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In this paper, we study the concept of Evolutionarily Stable Strategies (ESSs) for sym-
metric games with n ≥ 3 players. The main properties of these games and strategies are
analyzed and several examples are provided. We relate the concept of ESS with previous
literature and provide a proof of finiteness of ESS in the context of symmetric games
with n ≥ 3 players. We show that unlike the case of n = 2, when there are more than
two populations an ESS does not have a uniform invasion barrier, or equivalently, it is
not equivalent to the strategy performing better against all strategies in a neighborhood.
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We also construct the extended replicator dynamics for these games and we study an
application to a model of strategic planning of investment.

Keywords: Evolutionary stable strategy; n-symmetric games; invasion barriers; local
superior strategies; dynamic stability.

1. Introduction

The concept of Evolutionarily Stable Strategy (denoted ESS) was defined in
Maynard Smith and Price [1973] for symmetric bimatrix games. The work of
Maynard Smith [1982] is an excellent reference to the theory of games and evolution.
Bromm et al. [1997], Bukowski and Miekisz [2004] and Palm [1984] extended the
concept of Evolutionarily Stable Strategy for symmetric n-player games. When ani-
mals compete for limited resources, an ESS gives a response such that no mutant
population can invade the population that adopts the ESS. The concept of ESS
was also extended to asymmetric games (see Weibull [1995]). Gokhale and Traulsen
[2010] present a study of games with more than two players highlighting the diffi-
culties of their mathematical modeling.

Evolutionary game theory has been used to model the evolution of biologically
relevant scenarios such as microbial diversity but also in other areas such as eco-
nomics as well as the evolution of social dilemmas. The relevance of games with mul-
tiple populations and multiple strategies as a tool to understand social behavior has
been highlighted by several biologists, particularly in studies of evolution, but also
economists and sociologists interested in dynamical evolutionary models and struc-
tural change. Most of the theories of evolutionary games have been developed on the
basis of a population facing itself or of two or more, populations with antagonistic
interests in the case of asymmetric games, see, for instance Accinelli and Carrera
[2011] and also Accinelli et al. [2015] where the authors introduce a model to study
poverty traps and the relations between firms and works that invest in technology
and education. Many conflicts in nature or in society confront diverse populations
or individuals, each one with multiple possible strategies they can choose to solve
them. Cooperation or competition chosen as a strategy to resolve a conflict that
faces multiple populations determines its future developments. For instance, eco-
nomic models that refer to conflicts due to the existence of externalities or public
goods require the partaking of many different groups of individuals with conflicting
interests, who may or may not collaborate to solve the conflict. See the work of
Kurokawa and Ihara [2009] where they provide a model to study the emergence
of cooperation in public good games. In biology, the importance of the analysis
of conflicts involving multiple populations with multiple strategies to the study of
evolution is widely recognized, for instance, in van Veelen [2009].

In this paper, we study an extension of the classic definition of ESS to sym-
metric games with n ≥ 3 populations following the definitions in Palm [1984] and
Bromm et al. [1997]. In other words, we have that a population is playing against
several copies of itself, or in other way that n ≥ 3 players are drawn at random
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from a population and play a game. This definition differs from the classic multi-
population definition of ESS in the sense that for the latter the mutations that try
to invade the population have different sizes. In Definition 5.1 in Chap. 5 of Weibull
[1995], there is a very general definition of ESS for multi-population games which
is equivalent to the concept of Strict Nash Equilibrium. Not all multi-population
games have Strict Nash Equilibrium and on the other hand this claim says that
the concept of ESS does not add anything new to the theory. The definition of
ESS we study is more general than the concept of Strict Nash Equilibrium. In this
definition, in accordance to symmetric games, the mutations that try to invade the
population also reflect the symmetry. We show some examples of ESS that exhibit
that this concept is weaker than the Strict Nash Equilibrium and an example that
disproves one of the original characterizations of ESS presented in Palm [1984]. We
also show an example of an ESS where there is no uniform invasion barrier, i.e.,
a uniform barrier on the mutation sizes in the sense that it does not depend on
the mutation itself, unlike the classic n = 2 case where the concepts of ESS and
ESS with uniform invasion barrier are equivalent. Nevertheless, we show that when
there are only two pure strategies, regardless of the number of players, these two
concepts are equivalent. We also show that the set of ESS is finite or possibly an
empty set. Furthermore, we consider the replicator dynamics and we provide an
example of an ESS that is not asymptotically stable.

Recall that it is possible to interpret each player as a population, and the mixed
strategy followed by a player as a distribution of the population over a set of possible
behaviors. As we have indicated this population approach is appropriate to explain
different economical conflicting situations. As specific examples, we refer to the
oligopolistic competitive behaviors, or the choice of a portfolio in finance theory.
As it is well known, the term oligopoly refers to a market or an industry branch
dominated by a small number of sellers or producers (oligopolists). Oligopolies
can result from various forms of collusion which reduce competition and lead to
higher costs for consumers. With our approach it is possible to model the behavior
of an oligopolistic market where each firm can produce the same different types
of product, each one destined to different segments of the oligopolized market. For
example, in the market of cars, different companies produce cars of different ranges,
destined to different segments of the market. However, basically the characteristics
within each range are the same, regardless of the firm that produces. In Sec. 4.2
we will consider an example from finance theory. As it is usual to consider in this
theory, we introduce a population of investors with similar characteristics looking
to maximize the performance of their investments in assets. In this example a
population of investors competes against itself. The set of assets is considered the
set of pure strategies, and the set of possible portfolios as the set of mixed strategies.
The choice of each investor will have an impact on the values of these assets and
consequently on the returns of each portfolio. Strategic planning for each investor
needs to take into account the likely responses of the competitors.
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The rest of the paper is organized as follows. In Sec. 2 we introduce the basic
definitions of the n-player symmetric games. Next, in Sec. 3 we analyze the structure
of the ESS set, and we study the main properties of the definition. We prove that
the ESS set is finite and provide some examples illustrating how results change
from the n = 2 case and for the general nonsymmetrical version of the definition.
In Sec. 4 we introduce a generalized replicator dynamics for a multi-population
multi-strategic game that is played continuously in time. Finally, we introduce a
finance problem where several identical investors are choosing the best portfolio
given that the others are doing it. We conclude in Sec. 5.

