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ABSTRACT. We study a dichotomous decision model, where individuals can
make the decision yes or no and can influence the decisions of others. We
characterize all decisions that form Nash equilibria. Taking into account the
way individuals influence the decisions of others, we construct the decision
tilings where the axes reflect the personal preferences of the individuals for
making the decision yes or no. These tilings characterize geometrically all
the pure and mixed Nash equilibria. We show, in these tilings, that Nash
equilibria form degenerated hystereses with respect to the replicator dynamics,
with the property that the pure Nash equilibria are asymptotically stable and
the strict mixed equilibria are unstable. These hystereses can help to explain
the sudden appearance of social, political and economic crises. We observe the
existence of limit cycles for the replicator dynamics associated to situations
where the individuals keep changing their decisions along time, but exhibiting
a periodic repetition in their decisions. We introduce the notion of altruist
and individualist leaders and study the way that the leader can affect the
individuals to make the decision that the leader pretends.

1. Introduction. The main goal in Planned Behavior or Reasoned Action theories,
as developed in the works of Ajzen (see [1]) and Baker (see [4]), is to understand
and predict the way individuals turn intentions into behaviors. Almeida-Cruz-
Ferreira-Pinto (see [2, 9]) developed a game theoretical model for reasoned action,
inspired by the works of J. Cownley and M. Wooders (see [7]). Here, we study the
Pinto’s dichotomous decision model (see [9, 11]), which is a simplified version of the
Almeida-Cruz-Ferreira-Pinto decision model. In this model, there are just two types
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t € {t1,t2} of individuals and two possible decisions d that individuals can make.
In this case, they have to choose between yes or no, i.e. d € {Y,N}. The yes-no
decision model incorporates, in the coordinates of the preference decision matrix
how much an individual with type t; or with type t5 likes or dislikes, to make a
decision d € {Y, N}. The yes-no decision model incorporates, in the coordinates of
the preference neighbors and no-neighbors matrices, the preference that individuals
with a certain type t; have for other individuals, with the same or a different type
tj, to make the same decision or the opposite decision as theirs (see [5, 10]). The
preference decision matrix and the neighbors and no-neighbors matrices can be very
complex to find explicitly in real cases because they encode, for instance, information
from economic, educational, political, psychological and social variables. However,
if we have a qualitative or rough knowledge of these matrices, we can obtain relevant
information on how individuals make decisions and why to make decisions can be
so complex.

We characterize all the pure Nash equilibria and we show that the pure Nash
equilibria are, in general, asymptotically stable with respect to the replicator dy-
namics. The pure Nash equilibria are either cohesive, i.e. all individuals with the
same preferences make the same decision, or disparate, i.e. there are individuals
with the same preferences that make opposite decisions. The disparate pure Nash
equilibria can correspond to conflicting decisions that divide a community. We
characterize all the strict mixed Nash equilibria and we prove that the strict mixed
Nash equilibria are, in general, unstable. Fixing the parameters of the preference
neighbors matrices we construct tilings in the plane, where the horizontal axis rep-
resent the relative preference of individuals with type ¢; to make the decision yes or
no, the vertical axis represent the relative preference of individuals with type 2 to
make the decision yes or no and the pure and mixed Nash equilibria form the tiles.
We prove that the tilings give a full geometrically characterization of the pure and
mixed Nash equilibria.

We say that individuals with a certain type ¢; have a positive influence over
individuals with the same or other type ¢; if the individuals with type t; prefer to
make the same decision as the individuals with type t; and we say that individuals
with type t; have a negative influence over individuals with type ¢; if the individuals
with type ¢; prefer to make the opposite decision from the individuals with type ¢;.
If all the individuals have a positive influence over individuals with the same type
then there are no disparate Nash equilibria. However, if there are individuals with
a certain type t; that have a negative influence over individuals with the same type
t; then there are disparate Nash equilibria that are asymptotically stable.

The stable manifolds of the strict mixed Nash equilibria can be locally char-
acterized by appropriate symmetries of the model. They are the main reason for
certain decision strategies to persist for long periods of time before breaking down
and converge to quite different strategies of decision. They also explain, partially,
the complexity of the non-intuitive successive reversal of the individuals decisions
along time before converging to a stable equilibrium, i.e. a high number of individ-
uals have to keep modifying their decisions through the transient dynamics before
reaching the equilibrium. Furthermore, we observe the existence of stable periodic
orbits for the replicator dynamics, i.e. the individuals decisions keep changing along
time exhibiting a periodic pattern. The replicator dynamics equilibria form hystere-
ses that provide insight into how small changes in economic, educational, political,
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psychological or social variables can reverse abruptly individual and collective deci-
sions. These changes in the collective decisions can lead to serious political, social
or economic transformations in society.

Following [3], we introduce the notion of altruist and individualist leaders. The
altruist and individualist leaders offer, respectively, advantages or disadvantages to
the individuals of both type. The leader is biased if the leader offers advantages to
individuals with a certain type and disadvantages to individuals with the other type.
The individuals can increase or decrease the advantages or disadvantages offered by
the leader depending upon their own abilities characterized by their type. We study
the way that the leader can affect the individuals (potential followers) to make the
decision that the leader pretends.

2. Yes-No Decision Model. As in [11], the yes-no decision model has two types
T = {t1,t2} of individuals. Let Iy = {1,...,n1} be the set of all individuals with
type t1, and let Iy = {1,...,na} be the set of all individuals with type t5. Let
I = I UI,. The individual i € I has to make one decision d € D = {Y, N}'. Let
L be the preference decision matriz whose coordinates 71()1 indicate how much an
individual with type ¢, likes or dislikes, to make decision d

_ (o )
£ (v%“ w)
The preference decision matrix indicates for each type of individuals the decision
that the individuals prefer, i.e. the taste type of the individuals (see [2, 6, 7, 9, 11]).
Let Ny be the preference neighbors matriz whose coordinates 3%, indicate how much

Pq
an individual with type ¢, who decides d likes or dislikes that an individual with

type t4 also makes decision d
d Bd
Nd — (611 12) .
B B,
- . . . —=d . .
Let N 4 be the preference non-neighbors matriz whose coordinates B4 indicate how

much an individual with type ¢, who decide d, likes or dislikes that an individual
with type t, makes decision d’' # d
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The preference neighbors and non-neighbors matrices indicate, for each type of
individuals whose decision is d, whom they prefer, or do not prefer, to be with in
each decision, i.e. the crowding type of the individuals (see [2, 6, 7, 9]).

We describe the (pure) decision of the individuals by a (pure) strategy map S :
I — D that associates to each individual ¢ € T its decision S(i) € D. Let S be the
space of all strategies S. Given a strategy S, let Og be the strategic decision matriz
whose coordinates l;f = lg(S) indicate the number of individuals with type t,, who

make decision d
now
OS = lY lN .
2 2

The strategic decision vector associated to a strategy S is the vector (I1,ls) =
(19(S),15(S)). Hence, l; (resp. m1 — l1) is the number of individuals with type ¢;
who make the decision Y (resp. N). Similarly, I (resp. ng — l2) is the number

ISimilarly, we can consider that there is a single individual with type t, that has to make n,
decisions, or we can, also, consider a mixed model using these two possibilities.
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of individuals with type to who make the decision Y (resp. N). The set O of all
possible strategic decision vectors is

O:{O,...,Tll}X{O,...7’I’L2} .
Let:

° Wl =7 "‘511(”1 1)"‘3;/2”2?
o 1 *’71 +51 (n1 — 1)+B]1Vzn25
o w2 —72 +/82 (n2 —1 +B§1n1§
o wy =3 +522(”2_ )‘*‘B;Vl”ly
Olgj = B4 73”, fori,j € {1,2} and d € {Y, N}.

¥

Let Uy : D x O — R the utility function of an individual with type ¢; be given by

Ui(¥iluol) = o1+ Bl = 1)+ Blle +B1y(m — 1) + Bla(nz — bo)
= o Fafi(h = 1)+ ajyls;

Ur(Nih,le) = 71 + BN (n1 — L — 1) + Bl(na — L) + Bryly + Brole
= w +ofi(n — i —1) + oy (ng — b).

