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This work represents a study of a mathematical model that describes the biological response to different
mechanical stimuli in a cellular dynamics model for bone remodelling. The biological system discussed
herein consists of three specialised cellular types, responsive osteoblasts, active osteoblasts and osteo-
clasts, three types of signalling molecules, transforming growth factor beta (TGF-), receptor activator of
nuclear factor kappa-b ligand (RANKL) and osteoprotegerin (OPG) and the parathyroid hormone (PTH).
Three proposals for mechanical stimuli were tested: strain energy density (SED), hydrostatic and devi-
atoric parts of SED. The model was tested in a two-dimensional geometry of a standard human femur.
The spatial discretization was performed by the finite element method while the temporal evolution of
the variables was calculated by the 4th order Runge-Kutta method. The obtained results represent the
temporal evolution of the apparent density distribution and the mean apparent density and thickness
for the cortical bone after 600 days of remodelling simulation. The main contributions of this paper are
the coupling of mechanical and biological models and the exploration of how the different mechanical
stimuli affect the cellular activity in different types of physical activities. The results revealed that hy-
drostatic SED stimulus was able to form more cortical bone than deviatoric SED and total SED stimuli.
The computational model confirms how different mechanical stimuli can impact in the balance of bone
homeostasis.
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1. Introduction bone is formed, while below this interval, bone is resorbed. Os-

teocytes, are strain-sensitive cells and can transduce mechanical

Osteoporotic fractures are a major public health problem, with
a high prevalence worldwide [1,2], especially in the hip joint and
in particular are a serious problem in Brazil [3]. Hip fracture is the
major consequence of osteoporosis among elderly people, in many
Western nations, leading to chronic pain, disability, lower quality
of life and lower mortality [1,4,5]. Many prospective studies have
shown that bone mineral density (BMD) measurements are able to
predict fracture [6].

Bone tissue is a dynamic system capable of changing its
own density, in response to different biomechanical stimuli. The
“mechanostat” theory of Frost states that bone adapts its strength
to keep the strain, caused by physiological loads, in a certain in-
terval [7]. Some authors consider that this interval lies outside
of a “dead zone” and established that range was between 1000
and 2000 micro strain [8]. If strain is above this interval, new
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signals to groups of specialised cells, such as osteoblasts and os-
teoclasts, which are responsible for forming and resorbing bone
matrix [9].

In the last decades, several research groups have worked in
the development of new models, to describe the bone remod-
elling process, taking into account different stimuli in bone cell
regulation, like mechanical strain, microdamage, cell biology,
metabolic factors and other external contributions [8,10]. From a
biochemical point of view, the first model correlated the differ-
ential activity of parathyroid hormone (PTH) as a regulator for
bone resorption and formation. For example, Kroll et al. [11] found
that an external administration of PTH can affect directly the
time evolution of bone cells populations. Then, it was the time to
demonstrate the role of hormones like autocrine and paracrine in
the regulation of bone remodelling. Finally, a signalling pathway
known as RANK/RANKL/OPG to regulate bone cells activities [10].
It was also found that this signalling pathway RANK-RANKL-OPG
is an important regulation of the paracrine interactions between
osteoblasts and osteoclast [12-15]. Wnt is a secreted family of
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glycoproteins and its pathway signalling, particularly through
low-density lipoprotein receptor-related protein 5 (LRP5), is very
important in the regulation of bone mass and strength. Also, the
Whnt/B-catenin signalling is a normal physiological response to
mechanical load, and that the activation of Wnt/B-catenin pathway
can enhance the sensitivity of osteoblasts/osteocytes to mechanical
loading [16,17]. Osteoprogenitor cells, stromal cells, osteoblasts,
and osteocytes are the candidates for sensing and responding to
mechanical stimulus. Different approaches were considered to des-
cribe the mechanisms through which bone cells are able to sense
their mechanical environment, like direct matrix deformations
[7,8], pressure and transient microdamage [8], accelerations,
pressure waves, interstitial fluid flow, fluid drag forces, fluid
shear stresses, or dynamic electric fields [18-20]. It is not clear,
however, which of these stimuli are the most relevant for bone
remodelling. Recently, authors developed numerical models that
consider mechanoregulation functions that affect cellular activities
based on the SED intensity [21]. The deviatoric and hydrostatic
modes of SED interact with each other in a general anisotropic
elastic material, as bone hard tissue is sometimes characterised
[22]. However, in our study it was considered isotropic, linear
elastic, material, so the hydrostatic and deviatoric modes of SED
are non-interactive and the separation of the influence of both
physical quantities is acceptable.