2. Basic Definitions

We restrict our attention to symmetric and finite normal form games. By N =
{1, . . . , n} we denote the set of players. For each player, indexed by i ∈ N , let Si

be her finite set of pure strategies. We denote by S = S1 × · · · × Sn the set of pure
strategic profiles. The payoff function is π = (π1, . . . , πn) where πi : S → R. The
game generated by S and π is denoted by (N,S, π). The space of mixed strategies is
ΔS =

∏
i=1,...,n �(Si) where Δ(Si), i = 1, . . . , n, by denotes the set of probabilities

over Si. We extend the payoff function π to ΔS linearly as usual. We will often fail
to differentiate between the pure strategy si

j of player i and the mixed strategy for
i which places full probability on si

j . We will say that a strategy is symmetric if
every player chooses the same strategy (pure or mixed).

Given a pure strategy profile s = (s1, . . . , sn) ∈ S, a mixed strategy profile
σ = (σ1, . . . , σn) gives rise to σ(s) = (σ1(s1), . . . , σn(sn)), where σi(si) denotes the
probability that player i plays its pure strategy si ∈ Si, when he is playing according
to mixed strategy σi ∈ Δ(Si). The carrier or support of the mixed strategy profile
μ = (μ1, . . . , μn) ∈ ΔS is C(μ) = C(μ1, . . . , μn) = (C1(μ1), . . . , Cn(μn)), where

Ci(μi) = {si ∈ Si : μi(si) > 0}.
μ = (μ1, . . . , μn) is said to be completely mixed strategy if for all i ∈ N, Ci(μi) = Si.

Let σ = (σ1, . . . , σn) and μ = (μ1, . . . , μn) be two strategy profiles and let t, k

be two natural numbers. We will use the following notation:

(σ−[t,k], μ) =

{
(σ1, . . . , σt−1, μt, . . . , μk, σk+1, . . . , σn) if t ≤ k,

(σ1, . . . , σn) if t > k.

We use the simplified notation (σ−i, μ) = (σ−[i,i], μ), for i = 1, . . . , n. As usual,
if σ is the strategy profile σ = (σ1, . . . , σn) we denote by σ−i the profile σ−i =
(σ1, . . . , σi−1, σi+1, . . . , σn).

The best response correspondence of player i ∈ N is given by

Bi(σ−i) = {μ ∈ Δ(Si) : πi(σ−i, μ) ≥ πi(σ−i, μ
′) for all μ′ ∈ Δ(Si)},

and the best response correspondence B : ΔS → ΔS is given by

B(μ) = B(μ1, . . . , μn) = B1(μ−1) × · · · × Bn(μ−n).
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Let (N,S, π) be a game. A strategy profile σ = (σ1, . . . , σn) is a Nash Equilib-
rium if and only if for all i ∈ N we have σi ∈ Bi(σ−i).

Definition 1. (N,S, π) is an n-player symmetric game if every player has the same
strategy space and for every permutation of the set of players, θ : N → N , we have
that πi(s1, . . . , sn) = πθ(i)(sθ(1), . . . , sθ(n)).

For symmetric games it is enough to specify the payoff function of a given
player, such as, say, player 1. We will denote by Γ = (N, S, π) the n-symmetric
game (N,S, π) where S = S×· · ·×S and π = (π1, . . . , πn), satisfying the definition
of symmetry and π = π1.

Remark 1. If N = 2 this definition coincides with the standard definition of
two-player symmetric games. If N = 3 we have that π1(s1, s2, s3) = π1(s1, s3, s2),
because π1(s1, s2, s3) = π2(s2, s1, s3) = π3(s2, s3, s1) = π1(s1, s3, s2). Other similar
relations may be obtained. In general, we have that the payoff of a player remains
the same if the two remaining players change their strategies.

Remark 2. Nash [1951] showed that every symmetric game has a symmetric Nash
Equilibrium, i.e., a Nash Equilibrium where every player chooses the same strategy.
For this he considered the best response correspondence β : ΔS → ΔS given by

β(σ) = {μ ∈ ΔS : π(μ, σ−i) ≥ π(μ′, σ−i) for all μ′ ∈ ΔS},

where σ = (σ, . . . , σ), and showed that it has a fixed point. This fixed point corre-
sponds to a Symmetric Nash Equilibrium, i.e., a Nash Equilibrium where all players
play the same strategy.

From here on we will work with symmetric games. Suppose that a small group
of mutants appears in a large population of individuals, all of whom are playing
according to the same (mixed or pure) strategy σ ∈ ΔS. Suppose that a mutation
represented by a strategy μ �= σ ∈ ΔS tries to invade the population. Let ε ∈ (0, 1)
be the share of mutants in the post-entry population, i.e., the population after the
mutant invasion. Suppose that groups of n individuals are repeatedly drawn at
random to play the game, each individual being drawn with equal probability. So,
if an individual is drawn to play the game, then the probability that each opponent
plays the mutant strategy is ε and the probability that he plays the incumbent
strategy is (1 − ε). The payoff in this n-player game is the same as in this each
opponent plays the mixed strategy μ(ε) = (1 − ε)σ + εμ ∈ ΔS. The post-entry
payoff of the incumbent strategy is π(σ, μ(ε), . . . , μ(ε)) and that of the mutant
strategy is π(μ, μ(ε), . . . , μ(ε)).

Following Palm [1984] and Bromm et al. [1997] we consider the next definition.

Definition 2. Let Γ be a symmetric game, a symmetric strategy, σ = (σ, . . . , σ),
is an ESS (or simply σ ∈ ΔS is an ESS) if for all μ ∈ ΔS such that μ �= σ there
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exists εμ ∈ (0, 1) such that for all ε ∈ (0, εμ) we have

π(σ, μ(ε), . . . , μ(ε)) > π(μ, μ(ε), . . . , μ(ε)), (1)

where μ(ε) = (1 − ε)σ + εμ.