Let Uy : D x O — R the utility function of an individual with type t2 be given by
—Y -y

ly = 1) + Ba1ly + Boa(ng — o) + By (n1 — 1)

lb — 1) +ayli;

_N _N
ny —ly — 1) + B31(n1 — 1) + Bagla + By
ng — 12 — 1) + aévl(nl — ll)

Up(Yil,lo) = v + 6
= w; +og
Us(Nililo) = 43 + B

_ N N
= wy +ap

—_—

—_

Given a strategy S € S, the wutility U;(S) of an individual ¢ with type t,; is given
by Uy (S(1); 1(5), 15(85)).

Definition 2.1. Let 2 = w) —w} be the horizontal relative decision preference of
the individuals with type t; and let y = wd — wd¥ be the vertical relative decision
preference of the individuals with type to. Let A;; = a -+ aly, fori,j € {1,2}, be

170
the coordinates of the influence matriz.

If x > 0, the individuals with type ¢; prefer to decide Y, without taking into
account the influence of the others. If x = 0, the individuals with type t; are
indifferent to decide Y or N, without taking into account the influence of the others.
If x < 0, the individuals with type ¢; prefer to decide N, without taking into account
the influence of the others.

If A;; > 0, the individuals with type ¢; have a positive influence over the utility of
the individuals with type ¢;. If A;; = 0, the individuals with type ¢; are indifferent
for the utility of the individuals with type ¢;. If A;; < 0, the individuals with type
t; have a negative influence over the utility of the individuals with type ¢;.
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3. Cohesive Nash equilibria. We will show that the relative decision preferences
and the influence matrix together with the total number of individuals of each type
encode all the relevant information for characterizing the Nash equilibria.

A strategy S* : I — D is a (pure) Nash equilibrium if

Us(S*) = Ui(S)

for every individual ¢ € T and for every strategy S € S, with the property that
S*(j) = S(j) for every individual j € I\ {i}. The Nash domain N(S) of a strategy
S € S is the set of all pairs (z,y) for which S is a Nash equilibrium.

Definition 3.1. A cohesive strategy® is a strategy in which all individuals with the
same type prefer to make the same decision. A disparate strategy is a pure strategy
that is not cohesive.

As in [11], we construct the Nash domains N(S) for the cohesive strategies. We
observe that there are four cohesive strategies: (Y,Y') strategy: all individuals make
the decision Y; (Y, N) strategy: all individuals, with type ¢;, make the decision
Y, and all individuals, with type 2, make the decision N; (N,Y) strategy: all
individuals, with type t;, make the decision N and all individuals, with type to,
make the decision Y; (N, N) strategy: all individuals make the decision N.

The horizontal H(Y,Y) and vertical V(Y,Y) strategic thresholds of the (YY)
strategy are

H(Y,Y)=—alj(n1 —1) —alyne and V(YY) = —ade(ng —1) —adin .
The Nash domain N(Y,Y) is the right-upper quadrant
N(Y,Y) = {(z,9) i = H(Y,Y) and y=V(Y,Y)}.

The horizontal H(Y,N) and wvertical V(Y, N) strategic thresholds of the (Y, N)
strategy are

H(Y,N)=—a¥(n1 —1)+adny, and V(Y,N)=ad(ng —1)—adin; .
The Nash domain N(Y, N) is the right-lower quadrant
N(Y,N) ={(z,y) :@ = H(Y,N) and y <V(Y,N)}.

The horizontal H(N,Y) and wvertical V(N,Y) strategic thresholds of the (N,Y)
strategy are

H(N,Y)=ad(n1 —1) —ajyny and V(N,Y) = —aly(ng — 1) +adin; .
The Nash domain N(N,Y) is the left-upper quadrant
N(N,Y) = {(w,y) 12 < HN,Y) and y > V(N.Y)}.

The horizontal H(N,N) and wvertical V(N, N) strategic thresholds of the (N, N)
strategy are

H(N,N)=al(n; —1)+adn, and V(N,N)=ady(ng —1)+adin; .
The Nash domain N(N, N) is the left-lower quadrant
N(N,N)={(z,y) :a < H(N,N) and y <V(N,N)}.

20r equivalently, no-split strategy or heard strategy



6 RENATO SOEIRO, ABDELRAHIM MOUSA, TANIA OLIVEIRA AND ALBERTO PINTO

4. Disparate Nash equilibria. An (I1,ls) strategic set is the set of all pure strate-
gies S € S with [1(S) = I3 and 3(S) = la. An (I1,1lz) cohesive strategic set is an
(I1,12) strategy set with I3 € {0,n1} and l2 € {0,n2}. An (I1,l2) disparate strate-
gic set is an (lq,ls) strategic set that is not cohesive. We observe that a cohesive
strategic set has a single strategy and a disparate strategic set has more than one
strategy.

Since individuals with the same type are identical, a strategy to be a Nash
equilibrium depends only upon the number of individuals of each type that decide
either Y or N, and not upon the individual who is making the decision.

Definition 4.1. An (I1,l3) pure Nash equilibrium (set) is an (I1,ls) strategic set
whose strategies are Nash equilibria. The (pure) Nash domain N(ly,15) is the set
of all pairs (z,y) for which the (I1,ls) strategic set is a Nash equilibrium set.

The (I3, 13) pure Nash equilibrium set is cohesive if 1 € {0,n1} and Iy € {0,n2}.
The (I1,l2) pure Nash equilibrium set is disparate if I; ¢ {0,n1} or Iy ¢ {0,n2}.

Lemma 4.2. Let (l1,l2) be a Nash equilibrium.

(i) [fAH >0, then l; € {O,Tbl}.
(i): If Ags > 0, then Iy € {0,ns}.

Furthermore, if A11 > 0 and Ags > 0, then (I1,13) is cohesive.

Hence, if the individuals with a given type have a positive influence over the
utility of the individuals with the same type, i.e. Aj; > 0 and Ags > 0, then there
are no disparate Nash equilibria.

Proof. Suppose, by contradiction, that the (I1,ls) strategy is a Nash equilibrium
for I; € {1,...,n; — 1}. Hence, the following two inequalities hold

U(Y;l,le) > Ui(Ns L — 1,1) , Ur(Nsl,le) > U (Yl +1,10) .

By rearranging the terms in the previous inequalities, we obtain A;; < 0 which
contradicts that Ap; is positive. Hence, Lemma 4.2 (i) holds. The proof of the
other cases follow similarly to the proof of the first case. O

The cohesive horizontal vector H is

H=(H(Y,N) = H(N,N),V(Y,N) = V(N,N)) = (A (n1 = 1), Aam1) .
The cohesive vertical vector V is

V = (H(N,Y) = H(N,N),V(N,Y) = V(N,N)) = —(Aizna, Azs(nz — 1)) .
The disparate vector Z(ly, 1) is

. L - .
Z(li,la) = —l(Ai1,A21) —l2(A12,A) = i(H — (A11,0)) + —(V — (0, A22))

I ~
= H A
(4 (0. An)) +

Lemma 4.3. Letl; € {1,2,...,n1 — 1} and I € {1,2,...,ny — 1}.
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(i): If A11 <0, the disparate Nash domain N(ly,0) is given by
{(H(N7 N)7 V(N7 N)) + Z(llao) + (pAlla CIA22) -p S [07 1]7 q S [07 +OO)}
and the disparate Nash domain N(l1,nz) is given by
{(H(Na N)7 V(N7 N)) + Z(lla n2) + (pAllqu22) pe [07 1}7 qc (7007 1]} .
(ii): If Age <0, the disparate Nash domain N(0,ls) is given by
{(H(N,N),V(N,N)) 4 Z(0,12) + (pA11,qAs2) : p € [0, +00), q € [0,1]}
and the disparate Nash domain N(ny,ls) is given by
{(H(Na N)v V(N7 N)) + Z(nla l2) + (pAlhqAQQ) 'p € (7007 1]3 q € [0, 1]} .
(iii): If A1 <0 and Aag <0, the disparate Nash domain N(ly,1s) is
N(ly,lo) = {(H(N,N),V(N, N)) + Z(l1,15) + (pA11,qA2s) : p,q € [0,1]} .

