as performance metrics the bit error rate
(BER) and the total degradation (TD) defined at the
output of the MZM as [22]

TD[dB] =

[(
Eb
N0

)
NL

−
(
Eb
N0

)
L

]
+ OBO (28)

where (Eb/N0)NL is the required SNR per bit at
the input of the threshold detector to obtain a fixed
BER for a given OBO value, (Eb/N0)L is the
required SNR per bit in decibels to obtain the same
fixed BER in absence of nonlinearity, and OBO
is the output back-off. In other words, it is the
sum of the OBO and the increment in the SNR to
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Fig. 4. TD vs. mi considering ZF, MMSE and perfect CEs and both
the one-tap equalizer and the 5 iterations ML algorithm for a target
BER of 10−3. Results for normalized CFO values 0% and 5%.

achieve a given BER with respect to the case of a
linear channel. The OBO parameter identifies the
operating point and is defined as the ratio between
the maximum output power that a nonlinear element
can exhibit and the average output power of a given
signal. Thus, its value is inversely related with the
degree of nonlinear strength.

Figure 4 shows the TD of the system for a BER
target of 10−3 considering ZF, MMSE and perfect
CEs, as well as both one-tap and five iterations ML
algorithm equalizers for normalized CFOs of 0%
and 5% scenarios. A limit denoted as “linear chan-
nel” is also plotted to indicate the degradation value
if, instead of the MZM, a linear channel was consid-
ered. Results show that there is a considerable gain
when using the MMSE CE instead of a simple ZF,
albeit not matching the perfect estimation curves.
Let us first consider the 0% CFO case. Results show
minimum TD values of 10.5 dB and 8.6 dB for the
MMSE and perfect CE followed by one-tap equaliz-
er, respectively, and 9 dB and 6.7 dB when followed
by the 5 iterations ML algorithm equalizer. In other
words, the MMSE CE structure shows degradation
values relative to the perfect estimator of 1.9 dB
and 2.3 dB for one-tap and iterative ML equalizers,
respectively. The ZF estimator presents a minimum
TD 13.8 dB higher than the MMSE estimator. With
respect to the 5% normalized CFO case, the MMSE
CE structure shows a degradation relative to the
perfect estimation of 1.5 dB and 2.3 dB for one-
tap and 5 iterations ML algorithm equalizers. These
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TABLE I
LINK GAIN MARGINS AND OPTICAL FIBER LENGTHS, BER = 10−3

MMSE CE→ZF CE MMSE CE→Perfect CE

No 1 Tap Eq. 11.5 dB [28.8 Km] −1.9 dB [−4.8Km]

CFO 5 it. ML 13.8 dB [34.5 Km] −2.3 dB [−5.8Km]

5% 1 Tap Eq. 10.2 dB [25.5 Km] −1.5 dB [−3.8Km]

CFO 5 it. ML 12.2 dB [30.5 Km] −2.3 dB [−5.8Km]

results suggest a small relative improvement in
terms of total degradation when using the MMSE
CE/one-tap equalizer in a CFO scenario. Moreover,
the ZF estimator presents a minimum TD 12.2 dB
higher than the MMSE estimator. Thus, we conclude
that link gain of that same amount is achieved. This
margin can be used to relax the receiver’s noise
level or to decrease the signal power by increasing
the optical link path in up to 30.5 km (considering
an optical loss of 0.2 dB/km)3. Table I summarizes
the maximum link gains and their equivalent in
terms of optical fiber lengths for the transmission
cases depicted in Figure 4. The negative values for
the MMSE with respect to the perfect estimator
represent losses.

To perform a BER analysis, we set the overall
noise level at the photodiode to 3.5 × 10−23 A2/Hz
and the incident optical power at the input of the
photodiode to −19 dBm4. The noise at the photo-
diode is considered to be WGN within the signal’s
band. Besides the ideal antenna model at the BS,
we also consider a scenario where an equivalent
antenna temperature of 290 K is present, resulting
in a noise PSD level of −114 dBm/MHz. Thus, for
an acceptable SNR of 20 dB necessary for a reliable
transmission [21], the minimum received PSD at the
BS antenna is −94 dBm/MHz.