The definition of ESS above differs from the usual definition for multi-population
games (see, for instance, Definition 5.1 in Chap. 5 of Weibull [1995]) or that sug-
gested in Taylor [1979]), because in our framework only the same kind of mutations
in each population makes sense, and moreover this mutation occurs with the same
size ε in each population. In the framework of symmetric games this is a natural
definition, since given that all populations are the same they have the same proba-
bilities to be invaded by the same kind of mutation. More precisely, in Definition 5.1
in Weibull [1995], the post-entry strategy is allowed to be μi(ε) = (1 − ε)σ + εμi,
with the mutation strategy μi being possibly different for each population.

An equivalent definition is given in the next proposition whose proof can be
seen in Bromm et al. [1997].

Proposition 1. Let Γ be a symmetric game, a symmetric strategy, σ, is an ESS if
and only if for all μ ∈ ΔS such that μ �= σ:

(1) σ = (σ, . . . , σ) is a Symmetric Nash Equilibrium, i.e., π(σ) ≥ π((σ−1, μ)),
where μ = (μ, . . . , μ), or equivalently π(σ, . . . , σ) ≥ π(μ, σ, . . . , σ).

(2) There is a k with 1 ≤ k ≤ n − 1 such that for all j with 1 ≤ j ≤ k,

π((σ−[2,j], μ)) = π((σ−[1,j], μ))

and π((σ−[2,k+1], μ)) > π((σ−[1,k+1], μ)).

This proposition says (as in the case of a symmetric bimatrix game) that if σ

is an ESS and if another strategy μ = (μ, . . . , μ) is an alternative best response to
σ, then σ has to be a better reply to μ than μ to itself or one of the combinations
in condition (2) where j − 1 opponent players play μ. Using the nomenclature in
Bromm et al. [1997] we say that an ESS satisfying condition (1) strictly is an ESS
of level zero. In other words, ESS of level zero is the Strict Nash Equilibrium of the
game. Otherwise, an ESS satisfying condition (2) is called an ESS of level k. This
proposition inductively extends the definition of ESS for two populations. Indeed,
this version of the definition for symmetric two-population games is the original
one proposed in Maynard Smith and Price [1973].

3. The Structure and Properties of the Set of ESSs

In this section we will study some features of the definition of ESS above. We start
with effectively showing that the definition is more general in the sense that this
concept is not equivalent to Strict Nash Equilibrium. We then show that the ESS
set is finite.
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3.1. ESS and Nash Equilibria

For Definition 5.1 in Weibull [1995] the two concepts of ESS and Strict Nash Equi-
librium are shown to be equivalent. In general, as apparent from Proposition 1,
although a Strict Nash Equilibrium is always an ESS, these concepts are not neces-
sarily equivalent. The following example also shows this fact by exhibiting a com-
pletely mixed ESS, which is obviously not a Strict Nash, since a Strict Nash is
always pure.

Example 1. Consider the following symmetric 3-player game:[
−2 0

0 −1

] [
0 −1

−1 −1

]
.

The strategy profile is (σ, σ, σ) where σ = (1
2 , 1

2 ) is a Mixed Nash Equilibrium.
We have that for all μ = (μ1, 1 − μ1) ∈ ΔS, π(μ, σ, σ) = −3/4, and π(μ, μ, σ) =
−μ2

1 + μ1 − 1 and π(σ, μ, σ) = −3/4. Since −μ2
1 + μ1 − 1 < −3/4 for all μ �= σ, we

have that σ is an ESS by Proposition 1.

van Damme [1987] showed that for symmetric bimatrix games if σ is an ESS
then there is no other Symmetric Nash Equilibrium μ such that C(μ) ⊆ β(σ). This
previous property can be generalized in the following lemma.

Lemma 1. If (σ, σ, σ) and (μ, μ, μ) are Symmetric Nash Equilibria (σ �= μ),
(μ, μ, σ) is a Nash Equilibrium and C(μ) ⊂ β(σ), then σ is not an ESS.

Proof. Assume that σ = (σ, σ, σ) is an ESS. Then σ is a Nash Equilibrium
so that π(σ, σ, σ) ≥ π(μ, σ, σ). Since C(μ) ⊂ β(σ) then π(μ, σ, σ) ≥ π(σ, σ, σ).
So π(σ, σ, σ) = π(μ, σ, σ). Since σ is an ESS, from Proposition 1 we have that
π(σ, μ, σ) ≥ π(μ, μ, σ), and by hypothesis (μ, μ, σ) is a Nash Equilibrium so
π(μ, μ, σ) ≥ π(σ, μ, σ). So we get π(σ, μ, σ) = π(μ, μ, σ). Since σ is an ESS from
Proposition 1 we get π(σ, μ, μ) > π(μ, μ, μ) and this contradicts that (μ, μ, μ) is a
Nash Equilibrium. So σ is not an ESS.

Equivalently, the lemma says that if σ is an ESS and (μ, σ, σ) is a Nash Equi-
librium with μ �= σ and C(μ) ⊂ β(σ), then μ cannot be a Symmetric Nash Equilib-
rium. The previous lemma can be generalized to games with more than two players
but the notation and hypothesis will become cumbersome. The following example
shows that when (μ, μ, σ) is not a Nash Equilibrium in the previous Proposition
then σ can be an ESS. Furthermore, we have an example of a nonstrict pure ESS.

Example 2. Consider the following symmetric 3-player game, where player one
chooses rows, player two chooses columns and player three chooses matrices:[

1 1

1 0

] [
1 0
0 2

]
.
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Consider σ = (1, 0) and μ = (1/2, 1/2). Note that σ = (σ, σ, σ) is a Symmetric
Nash Equilibrium because π(ν, σ, σ) = 1, for all ν ∈ ΔS. Furthermore, it satisfies
C(μ) ⊆ β(σ). Additionally, μ = (μ, μ, μ) is a Symmetric Nash Equilibrium because
π(ν, μ, μ) = 3/4 for all ν ∈ ΔS. Since π(σ, μ, σ) = 1 and π(μ, μ, σ) = 3/4 < 1
we have that (μ, μ, σ) is not a Nash Equilibrium. To see that σ is an ESS, notice
that π(ν, σ, σ) = 1, for all ν = (ν1, 1 − ν1) ∈ ΔS, and π(ν, ν, σ) = ν1(2 − ν1) ≤
π(σ, ν, σ) = 1, with equality if and only if ν1 = 1, i.e., ν = σ. By Proposition 1, σ

is an ESS.