Hence, if the individuals with a given type have a non-positive influence over the
utility of the individuals with the same type, i.e. A;; < 0 and Ags < 0, then for
every (l1,l2) disparate strategic set there are relative preferences for which (Iy,1ls)
is a Nash equilibrium set.

Proof. The (I1,0) strategy is a Nash equilibrium if, and only if, the following three
inequalities hold

Ul(Y;ll,O) Z Ul(N;ll — 1,0) 5 Ul(N;ll,O) Z U1(Y;l1 + 1,0) 5

and

Ua(N;11,0) > Ua(Y;11,1) .
Hence, the proof of Lemma 4.3 (i) follows from rearranging the terms in the previous
inequalities. The proof of Lemma 4.3 (ii) follows similarly to the proof of the first
case. Let us prove Lemma 4.3 (iii). The ({1,l2) strategy is a Nash equilibrium if,
and only if, the following four inequalities hold

Ul(Y;ll,lg) > Ul(N;ll — 1,[2) s Ul(N;ll,lg) > Ul(Y;ll + 1,l2)

and

Ua(Yil,lp) > Us(Nsly,lo — 1), Ua(Nily,la) > Us(Yily,la +1) .
Hence, the proof of Lemma 4.3 (iii) follows from rearranging the terms in the pre-
vious inequalities. O

5. Mixed Nash equilibria. Recall that I = I; U Is. We describe the (mixed)
decision of the individuals by a (mized) strategy map S : I — [0, 1] that associates
to each individual ¢ € I; the probability p; = S(i) to decide Y € D and to each
individual j € I3 the probability ¢; = S(j) to decide Y € D. Hence, each individual
i € I decides N € D with probability 1 —p; =1 — S(¢) and each individual j € I
decides N € D with probability 1 —¢; =1 — S(j). We assume that the decisions of
the individuals are independent.

Define P = 37" p;, @ = 372, ¢j, P = P —p; and Q; = Q — g;. For every
individual i € Iy, the Y-fitness function fy; : [0,1] x [0,n1] x [0,n3] — RT is given
by

fra(pis P,Q) = wi + afy P+ aQ 5
and the N-fitness function fn1 :[0,1] x [0,n1] x [0,n2] — RT is given by

fva(pis PQ) =wy +api(n1 — 1= P) +ah(ne — Q) .
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For every individual j € I, the Y-fitness function fy : [0,1]x[0,n1] x[0,no] — RT
is given by
Frala;; P Q) = w3 +a3,Q; + az, P ;
and the N-fitness function fy 2 :[0,1] x [0,n1] % [0,n2] — RT is given by
fn2(g5 PQ) = wi’ + agy(ne — 1= Q;) + agy(m — P) .
Lemma 5.1. Let S : I — [0,1] be a mized strategy. For every individual i € Iy,
the utility function Uy : [0,1] x [0,n1] x [0,n2] — RT is given by

Ur(pi; P,Q) = pi fya(pi P.Q) + (1 —pi) fnai(pis P.Q) .
For every individual j € Ia, the utility function Us : [0,1] X [0,n1] x [0,n2] — RY is
given by

Uz(g;: P, Q) = ¢; fr2(a;: Q)+ (1 = q5) fn2(g5: P Q) -
Proof. The proof follows by induction on the number of individuals. Let (ny,ng) =
(1,1). The utility function of individual ¢ = 1, with type ¢, is given by

Ui(pispingy) = pi(@fva(31,0) + (1= g)fra(1;1,0))

(1= p0) (0 £ (0:0,1) + (1= 4;) fva (030,0) )
By substituting the fitness functions in the previous identity, we obtain
Ui(pi; pis qj) = pi (Qj (wf +a;0+ @%/21) +(1—q5) (W%/ +a7;0+ 04%/2()))

+ (1= p) (g5 (w + a0+ af0) + (1 = ) () + a0+ aff1)) .
After rearranging the terms, the last identity becomes

Ur(pispisq;) = pi (wf + Oé%/ij‘) +(1 - pi)(w{v +apy(l - %))

= pifyva(piipisq;) + (1 —pi) fna(pispis 4j) -
Similarly, the utility function of individual 7 = 1, with type to, is given by
U2(453 015 45) = 45 fv2(a55pi, 45) + (1 = a5) fv2(a55 i, 45) -

Let us add one more individual ¢ = n; + 1, with type t1, and compute its utility
function. Let us suppose, by induction, that the utility functions are known for n;
individuals with type ¢; and for n individuals with type t5. Let P = > 7'1, py,

Q=>72,qr and P =P + p,,+1. The utility function of the individual nq + 1 is
given by

Ui(pny+1; P, Q) = pny 1 (pm (fY,l(pnl;E, Q) + 04{1) + (1 - pnl)fY,l(pm ; P, Q))

+ (1 *pnl—&-l)(pnlfN,l(pnﬁEaQ) + (1 *pn1) (fN,l(pnl;E,Q) + aﬁ) ) .
Thus,

Ui(pn 113 P.Q) = panst (Fra(paii P, Q) +pusal) )

+ (1 7pn1+1)(fN,1(pn1;EaQ) + (1 *pnl)aﬁ) .

By substituting the fitness functions in the previous identity, we obtain
Ur(pry+1: P,Q) = pny+1 (w}/ + 11 (P +pn,) + 04{2@)

+ (1= ) (Wl + 0l 41— (B4 pa)) + adsn2 - Q)
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Hence,

U1(Prni+13 P, Q) = pry+1fy1(Pni+13 P, Q) + (1 — pry 1) N1 (Pny 13 P, Q)

The proof follows similarly if we add one more individual j = ng + 1 with type to
and compute its utility function. O

A strategy S* : I — [0,1] is a (mized) Nash equilibrium, if
Ui(S%) = Ui(95)

for every individual ¢ € I and for every strategy S € S with the property that
S*(3) = S(j), for every individual j € T\ {i}.

Lemma 5.2. Let S : I — [0, 1] be a mized Nash equilibrium.
(i): IfO<p; <1, thenx = —A11(P—p;) — A12Q + H(N, N).
(ii) IfO <g; < 1, then Yy = —Ay P — AQQ(Q — qj) + V(N, N)

Hence, if Ay; # 0, then there is not a mixed Nash equilibrium with the property
that 0 < p;, # pi, < 1. Furthermore, if Ay # 0, then there is not a mixed Nash
equilibrium with the property that 0 < g;, # ¢;, < 1.

Proof. Let S : I — [0,1] be a mixed Nash equilibrium. For every p € [0, 1], we have
Uilpi; P,Q) = Ur(p; P — pi +p,Q). If 0 < p; <1, we get

fyalpis P,Q) = fna(pis P, Q)
which implies Lemma 5.2 (i). The proof of Lemma 5.2 (ii) follows similarly. O

The (I1, k1, p; 12, ko, q) mized strategic set is the set of all strategies S : I — [0, 1]
with the following properties:

(): h=#{iel:pi=1}and ky = #{i € I : p; = p};

(i): b=#{jel:gij=1}and ke =#{j € I : ¢ = q};

(iii): ny — (ll +k’1) = #{Z el P = O} and ng — (l2+k2) = #{] el q; = O}
For p,q € {0,1}, we observe that the (I1, k1, p; 2, k2, ¢) mixed strategic set is equal
to the (I3 + pki,la + gks) pure strategic set.

Remark 1. By Lemma 5.2, supposing that A;; # 0 and As # 0, a mixed strategy
S is a Nash equilibrium, if S is contained in some (l1, k1, p; l2, k2, ¢) mixed strategic
set.

Since individuals with the same type are identical, if a mixed strategy contained
in the (Iy, k1, p; l2, ko, ¢) mix strategic set is a Nash equilibrium, then all the strate-
gies in the (I1, k1, p;la, k2, q) mixed strategic set are Nash equilibria.