Figure 5 shows the BER as function of the
modulation index for both one-tap equalizer and the
five iterations ML algorithm acting as equalizer and
for two SNRAN levels at the BS antenna. Moreover,
results for the ZF, MMSE and perfect CEs are
also depicted. It can be seen that a significant
improvement is reported when using the MMSE
CE for both antenna noise levels. Furthermore, a
performance improvement is also obtained if a 5

3Preliminary results for high time consuming simulations consid-
ering a BER target of 10−4 and a higher number of iterations of the
ML algorithm have shown that higher gain margins can be achieved.

4To avoid very low BER that would take too much time to simulate,
a low optical power at the input of the photodiode is considered.
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Fig. 5. BER vs. mi considering the ZF, MMSE and perfect CEs
and both the one-tap equalizer and the 5 iterations ML algorithm.
Results for SNR antenna levels SNRAN = +∞ and SNRAN = 20 dB.

iterations ML algorithm is used as equalizer, instead
of the conventional one-tap. Regarding the non-ideal
antenna case, the MMSE CE is no longer optimum
in the MSE sense. Nevertheless, it is still capable
to process the distorted signal. In conclusion, for a
given receiver’s noise level and by post compensa-
tion of the signal, a decrease of the raw data BER of
several orders of magnitude is reported. This allows
for both the increase of the useful data rate and a
higher dynamic range of the input signal.

V. CONCLUSIONS

In this paper, a new linear MMSE based CE for
nonlinearly distorted faded OFDM signals corrupted
by AWGN has been analytically derived. The key
element of novelty relates to the fact that this
estimator, in contrast to other CEs, incorporates
both the effect of linear and nonlinear distortion,
in the estimation process. We have demonstrated
that it is given by a set of N linear filters or,
equivalently, a set of correlators matched to every
possible frequency components followed by a lin-
ear transformation so that it can be immediately
incorporated into a standard OFDM receiver. We
have also demonstrated that a structure suitable for
signals that also suffer of CFO can be obtained
without significant changes to the original one.

The performance of the MMSE CE was evaluated
in a specific RoF uplink scenario that conveys an
OFDM signal based on the WiFi standard. Results
have showed that the ZF CE is severally affected by



0090-6778 (c) 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TCOMM.2014.2334619, IEEE Transactions on Communications

11

IMD. On the other hand, results have showed that
the MMSE CE can be used to estimate the frequency
response of the multipath channel even in the pres-
ence of antenna noise and CFO. In fact, results have
showed relatively low degradation values which are
close to the ones for perfect estimation.

Regarding the iterative ML algorithm when acting
as an equalizer, we have reported performance im-
provements for both MMSE and perfect estimators,
comparatively to the one-tap equalizer. Results for
a BER of 10−3 indicate that with the proposed
algorithms it is possible to add up to 34.5 km
of optical fiber and still obtain the same TD as
the conventional structures. In conclusion, this case
study shows the feasibility to process the distorted
OFDM received signal in order to improve per-
formance without using pre-distortion techniques
thereby reducing the complexity of the wireless
devices. Additionally, results show that by using
the proposed post compensation techniques, it is
possible to relax the noise requirements of the re-
ceiver or, similarly, allow a higher attenuation of the
optical link equivalent to several kilometers in order
to obtain the same degradation as the conventional
structures. Also, for a given receiver noise level,
a decrease of the raw data BER in several orders
of magnitude was reported. This allows both an
increase of the useful data rate and a higher dynamic
range of the signal. Finally, we conclude that the
proposed CEs and receivers are therefore suitable
for improving the performance of the uplink of fiber
supported wireless systems.
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