In the following example, we show that one of the assertions in Palm [1984],
namely the equivalence between (i) and (ii) in Proposition 4 in the above reference,
is wrong. Indeed, it asserts that for instance when n = 3 for σ to be an ESS then
it must be an ESS of either level zero or one. Indeed, Proposition 1 provides the
correction of this assertion in Palm [1984] since it is possible to have an ESS of level
two. The reason for this fact is that when n = 3 the dependence on ε in Eq. (1) is
quadratic and not linear as in the n = 2 case, and so the corresponding assertion
in Palm [1984] is only valid when n = 2.

Example 3. Consider the following symmetric 3-player game:[
1 1

1 1

] [
1 1

1 0

]
.

The strategy profile σ = (1, 0) is a Nash Equilibrium since π(ν, σ, σ) = 1 for all
ν ∈ ΔS. Furthermore, one also has π(σ, ν, σ) = π(ν, ν, σ) for all ν ∈ ΔS. Since
π(σ, μ, μ) − π(μ, μ, μ) = (1 − ν1)3 > 0 for all ν �= σ, we conclude by Proposition 1
that σ is an ESS.

3.2. Invasion barriers and local superior strategies

Let us now introduce the definitions of locally superior strategy (LSS) and ESS
with uniform invasion barrier for a symmetric multi-population game.

Definition 3. A strategy σ ∈ ΔS is an LSS if there exists a neighborhood U of σ

such that for every x ∈ U , with x �= σ,

π(σ, x, . . . , x) > π(x, x, . . . , x). (2)

Definition 4. We say that σ is an ESS with uniform invasion barrier if in Defini-
tion 2 the inequality defining an ESS holds for all ε ∈ (0, ε̄) where ε̄ > 0. In other
words, the maximum size of the invading mutation into the population does not
depend on the mutant invading strategy.

In Palm [1984] it is shown that these two concepts are equivalent, which
also appears in Bukowski and Miekisz [2004]. The proof of this statement can be
obtained using the same argument as the proof of the n = 2 case shown in Propo-
sition 2.6 in Weibull [1995].
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The concept of uniform invasion barrier has not always been emphasized in
previous definitions of ESS in the literature, and in some cases it has not been
made clear in the definition. The definition of ESS with uniform invasion barrier
is basically a reversal of the order of quantifiers related to the mutation and the
maximum mutation size in Definition 2. Indeed, a careful reading of the definitions
of ESS in Palm [1984] and Bromm et al. [1997] shows that a uniform invasion
barrier is part of the definition of ESS. However, it is worth noting that the proof
of Proposition 1 does not require the hypothesis of uniform invasion barrier and so
an alternative characterization of ESS is provided in Definition 2.

Furthermore, it is known that in classic n = 2-player symmetric games an ESS
necessarily has a uniform invasion barrier and so these three concepts, ESS, ESS
with uniform invasion barrier and LSS, are equivalent. The next proposition shows
it is also true for two-strategy symmetric game regardless of the number of players.

Proposition 2. In two-strategy symmetric games, the concepts of ESS, ESS with
uniform invasion barrier and LSS are equivalent.

Proof. It remains to prove that an ESS is also an LSS. In two-player games the
payoffs of a player, say player 1, depend only on the strategy of the player and on the
number of opponent players who choose a given pure strategy. Using the notation
in Bromm et al. [1997] we denote by ai,j the payoff to player 1 when he/she chooses
strategy i ∈ {1, 2} and exactly j ∈ {0, . . . , n − 1} of the opponent n − 1 players
choose strategy 1. Define βj = a1,j − a2,j.

Consider the pure equilibria σ = (1, 0). After some algebraic manipulations we
get that if x = (x1, 1 − x1) = (1 − δ, δ), for δ � 0, i.e., x ≈ σ, then

Π(x) = π(σ, x, . . . , x) − π(x, x, . . . , x) = δ

(
n−1∑
i=0

Cn−1
i (1 − δ)n−1−iδiβi

)
. (3)

In Bromm et al. [1997] it is proven that σ = (1, 0) is an ESS of level k if and only
if β0 = β1 = · · · = βk−1 = 0 and βk > 0. In this case the lowest order term in (3)
is Cn−1

j δk+1βk > 0 and so for small δ, i.e., x ≈ σ, we have that Π(x) > 0 and so
σ = (1, 0) is an LSS. Similarly, one may prove that if σ = (0, 1) is an ESS then it
is an LSS.

Now consider a mixed ESS σ = (σ1, 1 − σ1) with 0 < σ1 < 1. Consider x =
(x1, 1 − x1). Define

h(t) =
n−1∑
i=0

Cn−1
i tn−1−iβi,

where t = x1
1−x1

. After some manipulations we get

Π(x) = (σ1 − x1)(1 − x1)n−1h(t). (4)

In Bromm et al. [1997] it is proven that a mixed ESS of level k with k being odd
satisfies h(t) = 0, h(j)(t) = 0 for all j < k and h(k)(t) < 0 at t = σ1

1−σ1
where h(j)

1950005-9



December 4, 2019 17:43 WSPC/0219-1989 151-IGTR 1950005

E. Accinelli, F. Martins & J. Oviedo

is the jth-order derivative of h, and that there are no mixed ESS of level k when
k is even. This implies that Π and all the derivatives of Π up to order k at x = σ

vanish. Furthermore, the derivative

Π(k+1)(x)|x=σ = −k(1 − σ1)n−1h(k)(t) > 0.

Since k + 1 is even this proves that Π(x) > 0 for x ≈ σ and so σ is an LSS.

We conclude the following:

Theorem 1. The concepts of ESS, ESS with uniform invasion barrier and LSS
are equivalent for every symmetric games with two players and for every n-player
game with two pure strategies.

However, when the number of players and the number of pure strategies are not
2, there may exist ESSs that are not locally superior, or in other words, ESSs that
have no uniform invasion barrier. We provide an example.