Definition 5.3. An (l1, k1, p;l2, k2, q) mized Nash equilibrium (set)is an (11, k1, p; l2, k2, q)
strategic set whose strategies are Nash equilibria. The (mized) Nash domain N (I, k1, p;

la, ka2, q) is the set of all pairs (x,y) for which the (I1, k1, p;la, k2, q) strategic set is

a mixed Nash equilibrium set.

An (Iy, k1, p;la, ko, q) strict mized Nash equilibrium set is a mixed Nash equilib-
rium set that does not contain pure strategies, i.e. (p,q) € [0,1]%\ {0,1}2. A strict
mized Nash domain N(l1, k1, p;la, ke, q) is the mixed Nash domain of a strict mixed
Nash equilibrium set.
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The mixed vector W(ll, k1, p;la, ka,q) is given by

W (ly, k1, ps o, ko, q) = Z(l1,12) + p(Z(k1,0) — (0, A21)) + q(Z(0, k2) — (A12,0))

= —l1(A11, Ao1) — I2(A12, Asz) — p(k1Arr, (k1 4 1) A1) — q((k2 + 1) A1z, ko Aga) .
We observe that

W(O,nl —1,p;0,n2 — 1,q) =pH +qV .

Let Jo = (—00,0) and J,, = J,, = [0, +00).
Theorem 5.4. Let Aj; > 0 and Ags > 0. N(ly, k1,p;l2,k2,q) # 0 if, and only if,
li1 =n1— k1, la =ng — ko, k1 € {0,n1} and k2 € {0,n2}.

(i): Forly € {0,n1} and q € (0,1), the mized Nash domain N(l1,0,0;0,n2,q) is

the semi-line
N(11,0,0;0,719, q) = {(,0) + W(l1,0,0;0,n2 — 1,q) : x € Jy, } ;

(ii): For p € (0,1) and Iy € {0,n2} , the mized Nash domain N(0,nq,p;ls,0,0)
is the semi-line

N(Oanlap; 127()’0) = {(07y> + W(O,nl - 1ap7 l27070) Yy S le} 5
(iii): Forp,q € (0,1), the mized Nash domain N(0,n1,p;0,na, q) is the singleton

W(0,n1 —1,p;0,n9 — 1,9) + (H(N, N), V(N,N)) .

By Theorem 5.4, if I3 = n1, then the only strict mixed Nash equilibria are the
ones presented in (i). Furthermore, if [y = 0, then the only strict mixed Nash
equilibria are the ones presented in (ii) and (iii). Hence, if the individuals with a
given type have a positive influence over the utility of the individuals with the same
type, i.e. Ay; > 0 and Ags > 0, then there are no mixed Nash equilibrium, unless
all the individuals with the same type opt for a mixed strategy.

In Figure 1, we show the geometric interpretation of Theorem 5.4, with

W, = 1(0,0,0;0,ns —1,1),
Wo = W(0,n1 —1,1;0,0,0),
Zy = (H(N,N),V(N,N)),
7z, = pwl—&-qﬁ}g—kZo:W(O,nl—1,p;0,n2—1,q)+ZO.

Proof. The mixed strategy (0,0,0;0,n9, ¢) is a Nash equilibrium if, and only if, the
following two inequalities hold

Ui(0; P,Q) > Ui (L, P+ 1,Q) , Us(q; P,Q) > Ua(¢s P,Q —q+4q') .
We note that
Ua(q: P.Q) > U2(¢'s P,Q — g+ ¢) ,if, and only if, fy.2(¢; P,Q) = fn2(¢; P,Q) -
Hence, by Lemma 5.2,
y=—AnP — A»(Q—q)+V(N,N).

The mixed strategy (n1,0,0;0,n2,q) is a Nash equilibrium if, and only if, the fol-
lowing two inequalities hold

Ui(1; P,Q) > Ui (0; P—1,Q) , Us(q; P,Q) > Us(¢; P,Q—q+¢') .
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Ficure 1. A decision tiling with mixed vectors, where
Ny = N(Ovnlvp;n%oao)v NS = N(O,nl,p;0,0,0), NW =
N(0,0,0;0,n2,q) and Ng = N(n1,0,0;0,n2,q).

We note that

UZ(qa P,Q) Z UQ(q/;P7Q —q + q,) 7if7 and Only lfv fY,Q(q;P7 Q) = fN,2((J7PaQ) .
Hence, by Lemma 5.2,

y=—AnP — An(Q —q)+ V(N,N).
Thus, the proof of Theorem 5.4 (i) follows from rearranging the terms in the pre-
vious inequalities. The proof of Theorem 5.4 (ii) follows similarly to the proof of
Theorem 5.4 (i). Let us prove Theorem 5.4 (iii).
The mixed strategy (0,n1,p;0,n2,q) is a Nash equilibrium if, and only if, the fol-
lowing two inequalities hold
Ur(p; P,Q) > Ui(p; P —p+1',Q) , Uz2(; P,Q) > U2(d; P.Q —q+¢) -
Therefore,
fya(p P,Q) = fna(p; P,Q) and fy2(q; P,Q) = fn2(q; P, Q) -

Thus, by Lemma 5.2,

z=—An(P—pi) — A12Q + H(N,N) and y = —An P — A (Q — q) + V(N, N).
Hence, Theorem 5.4 (iii) follows from rearranging the terms in the previous inequal-
ities. O

Let Jo(2) = (—00,0) and J,,,(2) = [A22,+00). Let J5,(2) = [A22,0], for I3 €
{0,...,n2} \ {0,n2}.
Theorem 5.5. Let Aj; > 0 and Aze < 0. N(Iy, k1,p;l2,k2,q) # 0 if, and only if,
ll =Ny — k‘l and kl S {O,?’Ll}.
(1): Forly € {0,n1}, ko > 1 and g € (0, 1), the mized Nash domain N(l1,0,0;l2, ke, q)
is the semi-line
N(11,0,0515, ks, q) = {(2,0) + W (11,0,05 15, ks — 1,¢) : @ € Ji, } 5
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(ii): Forp e (0,1) andls € {0, ...,no}, the mized Nash domain N(0,n1, p;l2,0,0)
is the semi-line
N(O,n1,p;12,0,0) = {(0,) + W (0,11 — 1,p;12,0,0) : y € J, (2)} 5

(iii): For p,q € (0,1), the mized Nash domain N(0,n1,p;la, ka,q) is the single-
ton

-,

W(0,n1 — 1,p;la, ko — 1,q) + (H(N, N),V(N, N)) .

By Theorem 5.5, if [ = nq, then the only strict mixed Nash equilibria are the
ones presented in (i). Furthermore, if [y = 0, then the only strict mixed Nash
equilibria are the ones presented in (ii) and (iii). Hence, if the individuals with type
t1 have a positive influence over the utility of the individuals with the same type,
i.e. A1; > 0, then, for every Nash equilibrium all the individuals with the type t;
opt for the same strategy either pure or mixed.

Proof. The mixed strategy (0,0,0;ls, k2, q) is a Nash equilibrium if the following
two inequalities hold

Ui(0; P,Q) > Ui(L; P+1,Q) , Us(q; P,Q) > Uz(¢'s P,Q —q+4') .
We note that

Us(g; P, Q) = Ua(¢'s P,Q — g+ ¢') ,if, and only if, fy2(¢; P, Q) = fnz2(a: P,Q) -
Hence, by Lemma 5.2,
y=—AnP — A»(Q —q) + V(N,N).
Furthermore, (a) if Iy > 1 then U(1; P,Q) > Us(0; P,Q — 1) and (b) if ny > I + ko
then Us(0; P,Q) > Us(1; P,Q + 1). Hence, the proof follows from rearranging the
terms in the previous inequalities and noting that Ass < 0.
The mixed strategy (ni,0,0;ls,ke,q) is a Nash equilibrium if the following two
inequalities hold
Ui(1; P,Q) 2 Ui(0; P~ 1,Q) , Us(q; P,Q) > U2(¢'s P,Q —q+¢') .
We note that

Us(q; P,Q) > Us(qs P,Q — g+ ¢') ,if, and only if, fy2(¢; P,Q) = fn2(q; P,Q) .
Hence, by Lemma 5.2,
y=—AnP — A»(Q—q)+V(N,N).