The aim of this study was to study the influence of different
modes of the SED stimuli, in a cellular interaction model for the
bone remodelling process. The main goal was to verify if the al-
gorithm was able to predict the formation of the cortical mid di-
aphysis region, starting from a femur with homogeneous apparent
density distribution. This is a common condition in bone remod-
elling simulations [23-25] and it was chosen to perform the vali-
dation of our model. The mechanical stimuli considered within the
study, to update the physical properties of bone, were: SED, hydro-
static SED and deviatoric SED. Were also objectives of this study
estimate the average thickness of cortical bone with different me-
chanical stimuli and calculate the mean apparent density of corti-
cal and trabecular bone, after 1200 days of remodelling simulation,
for each considered stimulus.

2. Equations of the model

The system of ordinary differential equations governing the
coupling between osteoclasts and osteoblasts proposed by Lemaire
et al. [13], has been improved by several authors [12-15,21,26].

The principal equations of the model are shown below, Egs.
(1-4) [21,26]. The variables R, B, C represent the concentrations
of pre-osteoblasts, active osteoblasts and active osteoclasts, respec-
tively, and the quantity BV represents bone volume. The variables
vary with respect to time t and the first order ordinary differential
equations of the system are displayed below.

Zl: =DR.JTC+PR.R.HW—%.R (1)
‘sz = %. —Kg.B @)
Z—f = Dc.tp — Dp.tcC (3)
%B = Kiorm-B — Kres.C (4)

In addition, the influence of mechanical stimulus, in the
concentration of pre-osteoblast cells, is made by the following

function:
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The terms related to RANKL are as follows:
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and the term representing the influence of TGF-8 is:
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All parameters of the model are provided in Table 1, as well as
a brief explanation of the units used.

The primary difference incorporated into Scheiner’s model
[21] was the use of two limits for remodelling, an upper (wsyp) and
a lower (wjy¢) limit, with an intermediate “dead zone” indicating a
region of equilibrium [27]. The numerical values of the constants
Wsup and wyye and all parameters are shown in Mercuri et al. [26].

(9)

3. Strain energy density

When an elastic solid is deformed by an applied force, the
work produced by the surface and body forces is stored within the
solid under the form of deformation energy. For an ideal elastic
body, this energy is completely recovered after removing the load
[28,29]. The strain energy can be written as:

1
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w= 5 (ExxOxx + 2Exy0xy + EyyOyy + 28,0y, + €,02; + 2Ex,0xz)

(13)
1
w= 2 (ExxOxx + EyyOyy + €22022) + (ExyOxy + Eyz0yz + Ex20xz) (14)

The SED in the case of a plane stress state, 07, = 0y; = 0x; = 0,
is defined by Eq. (15) [28]:

1
w= 5 (ExxOxx + EyyOyy + £2:07;) + ExyOxy (15)

in which oy, oyy and oy, are the stress tensor components and
&xx, €yy and gy, are the deformation tensor components, in the
Cartesian coordinate system.

Any tensor can be decomposed into deviatoric and hydrostatic
parts, so the strain tensor can be written as:

¢ =hyd(¢e) + des(¢) (16)
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Table 1
Parameters of the simulation.

Symbol  Unit Value Description

Ro Pm 0.0,007,734 Initial population of pre-osteoblasts.

By pM 0.0,007,282 Initial population of osteoblasts

Co pM 0.0,009,127 Initial population of osteoclasts

BV, % 50% Initial percentage of bone volume.

cs pM 0.5 Population of osteoclasts to obtain half differentiation flux
Dy day~! 2.660,768 Rate of osteoclast apoptosis caused by TGF-

dp day! 0.7 Differentiation rate of responsive osteoblasts

Dc pM day! 21x10°3 Differentiation rate of osteoclast precursors

Dr pM day~! 0.0,070,744 Differentiation rate of osteoblast progenitors

fo - 0.05 Fixed proportion

K pM 1.0x 10! Fixed concentration of RANK

k1 pM day~! 1.0x 102 Binding rate of OPG-RANKL

ko day~! 1.0 x 10" Unbinding rate of OPG-RANKL

k3 pM day~! 5.8x1074 Binding rate of RANK-RANKL

Ky day~! 1.7x102 Unbinding rate of RANK-RANKL

ks pM day~! 0.02 Binding rate of PTH with its receptor

ks day! 3.0 Unbinding rate between PTH and its receptor

kg day~! 0.7184 Rate of active osteoblast elimination

K? pM cell~! 3.0 x 108 Maximum quantity of RANKL on the surface of each cell
Ko day! 0.35 Rate of OPG elimination