Example 4. Consider a four-player, three-strategy game. Denote the three pure
strategies by 1, 2 and 3, respectively. Denote the payoffs to player 1 by ai,j,k,l

where i, j, k, l ∈ {1, 2, 3} are the pure strategy choices of players 1–4. By symmetry,
ai,j,k,l = ai,σ(i),σ(j),σ(k) where σ is a permutation of three elements. Consider the
following payoffs:

a3,3,1,1 = −3,

a2,2,2,2 = −2,

a3,2,2,1 = 10.

Consider the remaining payoffs equal to zero, except the ones defined by symmetry,
such as a3,1,3,1 = a3,1,1,3 = −3 and a3,2,2,1 = a3,2,1,2 = a3,1,2,2 = 10. Denote
σ = (1, 0, 0). We have π(σ, σ, σ) = 0 = π(μ, σ, σ) for any μ = (μ1, μ2, μ3) ∈ ΔS.
Furthermore, π(μ, μ, σ, σ) = −3μ2

3 ≤ π(σ, μ, σ, σ) = 0, with equality if and only if
μ3 = 0. Now if μ3 = 0 we have π(σ, μ, μ, σ) = 0 = π(μ, μ, μσ) and π(μ, μ, μ, μ) =
−2μ4

2 ≤ π(σ, μ, μ, μ) with equality if and only if μ2 = 0, which, since μ3 = 0, means
that μ = σ. So σ is an ESS by Proposition 1.

Now π(σ, x, x, x) = 0 and π(x, x, x, x) = −9x2
1x

2
3 − 2x4

2 + 30x1x
2
2x3. Taking

into account that x1 + x2 + x3 = 1 and putting x3 = (1 − x1)2 we obtain that
π(x, x, x, x) = −(x1 − 1)4x2

1(2x2
1 − 30x1 + 9). When x1 � 1 we have that 0 <

π(x, x, x, x) and so we have a neighborhood of σ where (2) does not hold and so σ

is not locally superior.

3.3. The ESS set is finite

In this subsection we show that the set of ESSs is a finite set. To do this, we prove
that ESSs are locally unique.
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We shall start by proving the following auxiliary lemmas:

Lemma 2. For n ≥ 1 we have the following identity:

π(z, ax + by, . . . , ax + by︸ ︷︷ ︸)
(n)

=
n∑

k=0

Cn
k an−kbkπ(z, x, . . . , x︸ ︷︷ ︸

(n−k)

, y, . . . , y︸ ︷︷ ︸
(k)

).

Proof. We proceed by induction. The equality is obvious for n = 1. Now assume
that the equality holds for h ≤ n − 1. We have

π(z, ax + by, ax + by, . . . , ax + by︸ ︷︷ ︸)
(n−1)

=
n−1∑
k=0

Cn−1
k an−k−1bkπ(z, ax + by, x, . . . , x︸ ︷︷ ︸

(n−k−1)

, y, . . . , y︸ ︷︷ ︸
(k)

).

Now expanding and rearranging the terms and taking into account the symmetry
of the game and the equality

Cn−1
k + Cn−1

k+1 = Cn
k+1,

the claim follows.

Remark 3. Let σ be a Symmetric Nash Equilibrium profile and let {σε}ε→0 be
a sequence of Symmetric Nash Equilibrium profiles such that σε → σ, when ε →
0. There exists ε0 sufficiently small such that for all ε < ε0, C(σ) ⊆ C(σε) ⊆
B(σε, . . . , σε) ⊆ B(σ, . . . , σ) and it follows that

π(σ, σε, . . . , σε) = π(σε, σε, . . . , σε) and C(σ) ⊆ B(σε),

π(σε, σ, . . . , σ) = π(σ, σ, . . . , σ) and C(σε) ⊆ B(σ).

Lemma 3. Let σε be a sequence of mixed strategies such that σε → σ, when ε → 0,

with σε �= σ, we define δ(ε) = maxj{ |σj−σε
j |

σj
: σj > 0}. Then:

(1) δ(ε) → 0 when ε → 0;

(2) με =
σε − (1 − δ(ε))σ

δ(ε)
∈ Δ(S) and σε = (1 − δ(ε))σ + δ(ε)με.

Proof. (1) Clear since σε → σ when ε → 0.
(2) We first prove that με

j ≥ 0. If σj = 0 we have that με
j = σε

j

δ(ε) ≥ 0 because

δ(ε) > 0 and σε ∈ Δ(S), i.e., σε
j ≥ 0. If σj > 0, με

j = σε
j−(1−δ(ε))σj

δ(ε) ≥ 0 is

equivalent to σj−σε
j

σj
≤ δ(ε) which is true by definition of δ(ε).

It remains to prove that
∑n

j=1 με
j = 1. By definition we have that

∑n
j=1 με

j =
1

δ(ε)

∑n
j=1(σ

ε
j − (1 − δ(ε))σj) = 1

δ(ε) (1 − (1 − δ(ε))) = 1. This proves that
με ∈Δ(S).
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Lemma 4. Let σ be ESS and let σε be a sequence of ESSs such that σε → σ,

when ε → 0, where, for all ε > 0, we have that σε �= σ. If π(σε, σ, σε, . . . , σε) ≥
π(σ, σ, σε , . . . , σε)and there exists k′ ≥ 0, such that for all 0 ≤ k ≤ k′,

π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸,

(n−2−k)-times

με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠ = π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸,

(n−2−k)-times

με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠,

where με and δ(ε) are as in Lemma 3, then

π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸,

(n−3−k′)-times

με, . . . , με︸ ︷︷ ︸
(k′+1)-times

⎞
⎟⎠ ≥ π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸,

(n−3−k′)-times

με, . . . , με︸ ︷︷ ︸
(k′+1)-times

⎞
⎟⎠.

Proof. Let σ be an ESS and let σε be a sequence of ESSs such that σε → σ, when
ε → 0, and σε �= σ. Let με, δ(ε) be as in Lemma 3. Since σε = (1 − δ(ε))σ + δ(ε)με

and by hypothesis π(σε, σ, σε, . . . , σε) ≥ π(σ, σ, σε, . . . , σε), we have that

(1 − δ(ε))π(σ, σ, σε, . . . , σε) + δ(ε)π(με, σ, σε, . . . , σε) ≥ π(σ, σ, σε, . . . , σε),

this implies that π(με, σ, σε, . . . , σε) ≥ π(σ, σ, σε, . . . , σε). After some algebra it
holds that

π(με, σ, σε, . . . , σε)

=
n−2∑
k=0

(
n − 2 − k

k

)
(1 − δ(ε))n−2−kδ(ε)kπ

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)-times

, με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠

≥ π(σ, σ, σε, . . . , σε)

=
n−2∑
k=0

(
n − 2 − k

k

)
(1 − δ(ε))n−2−kδ(ε)kπ

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)-times

, με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠.