Furthermore, (a) if I3 > 1 then Us(1; P,Q) > U2(0; P,Q — 1) and (b) if ny > I + ko
then Us(0; P,Q) > Ua(1; P,@Q + 1). Hence, the proof follows from rearranging the
terms in the previous inequalities and noting that Asy < 0.

The mixed strategy (0,n1,p;l2,0,0) is a Nash equilibrium if the following inequality
holds

Ui(p; P,Q) > Uh(p's P —p+9',Q).
We note that
Ui(p; P,Q) > Ur(p's P —p+ 9, Q) ,if, and only if, fy1(p; P,Q) = fn1(p; P, Q) -
Hence, by Lemma 5.2,
x=—A1(P—p;)— A12Q + H(N,N).

Furthermore, (a) if ls > 1 then Us(1; P, Q) > Us(0; P,Q — 1) and (b) if ng > I3 then
Us(0; P,Q) > Us(1; P,Q + 1). Hence, the proof of Theorem 5.5 (ii) follows from
rearranging the terms in the previous inequalities and noting that Ao < 0. Let us
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prove Theorem 5.5 (iii).
The mixed strategy (0,m1,p;lo, ko + 1,q) is a Nash equilibrium if the following
inequalities hold

Ui(p; P,Q) > Ui(p; P—p+p".Q) , Ua(q; P,Q) > Us(¢; P,Q—q+¢') .
Therefore,
fya(p; P,Q) = fnai(p; P,Q) and fy2(q; P, Q) = fn2(q; P,Q) -
Thus, by Lemma 5.2,
r=—A1(P—p;) — A12Q + H(N,N) and y = —Ag1 P — A (Q — q) + V(N,N).

Furthermore, (a) if I > 1 then Ua(1; P, Q) > U3(0; P,@Q — 1) and (b) if ng > I3 then
Us(0; P,Q) > Us(1; P,@ + 1). Hence, the proof of Theorem 5.5 (iii) follows from
rearranging the terms in the previous inequalities and noting that Ass < 0. O

Let Jo(1) = (—00,0) and Jy, (1) = [A11,+00). Let Ji, (1) = [A11,0], for l; €
{0,...,n1}\ {0,nq}.

Theorem 5.6. Let A11 <0 and Axp < 0.
(i): For Iy € {0,...,n1}, k2 > 1 and q € (0,1), the mized Nash domain
N(11,0,0;la, ko, q) is the semi-line
N(lhoa 07 l27 k2a q) = {(.’IJ, O) + I/T‘/<l].7 0) Oa l2a k2 - 17 Q> MRS Jll(l)} )
(ii): For p € (0,1), k1 > 1 and I3 € {0,...,n2}, the mized Nash domain
N(ly, k1,p;12,0,0) is the semi-line
N(llaklvp; 127070) = {(Ovy) + I/T‘/v(llu kl - lap; l27070) ) € Jl2(2)} ;

(iii): Fork; > 1, ke > 1 andp,q € (0,1), the mized Nash domain N(ly, k1, p;l2, ke, q)
is the singleton

-,

W(llakl - 1717312»]9’2 - 17Q) + (H(N7N)uV(N7N)) .

By Theorem 5.6, if the individuals with a given type have a non-positive influence
over the utility of the individuals with the same type, i.e. A;; < 0 and Asy < 0,
then for every (ly, k1, p;la, ko, q) mixed strategic set there are relative preferences

for which (I, k1, p; 2, k2, q) is a Nash equilibrium set.
In Figures 2 and 3, we show the geometric interpretation of Theorem 5.6, with

Zo = Z(1,1)+ (H(N,N),V(N,N)),
Ty = Z2(0,0) — (0, As1) = —(0, A1),
Do = 2(0,0) — (A12,0) = —(A12,0),
U = P171+(11727

Zy = U+ Zo=W(,2,p:1,2,0) + Zo

and

Ty = Z(1,0) — (0, As1) = —(Anr, Asy),
Wo = Z(0,1) — (A12,0) = —(Asa, A22),
v o= P2E}1+Q2ﬁ2a

Zo = W+ Zo=W0,1,p:1,1,q) + Z.
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A A
(14) 1 (24) 1 (34) (4,4)
1 L % (4[
(2,3) 33) N\ ---=8
e\ 4.2
_____ 22 |\ B2 AT
0,2) i:2) 2 (41
______ = hew (3.1)
1) '
(1,0) | (20) ! (30)

FIGURE 2. A decision tiling with mixed vectors. The influence
matrix is given by Ay = —2, Ajp = 1/2, Ags = —1/2 and Ay =
—2 and (n1,n9) = (4,4).

r

FIGURE 3. Zooming Figure 2. The Nash equilibria {Z;} =
N(17 17p1; 13 ]-)ql) and {ZQ} = N(172ap2; 1527(]2)‘

Proof. The mixed strategy (l1,0,0;ls, k2, q) is a Nash equilibrium if the following
inequality holds

Us(q: P.Q) > Ua(q's P.Q — g + ¢').
Hence,

fya(@ P,Q) = fna(q; PQ).
Therefore, by Lemma 5.2,
y=—AnP — A»n(Q —q¢;) + V(N,N).

Furthermore, (a) if Iy > 1 then Uy(1; P, Q) > U1 (0; P — 1,Q); (b) if ny > Iy then
U4 (0; P,Q) > Us(1; P+ 1,Q); (¢) if I > 1 then Us(1; P,Q) > Us(0; P,Q — 1); and
(d) if ng > lg + ko then Us(0; P, Q) > Us(1; P,@ + 1). Hence, the proof of Theorem
5.6 (i) follows from rearranging the terms in the previous inequalities and noting
that A;; < 0 and Ass < 0. The proof of Theorem 5.6 (ii) follows similarly.Let us
prove Theorem 5.6 (iii).
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The mixed strategy (l1, k1, p; l2, ko, ¢) is a Nash equilibrium if the following inequal-
ities hold
Ui(p; P,Q) > Ui(p's P —p+1',Q) , Ua(q; P,Q) > U2(¢'s P,Q —q+¢') .

Hence,

fra(p Q) = fna(p; P,Q) and fy2(q; P,Q) = fn2(¢; P, Q).
Therefore, by Lemma 5.2,

Tr = 7A11(P7p) 7A12Q+H(N,N) and Yy = 7A21P7A22(Q7q) +V(N,N)

Furthermore, (a) if I; > 1 then Uy (1; P,Q) > U1(0; P — 1,Q); (b) if ny > 11 + k1
then U1(0; P, Q) > U1(1; P+ 1,Q); (c) if I3 > 1 then Us(1; P, Q) > U2(0; P,Q — 1);
and (d) if ng > la + ko then Us(0; P,Q) > Us(1; P,Q + 1). Hence, the proof of
Theorem 5.6 (iii) follows by rearranging the terms in the previous inequalities and
noting that A;; <0 and Ay < 0. O

Lemma 5.7. Let S be a strategy given by S(i) = p;, fori € I, and S(j) = g;, for
je .
(i): If A11 = 0, the strategy S at (z,y) is a Nash equilibrium if, and only if,
there 1s 0 < q < 1, such that

#ijelh:q =1} =1y
#{j €Il :q; = q} = ko (ko might be 0);
#{jel:q =0} =ny— (la + ko)
and
(x,y) € N(0,n1, P/ni;la, ks, q).

(ii): If A11 # 0 and Ags = 0, the strategy S at (x,y) is a Nash equilibrium if,
and only if, there is 0 < p < 1, such that

#lielip=1} =l
#{iel :p;=q} = ki (k1 might be 0);
#iel:p;=0t=n1— (L1 + k1)
and
(w,y) € N(l1, k1,p; 0,12, Q/n2).
(iii): If A1 = 0 and Ass = 0, the strategy S at (x,y) is a Nash equilibrium if,
and only if
(z,y) € N(0,n1, P/n1;0,n2,Q/n2).