Kb pM day~! cell'?  2.0x10° Minimum production rate of OPG per cell

kp day~! 86.0 Rate of PTH elimination

r pM day~! 1.0x 103 Rate of RANKL production and elimination

Sp pM day! 250.0 Rate of systemic PTH synthesis

Kres % cell! 0.20 x 102 Relative rate of bone resorption per osteoclast

Ktorm % cell-! 0.3409 x 102 Rate of bone deposition per osteoblast

Pr pM day! 0.1694 Proliferation rate of responsive osteoblasts

A - 12 Parameter to correct the proliferation rate of R

Hweq\m - 12 Equilibrium value for the mechanoregulatory function
K pM day~! 5.0 x 10? Parameter to correct the production of RANKL by mechanical stimulus
Wine Pa 20.0 Lower limit of deformation energy

Wisup Pa 40.0 Upper limit of deformation energy

Wequil, Pa 30.0 Equilibrium deformation energy

The hydrostatic part of the strain tensor in Cartesian rectangular
coordinates is:

1 1 1
hyd(s) = §tT(8)I = §€kk5ij = §(8xx + Eyy + Szz)(s,'j (17)

being I the identity tensor and tr(e) the sum of the elements, in
the principal diagonal of the strain tensor. The deviatoric part of
the strain tensor, in Cartesian rectangular coordinates is:

1 1 1
dES(S) =&jj— §tr(8)1 =&jj— §8kk8ij =&ij — §(8xx + Eyy + SZZ)(SU‘
(18)

In terms of the principal directions, the expressions reduce to:

1 1 1
hyd(e) = §tr(8)[ = §8kk8ij = §(8] + &+ 83)81']' (19)
des(¢)
$e1— (82 +€3) 0 0
= 0 je2— (1 +83) 0
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The same decomposition and algebra performed to the strain
tensor was applied to the stress tensor. The scalar quantity of inter-
est, SED, can be decomposed into hydrostatic and deviatoric parts
also. The hydrostatic part of the SED in terms of the Cartesian rect-
angular coordinates is:

1
hyd(w) = Ehyd (e)hyd (o)
1

11
= 53(Eat ey + €22)8ij. 3 (O + oy + 022)3j (21)

Evaluating the dot product and simplifying the expression
above:

1
hyd(w) = 5 (ExxOxx + ExxOyy + ExxOzz + EyyOxx + EyyOyy + Eyy0z;

+ €220xx + €2:0yy + £22072) (22)

For the case of a plane stress state, the hydrostatic part of the
SED is:

1
hyd(w) = 6 (ExxOxx + ExxOyy + EyyOxx + EyyOyy + £220xx + £220yy)
(23)

Furthermore, in terms of principal directions in a plane stress
state where o3 = 0, we obtain:

1
hyd(w) = 6(8101 + €102 + €201 + €202 + €301 + £307) (24)
The deviatoric SED scalar quantity may be represented as:
1
des(w) = Edes(es)des(cr) (25)

The Eqs. (26) and (27) represent the deviatoric SED in rectan-
gular coordinates and principal directions, respectively:

1
des(w) = 3 (OxxExx + OyyEyy + 022E2)

1
G (OxxEyy + OxxE2z + OyyEax + Oyy€zz + OzzExx + Gzzgyy)

+ 2(Oxy&xy + OxzExz + 0y2Ey7) (26)

1
des(w) = §(01£1 + 098 + 03€3)

1
- 6(0182 + 0163 + 0281 + 0283 + 0381 +0382)  (27)
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Fig. 1. Finite element mesh with its boundary conditions and dimensions.

The SED is frequently chosen as a biomechanical stimulus in
computational studies of bone remodelling [8,21,23,25].