By assumption there exists k′ ≥ 0, such that for all 0 ≤ k ≤ k′,

π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)-times

, με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠ = π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)-times

, με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠

and δ(ε) → 0, then for ε sufficiently small we have that

π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸

(n−3−k′)-times

, με, . . . , με︸ ︷︷ ︸
(k′+1)-times

⎞
⎟⎠ ≥ π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸

(n−3−k′)-times

, με, . . . , με︸ ︷︷ ︸
(k′+1)-times

⎞
⎟⎠,

which proves the lemma.
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Proposition 3. If σ is an ESS then σ is isolated within ESS.

Proof. If not, there exists an ESS sequence σε → σ, when ε → 0 and σε �= σ. Since
σ and σε are ESSs we have that

π(σ, . . . , σ) ≥ π(σε, σ, . . . , σ)

and

π(σε, . . . , σε) ≥ π(σ, σε, . . . , σε).

By Remark 3 we have that previous inequalities are, in fact, equalities, i.e.,

π(σ, . . . , σ) = π(σε, σ, . . . , σ) (5)

and

π(σε, . . . , σε) = π(σ, σε, . . . , σε). (6)

From condition (5), Lemma 3 and σε = (1 − δ(ε))σ + δ(ε)με we have that

π(σ, . . . , σ) = π(με, σ, . . . , σ). (7)

Let

k′ = max

⎧⎪⎨
⎪⎩t : ∀ 0 ≤ k ≤ t, π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)

, με, . . . , με︸ ︷︷ ︸
k

⎞
⎟⎠

= π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)

, με, . . . , με︸ ︷︷ ︸
k

⎞
⎟⎠
⎫⎪⎬
⎪⎭,

from the equality (7) it follows that k′ ≥ 0.

Now, since for all 0 ≤ k ≤ k′,

π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)-times

, με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠ = π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸

(n−2−k)-times

, με, . . . , με︸ ︷︷ ︸
k-times

⎞
⎟⎠,

from Lemma 4 and the definition of k′, it implies that

π

⎛
⎜⎝με, σ, σ, . . . , σ︸ ︷︷ ︸

(k′+1)-times

, με, . . . , με︸ ︷︷ ︸
(n−3−k′)-times

⎞
⎟⎠ > π

⎛
⎜⎝σ, σ, σ, . . . , σ︸ ︷︷ ︸

(k′+1)-times

, με, . . . , με︸ ︷︷ ︸
(n−3−k′)-times

⎞
⎟⎠,

contradicting that σ ∈ ESS. Then σ is an isolated ESS.
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4. The Extended Replicator Dynamics

The aim of this section is to study the relationship between asymptotic stability and
ESS in the dynamics of the replicator for the case of multi-population symmetric
games. We show some particular results for these games. Finally, in order to under-
stand the evolution of investor decisions in financial assets, we present an application
to the theory of portfolios.

As in Weibull [1995] we consider a K-population symmetric game, K ≥ 1, where
each individual in each population can choose one of m different behaviors or pure
strategies. As usual, the replicator dynamics assumes that the populations have a
large number of individuals (technically infinite).

We say that an individual is an ith strategist if he chooses the pure strategy i ∈
{1, . . . , m}. In this way each population is divided into m different subpopulations,
according to the strategy followed by the individuals. As usual in population games
we may think of a mixed strategy also as a state of the populations. Suppose that
the composition of the population p is described by the mixed strategy, or state
x = (x1, . . . , xK), a mixed strategy profile, where xp = (xp1, . . . , xpm) denotes
the probability that an individual in population p is playing each one of its pure
strategies. Then obviously for all p ∈ {1, . . . , K} we have that

∑m
i=1 xpi = 1 and

0 ≤ xpi ≤ 0 for all i ∈ {1, . . . , m}.
For p �= l let Rl

i(e
jp
p ) = Rl

i(e
j1
1 , . . . , e

jl−1
l−1 , e

jl+1
l+1 , . . . , ejK

K ) be the payoff for a ith
strategist in population l when the other populations choose strategy e

jp
p , for each

p �= l. Given the symmetry of the game we have that Rl
i(e

jp
p ) = Rl

i(s(e
jp
p )) where s

is any permutation on p − 1 symbols.
Let x = (x1, . . . , xk) ∈ R

Km be a vector whose coordinates indicate a distribu-
tion over the set of pure strategies in each population and denote the distribution
in population other than l by x−l = (x1, . . . , xl−1, xl+1, . . . , xK).

The expected payoff of a player in population l playing according to the ith
pure strategy given the population state x is

E(ei|x−l) =
m∑

jp=1,p=1,...,K,p�=l

Rl
i(e

j1
1 , . . . , e

jl−1
l−1 , e

jl+1
l+1 , . . . , ejK

K )Pi(x−l), (8)

where the sum is over choice of pure strategies in the other populations and
Pi(x−l) = Πp�=lxpjp = x1j1 · · ·xl−1,jl−1xl+1,jl+1 · · ·xK,jK are the probabilities of
each choice according to the population distribution x−l.

The expected value for a population playing according to a distribution xl given
the distribution x−l for the other players is given by

E(xl, x−l) =
m∑

i=1

xliE(ei|x−l). (9)

The replicator dynamics is then given by the following system of ordinary differen-
tial equations:

ẋli = [E(ei, x−l) − E(xl, x−l)]xli, l = 1, . . . , k and i = 1, . . . , m. (10)
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Note that if the expected value for the ith strategist in population l given a hl is
bigger than the average payoff in the population, then the percentage of individuals
following this strategy increases with time. Since E(xl, x−l) =

∑m
i=1 xliE(ei, x−l)

and
∑m

i=1 xli = 1 the system is invariant in the K-dimensional simplex. Further-
more, we have that any point where every player is playing according to one of its
pure strategies is a dynamic equilibrium for the game, i.e., the vertexes of the sim-
plex are equilibrium points. Also, we have that any Symmetrical Nash Equilibrium
of the game is also a dynamic equilibrium, but the converse is not necessarily true.
The converse holds if the dynamic equilibrium lies in the interior of the simplex.