Proof. 1t follows from putting together Lemma 5.2 with Theorems 5.5 and 5.6. [

In the following remark, we observe, for a mixed Nash equilibria, who receives
higher utility between (i) the individuals who decide Y, (ii) the individuals who
decide N, and (iii) the individuals who decide based on probability.

Remark 2. Let (I1, k1, p;l2, k2, ¢) be a mixed Nash equilibria.
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(i) If af; <0, then Uy (1, P,Q) > Ui(p, P, Q);
(i) If a¥] >0, then Uy (1, P,Q) < Ui(p, P, Q);
(iii) If o) <0, then U1 (0, P,Q) < Ui(p, P,Q);
(iv) If o >0, then Uy (0, P,Q) > Uy (p, P, Q).

6. Replicator Dynamics. Recall that I = I;UI5 and that a strategy S : I — [0, 1]
associates to each individual ¢ € Iy the probability p; = S(i) to decide Y € D and
to each individual j € I the probability ¢; = S(j) to decide Y € D. Recall that
P =30 pi,Q =272 q; P, = P—piand Q; = Q — q;. The replicator dynamics
S = G(S;x,y) is given by

B = fya(pi P.Q) = Ui(pii P.Q) = (1= i) (fra (0 P,Q) = fva(pii P.Q))

% = fv2(q;; P,Q) — Us(q;; P,Q) = (1 — qj)(fy,z(qj;P, Q) — fn2(g; P Q)) ,
Hence, the replicator dynamics S = G(S;x,y) can be rewritten as

pi =pi(1 —pi) (PiAn + QAs+2x— H(N,N)) , t€{l,...,n1},

(jj = qj(l - qj)(QjAzg + PAs1 +y — V(N,N)) , J € {1,. . .,ng} .
We observe that
(1) if pi(0) < p;(0), then p;(t) < p;(t);

(ii) if pi(0) = p;(0), then p;(t) = p;(¢);
(iii) if ¢;(0) < g;(0), then g¢;(t) < g;(t);

(iv) if ¢;(0) = ¢;(0), then g;(t) = ¢;(t);
for every t € R.

A strategy S : I — [0,1] is a dynamical equilibrium if G(S;z,y) =0, i.e.
pi(1 —pi) (PiAL + QArs +2 — H(N,N)) =0, ic{l,...,m},

q](l 7qj‘)(QjA22+PA21 +y—V(N,N)) =0 , j c {1,...,712} .
The coefficients of the linearized replicator dynamics DG(S;x,y) are

0p;/0p; = (1 — 2p;)(PiA11 + QAo+ — H(N,N)) ,

9pi/Opj = pi(1 —pi)A11 , i # ]

pi/0q; = pi(1 — pi)Arz2

94;/9q; = (1 = 2¢;)(Q;j A2z + PAniy +y — V(N,N)) ,

04;/0q; = q;(1 — qj)Aza , j #i

0q;/0pi = q;(1 — q;)A21 .
An equilibrium strategy S is (strongly) stable if all the eigenvalues of the linearized
replicator dynamics DG(S;x,y) have real parts that are negative. An equilibrium
strategy S is (strongly) unstable if there is at least one eigenvalue of the linearized
replicator dynamics DG(S; z,y) with positive real part.
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Lemma 6.1. Let S: I — [0, 1] be a dynamical equilibrium of the replicator dynam-
1cs.

(i): IfO<p; <1, thenx = —A11(P —p;) — A12Q + H(N, N).

(li) IfO <g; < 1, then y = —Ay P — AQQ(Q — qj) + V(N, N)

Hence, if A7 # 0, then there is not a dynamical equilibrium with the property
that 0 < p;, # pi, < 1. Furthermore, if Ags # 0, then there is not a dynamical
equilibrium with the property that 0 < g;, # ¢;, < 1.

Proof. The proof is analogous to the proof of Lemma 5.2. O

Hence, assuming that A;; # 0 and Ass # 0, the dynamical equilibria of the
replicator dynamics are contained in the union of all (i1, k1, p;ls, ke2,q) strategic
sets, where p,q € [0,1], 0 <1 + k1 < n; and 0 < Iy + ky < ny. Thus, to find and
study the dynamical equilibria we introduce the following notation:

o v[ll] = (vii, .. Ulgll) v[lm] = (v%zm, . 7,U’:rlL271n7(l1+k1)) and v[lr] = (v%;, .. vg)
o v[2] = (v1, ... v), v2m] = (01, vt ) and (20 = (v o).

Let us define the vectors v[1] € R™, v[2] € R" and v € R™ "2 as follows:

v[1] = (v[l],v[Im],v[lr]) , v[2] = (v][2],v][2m],v[2r]) and v = (v[1],v[2]) .
Let us define V[1] and V[2] as follows:
e V1] =Y0 DI () 0™ + 308 vk and

zlz

. V[Q] _ Zflf LV +Zn2 (l2+k2) 2m+Zk 1vk .
In this notation, the replicator dynamics DG(v;x,y) are given by the following
ny1 + ny ODE:

oM =0 (L—v™) (V1] — 0™ ) Ai1 + V[2JA12 + 2 — H(N,N)) i1 €Iy

11 11 11

07 = 07" (1= 0]"2) (V2] = vi"2) Agy + V[1]A21 +y — V(N,N)) iz € I

12 12
where mq,ma € {l,m,r} and (z,y) € R%
Definition 6.2. The (1, k1, p;la, ko, q) canonical strategy is defined as follows:

o forallie {1,....1i},5€{l,...,nmn —(LL+k)}and k€ {1,... k1}
viuzl, vjl»m:O and v;" =p ;

o forallie {1,....5},7€{l,...,na— (la+ko)} and j € {1,...,ko}

20 2m __ 2r _
vii =1, v;" =0, and v;" =

The linearized replicator dynamics DG = DG(ly, k1, p; la, k2, q; z, y) at the (11, k1, p; 2, k2, q)
canonical strategy is given by the matrix

FI 1) 0 0 0 0 0
0 fl1m, 1m] 0 0 0 0
DG = | flr 1} flir,dm]  flir, 1] f[Ar20  fllr,2m]  f[lr,2r] |
0 0 0 f2,2] 0 0
0 0 0 0 f2m, 2m] 0

fl2r, 1) fl2r,1m]  f[2r,1r] f[2r,2]] f[2r,2m] f[2r,2r]

where the coefficients are matrices with the following coordinates:
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o forallie{1,...,11},
fuilll, 1] = —(li = 1 + k1p)A1n — (I2 + koq)A1s —x+ H(N,N) ;
o foralll e {1,...,n1 — (I1 + K1)},
f”[lm, 1m] = (ll + klp)All + (lQ —+ kgq)Alg +x — H(N, N) N

o foralli,j € {1,...,l1}, with i # j, and for all [,k € {1,...,n1 — (I1 + k1)},

with I # k,

fii [, 1] = fig[lm,1m] =0 ;
o forallie {1,...,k},
fuillr, 1r] = (1 = 2p)((I1 + (k1 — 1)p) A1y + (l2 + k2q) A1z + 2 — H(N, N)) ;
e foralli,je{1,...,k}, withi#j,
fij[r, 1r] = p(1 — p) A1y ;

e for all i € {1,...,](:1}, j € {1,...,l2}, k € {1,...,’112 — (lz —‘rk‘g)} and [ €

{1,...,ka},

fijllr, 2] = fig[lr,2m] = fallr,2r] = p(1 — p)A12 ;
o forallie{1,...,ls},
fiil21,2l) = —(la — 1 4 k2q)Age — (I1 + k1p) A2y —y + V(N,N) ;
e foralll e {17...,TL2 — (12 +k2)},
ful2m,2m] = (I + k2q) A2z + (i + k1p)A21 +y — V(IV,N) ;

o foralli,j € {1,...,ls}, with i # j, and for all [,k € {1,...,n2 — (I + k2)},

with 1 # k,

fii 121,21 = fig[2m,2m] =0 ;
o forallie{1,...,k},
fiil2r,2r]) = (1 = 2¢)((l2 + (k2 — 1)q) A2z + (L + k1p)A21 +y — V(IV,N)) ;
o foralli,je{1,...,k}, with i # j,
fij[2r,2r] = q(1 — q)Aas 5

e for all i € {1,...,](52}, j € {1,...,l1}, k € {1,...,’111 —(ll+k1)} and [ €
{1,...,k1},

fij[2r, U] = fig[2r,1m] = ful2r,1r] = q(1 — q) A2 .

We observe that for some pair (z,y) € R?, if the (I1, k1, p;l2, k2, q) canonical
strategy is an equilibrium of the replicator dynamics, then every strategy contained
in the (I1,k1,p;ls, ko, q) strategic set is an equilibrium of the replicator dynam-
ics. Furthermore, the eigenvectors of the linearized replicator dynamics at the
(11, k1, p; L2, ka2, q) canonical strategy coincide with the eigenvectors of the linearized
replicator dynamics at any strategy contained in the (ly, k1, p;l2, ke, q) strategic
set, up to permutation of coordinates. Hence, the eigenvalues of the linearized
replicator dynamics at the (l1, k1, p;la, ko, q) canonical strategy coincide with the
eigenvalues of the linearized replicator dynamics at any strategy contained in the
(I1, k1, p; la, ko, q) strategic set.
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Definition 6.3. The equilibria domain E(ly, k1, p;la, ke, q) is the set of all pairs
(r,y) € R? for which the strategies contained in the (i, k1, p;la, ko, q) strate-
gic set are equilibria of the replicator dynamics. The (strongly) stable domain
S(l1, k1,p;l2, k2, q) is the set of all pairs (z,y) € R? for which the strategies con-
tained in the (I1, k1,p;ls, k2, q) strategic set are (strongly) stable equilibria of the
replicator dynamics. The (strongly) unstable domain U(ly, k1, p;la, ke, q) is the set
of all pairs (z,y) € R? for which the strategies contained in the (I1, k1, p;l2, k2, q)
strategic set are (strongly) unstable equilibria of the replicator dynamics.

We observe that the stable domains are contained in the Nash domains and the
Nash domains are contained in the equilibria domains, i.e.

S(llu kl:?? 127 k27 Q) g N(lla khp; 127 k27 q) g E(ll7 klup; l27 k27 Q) .
For the (I1,l3) (pure) strategic set, the dynamic equilibria set coincides with R?
i.e.
E(l1,l,) =R? .
The following geometric relation associates to every pair (z,y) € R? a unique pair
(p,q) € R? and vice-versa:

(w,y) = (H(N,N),V(N,N))+ Z(l1,l2) + (pA1, g Az2)
(H(N,N) = l1A11 — l2 Ao + pA11, V(N, N) — laAsz — 11 Aoy + qAs2) .
Theorem 6.4. The eigenvalues of DG(l1,ls;x,y) = DG(11,0,0;12,0,0;2,y) are
AUl = A1 =p), AIm]=Anp, A2l =A2(1—-q), A[2m] = Asq. (2)
The eigenspaces of DG(l1,l2;x,y) are

EQAM]) = {v:(v[lm],v2]) =0}, E(A[lm]) = {v: (v[Ll],v[2]) = 0},
E\2]]) = {v:@w[1],v[2m]) =0}, E(A\[2m]) = {v: (v[1],v[2]]) =0} . (3)
Furthermore,

S(ll,lg) = Z"I’Lt(N(lth)) and U(l1,12) C R2 \ N(ll,lg).

Putting together Lemma 4.3 and Theorem 6.4, we obtain the following:

o if (a) A >0andly € {1, ey nl—l}, or if (b) Ago > 0andly € {1, ey ng—l},
orif (c) A;; >0 and Ags > 0 and (I1,l2) € {1,...,n1 — 1} x {1,...,nyg — 1},
then

S(ll, lg) = il’lt(N(Zl, lg)) = @

o if (a) A;1 < 0 and Iz € {0,n2}, or if (b) Age < 0 and I; € {0,n1}, or if (c)

A1 <0 and Azy < 0 and (ll,lg) S {(0,0), (nl,O), (0,’112), (nl,ng)}, then
S(ll7 lg) = int(N(ll, lg)) 75 @

Proof. The coefficients of the linearized replicator dynamics DG = DG(l1,0,0;12,0,0; z,y)
are the following: If ¢ € {1,... {1}, then

filll, U] = =(l1 = 1)A1; — lbA1s —2+ H(N,N) = A11(1 —p) .
Ifie{l,...,n; — 11}, then
fiillm,1m] = 11 A1n + lbA1s+ o — H(N,N) = Ay1p .
If j € {1,...,l2}, then
fii20,2l) = —(la = 1)Age — l1As1 —y + V(N,N) = Ax(1 —q) .
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If] € {1,...,TL2 712}7 then

fjj [Qm, 2m] = ZQAQQ —+ llAgl —+ Yy — V(N, N) = A22q .
Furthermore, all the other coefficients of DG are equal to 0. Hence, DG is a diagonal
matrix. The eigenvalues and the eigenspaces of DG are the ones presented in (2)

and (3). Hence, the proof of the second part of Theorem 6.4 follows from applying
Lemma 4.3. O

From Theorems 5.4, 5.5 and 5.6, the equilibrium domain E(ly, k1, p; l2, ko, ¢) is the
following:
(i) For l; €{0,...,n1} and g € (0,1), the equilibrium domain E(l1,0,0;l2, k2, q)
is the line
E(Zh Oa 07 l27 k27 Q) = {(.’IJ, O) + I/T‘/<l17 07 Oa l2a k2 - 17 Q) MRS R}' )
(ii) Forp € (0,1) and I3 € {0,...,n2} , the equilibrium domain E(l1, k1, p; 12, 0,0)
is the line
E(llv khp; l?a 070) = {(Ovy) + W(lla kl - lap; l2a Oa O) VRS R} ;
(iii) For p,q € (0, 1), the equilibrium domain E(ly, k1, p; l2, ko, ¢) is the singleton

W(ly, ky — 1,p;la, ks — 1,q) + (H(N,N),V(N,N)) .
Define the matrix M (k1, ko) = M(l1, k1, p;l2, ko, q; x,y) as follows:
e if k1 > 1 and ko > 1, then
(k1 —1)p(1 —p)An k1q(1 — q)Ax
M (ky, k) = ( kop(1 — p)Aiz (k2 — 1)g(1 — q) A2 ) )

e if k1 =0 and ks > 1, then
M (0, k2) = ((k2 — 1)q(1 — q)A22) ,
e if k4 > 1 and ks = 0, then
M (k1,0) = ((k1 — )p(1 —p) A1) .
The following relation associates to each pair (z,y) € R? a unique pair (p,q) € R?
and vice-versa:
(z,y) — (H(N,N),V(N,N)) =
—((l1 +p(k1 — 1)) A1y + (I + qk2) Axz, (I2 + q(k — 1)) Ao + (11 + pk1) A21) -
Theorem 6.5. Let DG = DG(ly, k1, p;la, k2, q;x,y) and

(@) € [0, 1%\ {(0,0),(0,1), (1,0), (1, 1)}

The eigenvalues of DG are the following:

e M1l = (1 —p)Ay1, with algebraic dimension 1y ;
A1m| = pAy1, with algebraic dimension ny — (11 + k1);
[2]] = (1 — q)Aaa, with algebraic dimension la;
[2m] = qAaa, with algebraic dimension ny — (I + ka);
[1r] = —p(1 — p)A11, with algebraic dimension kq — 1;
[

e o o o o
> > >

o The eigenvalues of the matriz M (11, k1, p;l2, k2, q; T, y).
Furthermore, S(l1, k1, p; l2, k2,q) = 0.
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Theorem 6.5 also implies the following unstability properties for the equilibria
E(ly, k1, psla, k2, ¢ m,y).

e Let Aj; > 0and Ags > 0. The sum of the eigenvalues of M (11, k1, p; l2, k2, q; 2, y)
is greater than zero. Hence, U(ly, k1,p;l2, ko, q) = E(l1, k1, p; 12, k2, q).

e Let A1; > 0and Agp < 0. (a) If ks > 2 then A[2r] > 0. (b) If k1 < nq then A[1]]
or A[1lm] has real part greater than zero. (c¢) If k; = ny and ko = 0 then the
eigenvalue of M(ly, k1, p;la, ko, ¢; x,y) has real part greater than zero. (d) If
k1 = ny and ko = 1 then the sum of the eigenvalues of M (I1, k1, p;la, ko, q; 2, y)
is greater than zero. Hence, U(ly, k1,p;lo2, k2, q) = E(l1, k1, p; 12, k2, q).

e Let A1 <0 and Ay < 0.