4.1. Dynamic stability and ESS

Unlike the classic n = 2 replicator dynamics, in multi-population replicator dynam-
ics a locally superior strategy (and consequently an ESS) is not necessarily an
asymptotically stable point. We show an example of an LSS that is not asymp-
totically stable. Indeed, following the results in Weibull [1995] the asymptotically
stable states are the Strict Nash Equilibria which, as we mentioned, is equivalent
to the general ESS definition. Using one of our previous examples of an ESS that
is not a Strict Nash we obtain an example showing that the n = 2 classic results
do not extend to the ESS definition considered here for n ≥ 3.

Example 5. Consider the three-player two-strategy with the following payoff
matrices (as in Example 3): [

1 1

1 1

] [
1 1

1 0

]
.

Assume that player 1 is following the strategy x = (x1, x2), player 2 the strategy
y = (y1, y2) and player 3 the strategy z = (z1, z2). Then the replicator equation for
the first population takes the form

ẋ1 = x1[E1(e1, y, z)− E1(x, y, z)] = x1(1 − x1)[(y1 − 1)(z1 − 1)].

Given that x1 + x2 = 1 it follows that

ẋ2 = −ẋ1.

Analogously for the second player we have that

ẏ1 = y1(1 − y1)[E2(e1, x, z) − E2(e2, x, z)] = y1(1 − y1)[(x1 − 1)(z1 − 1)],

ẏ2 = −ẏ1.

For the third player we have

ż1 = z1(1 − z1)[E3(e1, x, y) − E3(e2, x, y)] = z1(1 − z1)[(x1 − 1)(y1 − 1)],

ż2 = −ż1.
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The point φ∗ = (1, 0, 1, 0, 1, 0) is a dynamical equilibrium for the system. On the
other hand, as we have seen in Example 3 this point corresponds to a Nash Equi-
librium strategic profile and moreover it is an ESS which is also an LSS by Propo-
sition 2 since there are only two pure strategies. Despite having these properties,
this point is not a Strict Nash Equilibrium since for every z ∈ [0, 1] the point
φ = (1, 0, 1, 0, z, 1 − z) is a dynamical equilibrium for the system. So, in every
neighborhood of (1, 0, 1, 0, 1, 0) there exists a point (1, 0, 1, 0, z, 1−z) such that tra-
jectories starting at it do not approach (1, 0, 1, 0, 1, 0). Hence (1, 0, 1, 0, 1, 0) is not
asymptotically stable.

4.2. Application

Suppose that K investors, indexed by p ∈ {1, . . . , K}, need to choose at the same
time how much money to invest in the same m different alternatives. Let us denote
these alternatives by T1, . . . , Tm. Assume that each investor has the same amount
of money, suppose that the cost to invest in each alternative is the same, then
np = npT1 + · · · + npTm = n for all p = 1, . . . , K, where npTi is the amount of
alternatives Ti possessed by the pth investor. According to the financial literature np

corresponds to a portfolio of alternatives chosen by the pth investor which describes
the amount that the investor chooses for each one of the possible alternatives.

A mixed strategy for the pth investor will be denoted by xp = (xpT1 , . . . , xpTm)
where xpTi = npTi/n corresponds to the percentage of asset Ti in the portfolio of
the pth investor, for all p ∈ {1, . . . , K}, k ∈ {1, . . . , m}. By x = (x1, . . . , xK) we
denote a mixed strategy profile. Note that xp ∈ Δm−1 where by Δm−1 we symbolize
the (m − 1)-dimensional simplex. Consequently,

x ∈ Δm−1 × · · · × Δm−1︸ ︷︷ ︸
K

= (Δm−1)K .

By

Rl(Ti, T−l) = AlTl(T1, . . . , T1︸ ︷︷ ︸
K−1

), . . . , AlTi(Ti1 , . . . , TiK︸ ︷︷ ︸
K−1

), . . . , AlTi(Tm, . . . , Tm︸ ︷︷ ︸
K−1

),

we denote the payoffs corresponding to the lth investor when he is playing according
to the pure strategy Ti and each one of the others is choosing one alternative in
the set (T1, . . . , Tm). Note that each term Ti1 , . . . , Tik︸ ︷︷ ︸

K−1

corresponds to one of the

variations with repetitions V m
K−1 of the set of alternatives (T1, . . . , Tm), the total

amount of these possibilities is |V m
K−1| = (K − 1)m.

The payoff corresponding to each investor depends on the distribution of
investments of the other investors over the set of possible alternatives, n−l =
(n1, . . . , xl−1, nl+1, . . . , nK).
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The expected payoff corresponding to the alternative Ti for the lth investor
when the others are investing according to

x−l = (x1, . . . , xl−1, xl+1, . . . , xm),

is denoted by the expression

El(Ti, x−l) =
∑

V m
K−1

⎡
⎢⎣AlTi (Tj1 , . . . , TjK )︸ ︷︷ ︸

K−1

Πi�=lxiTji

⎤
⎥⎦, (11)

where AlTi(Tj1 . . .TjK︸ ︷︷ ︸
K−1

) denotes the payoff obtained by the lth investor when he is

playing according to his pure strategy Ti and the others are choosing

T−l = (Tj1 , . . . , Tjl−1 , Tjl+1 , . . . , TjK )

and Πi�=lxiTji
= x1T1 . . . xl−1,Tl−1 , xl+1,Tl+1 . . . xKTK .

Then the expected payoff for the lth investor when he is choosing a portfolio
nl = (nlT1 , . . . , nlTK ), given that the other investors are choosing n−l, is given by

E(xl, x−l) =
m∑

j=1

nlTj

n
El(Tj, n−l) =

m∑
j=1

xlTj E
l(Tj , x−l). (12)

Remark 4. Let it be noticed that by the symmetry of the game we have that
the expected value for each investor does not change due to rearrangements in the
investment portfolios, i.e.,

E(x1, . . . , xK) = E[s(x1, . . . , xK)],

where s(x1, . . . , xK) is a permutation of the coordinates of the vector

x = (x1, . . . , xK) ∈ (�m)K .