— Ifky > 2o0r kg > 2, then A[1r] or A\[2r] is positive. Hence, U(ly, k1, p;l2, ko, q) =
E(ll, kl,p; lg, kg, q)

— If k; =1 and ky = 1, then the eigenvalues Ay of M (I, k1,p;la, ko, q; x,y)
are

AL =p(1—p)g(l — q)A12As.
Hence, (a) if A19A42; > 0 then U(ly, k1,p;la, ka,q) = E(l1, k1,p; 12, k2, q);
(b) if A12A21 S 0 then
U(ly, k1, p;la, k2, q) = Sl ki, ps b2, kay q) = 0,

i.e. the mixed Nash equilibria is neither strongly stable nor strongly
unstable.
— if ky =1 and ky = 0, then M (ly, k1, p; L2, ko, ¢; z,y) = (0). Hence,

U(llaklap; Z27k27Q) = S(llakhp; l2ak27Q) = (2)7

i.e. the mixed Nash equilibria is neither strongly stable nor strongly
unstable.

Proof. Let us denote the vectors of the canonical basis of R"1+"2 by

er[U],...,e, [1] , ex[Im],... en, —q 46y [Im] , ex[lr], ... ex, [17]
and
e1(2l], ... e, [2l] , er[2m], ... en,—(,4ko)[2m] , €1[27], ... en, (2] .
Let w; = Zf;l e;[1r] and wy = fil ei[2r]. We obtain that
DG(es[ll]) = AU]ei[U] +p(1 = p)Anwr +q(1 — q)Anwz
DG(ei[Im]) = A1mle;[Im] + p(1 — p)An1wr + q(1 — q) Ag1wz
DG(ei[lr]) = —p(l —p)Auei[lT] —|—p(1 — p)A11w1 + C](l — q)Agle 5
DG(ei[2l]) = A2le;[1] + p(1 = p)Arpwir + q(1 — q) Azowsz ,
DG(ei[2m]) = A2mle;[1m] + p(1 — p)Ar2wy + q(1 — q) Agawz
DG(ei[2r]) = —q(1 —q)Azei[lr] +p(1 —p)Apws + q(1 — q)Azws .
Furthermore,
k1 k1 k1 ko
DG(w1) = > DGei[ir])) =>_ [ D p(1—p)Ane;[ir] + > q(1 - q)Aze;(2r]
i=1 i=1 \j=1 =1

(k1 — 1)p(1 —p)Awr + k1g(1 — q)Az1ws .
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i=1 i=1 \j=1 j=1
= kop(1 — p)Arowyr + (k2 — 1)g(1 — q) Azpws .

Hence, the space spaned by w; and ws is DG invariant and DG| < wq,we > is
given by the matrix M (ki,k2). Therefore, the eigenvalues of DG| < wi,wq > are
the eigenvalues of the matrix M (kq, k2). For ¢t € {1,2} and s € {l,m,r}, the vectors
eilts] — ej[ts], with i # j, belong to the eigenspace of the eigenvalue A[ts]. Since
the space spaned by wy and wsy is DG invariant, the vectors e;[ts] belong to the
extended eigenspace of the eigenvalue A[ts]. O

In Figure 4, we observe the appearance of periodic cycles for the replicator dy-
namics. The individuals keep modifying their decisions along time exhibiting a
periodic pattern in their decisions.

e b

FIGURE 4. The time evolution of the probabilities of individuals
under the replicator dynamics form a cycle. The influence matrix
is given by Au = —0.17 A12 = 3, A21 = —10, A22 = O, (nl,ng) =
(2,2) and (z,y) = (0.4,0.6).

7. Leadership Model. A leader is an individual who can influence others to make
a certain decision. For simplicity, we assume that the leader will influence other
individuals to make decision Y. We study how the choice of the leader can influ-
ence the potential followers (individuals of type ¢; and t3) to make the decision he
pretends, see [3].

As in [3], the parameters (0;, P;, L;), with ¢ € {1,2}, characterize the leaders and
the potential followers. The types of leaders are defined as follows:

o Altruistic, individualist and biased leaders. The leader donates Py to the indi-
viduals of type ¢t; and P, to the individuals of type to. The altruistic leader,
for the individuals with type ¢;, is the one who distributes a valuation to po-
tential followers making the decision Y, i.e. P; > 0; while the individualist
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leader, for the individuals with type t;, is the one who distributes a deval-
uation or debt to potential followers making the decision Y, i.e. P; < 0.
The biased leader is the one who distributes a valuation to one type of poten-
tial followers and a debt to the other type of potential followers, i.e. P, Py < 0.

o (Consumption or wealth creation by the followers. Define 81, 6 as the parame-
ters of the consumption or wealth creation on the valuation distributed by the
leader to other individuals. Therefore, the new valuation of the individuals,
with type t; and t2, to make decision Y is given by

WY 4 b
ng
where w) corresponds to the valuation before the influence of the leader of
the individuals to make decision Y. There is wealth creation by the followers
of type t; when P; > 0 and #; > 1 or when P; < 0 and #; < 1. There is
wealth consumption by the followers of type t; when P; > 0 and 6; < 1 or

when P; < 0 and 6; > 1.

o Influential and persuasive leader. The influence or persuasiveness of the leader
on other individuals is measured by the parameters L1 and Ly. The individuals
have a new valuation, when they make the decision N, under the influence of
the leader, given by

wlN — Lz

If L; < 0, the individuals with type ¢; will like more to make the decision that

the leader pretends; however, if L; > 0, the individuals with type ¢; will like

more to make the opposite decision from the one that the leader pretends.

Let
H=max{H(Y,Y),H(Y,N),H(N,Y),H(N,N)}

nd
) V =max{V(Y,Y),V(Y,N),V(N,Y),V(N,N)}.

Lemma 7.1. Let S be a (mized) Nash equilibrium.
(i) If % + L1 > H — x, then the individuals with type t; make the decision Y.

(ii) If % + Lo >V — vy, then the individuals with type to make the decision Y.

As in [3], the inequalities above provide a sufficient condition in the values of the
donated parts P; and Ps, in the values of the influence and persuasiveness L; and
Lo of the leader and in the values of the consumption or creation of wealth 6; and
0> by the followers, implying that the potential followers make the same decision as
the leader.

8. Conclusions. The union of the equilibria E(ly, k1, p; l2, k2, q) form hystereses.
The equilibria S(l1;l2) are the stable part of the hystereses and the equilibria
U(l1, k1, p;l2, ko, q) are the unstable part of the hystereses. The equilibria in E(l1, k1, p; l2, k2, q)\
{S(l1, k1,p;l2,ka,q), U(l1, k1,p; 2, k2, q) } can be stable or unstable equilibria. Hence,
small changes in the coordinates of the influence matrix that determines the equi-
libria sets S(l1;l2) and U(l1, k1, p;l2, k2, q) can create or annihilate cohesive and
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disparate Nash equilibria giving rise to abrupt and collective changes in the de-
cisions of the individuals that are explained by the hystereses. Furthermore, we
observed the appearance of periodic attracting cycles and so the individuals can
keep changing their decisions with a periodic pattern. We demonstrated how the
characteristics of the leader can have a positive or negative influence over the deci-
sions of the individuals. In particular, we show that an individualist leader might
have to be more persuasive than an altruistic leader to convince the individuals to
make a particular decision.
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