4.3. The dynamics of the investment

Our interest now is to analyze the changes in the distribution of the alternatives
along the time. We assume that every investor looks for him the best strategy taking
account the set of strategies followed by his competitors.

Suppose that at the end of every period, after that profits of the investments
are revealed, each investor must choose the amount to invest in each alternative for
the next period, i.e., at the end of each period, each investor must choose a new
portfolio for the next period, or equivalently a mixed strategy.

Given that for all p ∈ {1, . . . , K}, xp = (xpT1 , . . . , xpTm) = (npT1
n , . . . ,

npTm

n ),
the replicator dynamics for this game will be given by the dynamical system with
mK differential equations,

ẋpTj = xpTj [E
p(Tj , x−p) − E(xp, x−p)], p = 1, . . . , K and j = 1, . . . , m.

(13)
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Note that if the mixed profile strategy x∗ = (x∗
1, . . . , x

K) is a Nash Equilibrium
then Ep(Tj , x

∗
−p) = E(x∗

p, x
∗
−p) for all j ∈ {1, . . . , m} and p ∈ {1, . . . , K}. It is easy

to see that the strategy profile x∗ is also a dynamical equilibrium for the replicator
dynamics. The reciprocal is verified only partially, i.e., if the strategy profile x∗ is
interior to (Δm−1)K then x∗ is also a Nash Equilibrium.

Given the symmetry of our model note that if the profile x∗ is a Nash Equilib-
rium, then x∗

1 = · · · = x∗
K .

The claim that the investors are plying according to the Nash Equilibrium x∗

means that each investor is making the best individual choice of investment given
the choices of the others, i.e., n∗

p is the best choice of the pth investor given that
the others are investing the amounts n∗

−pTj
, p ∈ {1, . . . , K}, in each alternative

Tj , j ∈ {1, . . . , m}. Or equivalently, Ep(x∗
p, x

∗
−p) ≥ Ep(xp, x

∗
−p) for all xp ∈ Δm−1

and p = 1, . . . , K.

Moreover, if x∗ is a Nash Equilibrium, all the investors are investing the same
share in the same alternatives. For the question of whether to maintain the strategy
given that x∗ continues being a best response, when some individuals change their
investment it is natural, and the answer is in the definition of Evolutionarily Stable
Strategy, see Definition 2 and its dynamic properties. Note that if x∗ is an ESS,
keeping the original choice is a best response, even when the investors change their
choices, as long as this change is not very large.

Given that all investors in this application are identical, then the probability to
change the strategy that they followed until some time t with another fixed strategy
is the same for everyone.

If in addition this equilibrium is asymptotically stable for the replicator dynam-
ics (see Sec. 4.1), with the passage of time, those investors who made the decision
to change the initial strategy (specified in x∗) will return to the initial position.

5. Conclusions

In this paper, we considered a definition of ESS for multi-population symmetric
games differing from the general definition of ESS not necessarily for symmetric
games which is equivalent to the notion of Strict Nash Equilibrium. We analyzed
some properties of the definition and provided some examples of specific games to
illustrate the results. We showed that the set of ESS is finite. Furthermore, unlike the
case of games that have only two players some alternative characterizations of ESS
do not hold, such as the property of being locally superior, i.e., performing better
against neighboring strategies than the neighbors against themselves. This property
is known to be equivalent to the existence of a uniform invasion barrier for the ESS,
i.e., a maximal mutation size that works for every mutation uniformly. We provide
an example showing that this characterization of ESS does not hold in general and
so the invasion barrier of such ESS is not necessarily uniform, i.e., for some specific
mutation the maximum invading size must be smaller than for others. Nevertheless,
we showed that regardless of the number of players, for two-strategy games, the
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original characterization still holds. Finally, we considered the replicator dynamics
and showed that a classical result for two-player games, namely the stability of an
ESS, no longer holds. We end with an application of the replicator dynamics.
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Honour of Mauŕıcio Peixoto and David Rand, eds. Peixoto, M. Pinto A. & Rancl,
D., Springer Proceedings in Mathematics, Vol. 1 (Springer, Berlin), pp. 25–35.

Accinelli, E., Bazzano, B., Robledo, F., and Romero, P. [2015] Nash equilibrium in evolu-
tionary competitive models of firms and workers, J. Dyn. Games 2, 1–32.

Bromm, M., Cannings, C. and Vickers, G. T. [1997] Multi-player matrix games, Bull.
Math. Bio. 59, 931–952.

Bukowski, M. and Miekisz, J. [2004] Evolutionary and asymptotic stability in symmetric
multi-player games, Int. J. Game Theory 33, 41–54.

Gokhale, C. S. and Traulsen, A. [2010] Evolutionary games in the multiverse, Proc. Natl.
Acad. Sci. 107, 5500–5504.

Kurokawa, S. and Ihara, Y. [2009] Emergence of cooperation in public goods games, Proc.
R. Soc. B. Biol. Sci. 276, 1379–1384.

Maynard Smith, J. [1982] Evolution and the Theory of Games (Cambridge University
Press, Cambridge).

Maynard Smith, J. and Price, G. R., [1973] The logic of animal conflict, Nature 246,
15–18.

Nash, J. F. [1951] Non-cooperative games, Ann. Math. 54 286–295.
Palm, G. [1984] Evolutionary stable strategies and game dynamics for n-person games, J.

Math. Bio. 19, 329–334.
Taylor, P. [1979] Evolutionarily stable strategies with two types of player, J. Appl. Probab.

16, 76–83.
van Damme, E. [1987] Stability and Perfection of Nash Equilibria (Springer-Verlag,

Berlin).
van Veelen, M. [2009] Group selection, kin selection, altruism and cooperation: When

inclusive fitness is right and when it can be wrong, J. Theor. Bio. 259, 589–600.
Weibull, J. W. [1995] Evolutionary Game Theory (The MIT Press, Cambridge, MA).

1950005-19



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