4. Materials and methods

The algorithm used to simulate the cell populations was pro-
grammed inside the finite element code, in all nodes of the mesh.
The size of the pre-osteoblast, osteoblast and osteoclast popula-
tions were saved in a vector for each node, and the previous pop-
ulation was used in the next day to calculate the new population,
based on the new mechanical stimulus. The daily integration was
performed by the RK4 method, for a total of 2500 days.

The mechanical influence on the cellular model is mediated ac-
cording to the level of SED (w) in the bone tissue. The model con-
siders that the osteoblast lineage can respond explicitly to SED
stimuli. When the deformation energy is below the pre-defined
limit (wj,¢), the PrankLw function causes a signalling of the cyto-
sine RANKL by the osteoblasts. However, when w > wgyp, the pro-
liferation rate of the osteoblast precursors increases [15].

The multi-scale mechanobiological isotropic model for bone re-
modelling, based on the 3 types of SED stimuli, consists of a two-
dimensional transient analysis of the variation of the constitutive
bone properties. The model was applied to the proximal region of
a femur that was obtained through a standardised solid model. The
model of the femur represents a normal adult, with no specific
sex, which was taken from composite sawbone models, provided
by the Biomechanics European Laboratory (BEL) Repository [30]. It
was chosen a section in the coronal plane, from the central region
of the proximal femur, to generate the 2D model. The finite ele-
ment mesh contains 598 quadrilateral elements and 1979 nodes.
The dimensions of the model are provided in Fig. 1. The mesh con-
vergence test by Zienkiewicz-Zhu method [31,32] was performed
with 5% of error. The definition of the geometry, generation of the
finite element mesh, selection of material properties and appli-
cation of boundary conditions were performed in the preprocess-
ing step. The finite element method (FEM) was used to solve the
equilibrium equation (weak form of the principle of virtual power)
and provided the nodal displacements, used to calculate the nodal
stresses and strains. In post-processing, the code calculates the SED
and solves Eqs. (1-4), updating the mechanical properties to start
a new load cycle. Each load cycle represents a day of exercise for
a normal person [23]. Finally, after updating the properties of the
elements in all load cycles, the post-processing generates tables
and images, illustrating the results. All steps of the calculation,
namely the pre-processing, processing and post-processing, were
performed in MATLAB® software [33].

Table 2
Percentage of cortical and trabecular bone formed, for each stimulus,
at time of 600 days.

Bone type\Stimulus ~ SED Deviatoric SED  Hydrostatic SED

Cortical bone 12.9% 19.9% 21.9%
Trabecular bone 87.1% 80.1% 78.1%

For each day’s iteration, the BV is changed with the new den-
sity, characterising a new elastic modulus. Eq. (28) describes the
empirical relationship between the bone density, given in g/cm?3,
and the elasticity modulus, given in (MPa) [34].

E(p) = 3790p° (28)

The relationship between the density and BV is linear; when
BV = 0%, we obtain p = 0.0 g/cm3, and when BV = 100%, we obtain
the density equal to p =2.0 g/cm? [35].

To avoid excessive remodelling (unrealistic values of ap-
parent density), maximum and minimum limits were estab-
lished for the apparent density, which were p;, =0.2 g/cm? and
Pmax = 2.0 gcm3,

For the transient analysis, an incremental explicit time step
scheme was used to evaluate the evolution of biological variables
and apparent density, starting from homogeneous distribution of
apparent density. During one time step, corresponding to 1 day, a
static analysis was performed, assuming bone tissue as an isotropic
linear elastic material in the plane stress state. At the end of a daily
cycle, the elastic modulus of each node was updated, based on the
cellular interaction, which was mediated by the nodal mechanical
stimulus. The osteoclasts were responsible for resorbing the bone
tissue, and the osteoblasts were responsible to form new bone tis-
sue. The boundary conditions were: zero displacement in the verti-
cal direction (y) in the bottom line of the mesh and zero horizontal
displacement (x) of the left node of the same line as it is shown in
Fig. 1 [23]. Two loads were applied: a traction force on the head
of the femur of 702 N, with an angle of ¢,=28° from the vertical
axis (clockwise) and a compression force of 2317 N, on the medial
portion with an angle of ¢,=24° from the vertical axis (clockwise).
The methodology for the application of loads, like place of applica-
tion and order of magnitude were in accordance to those adopted
by Huiskes et al. [23], representing the load on the femoral head
made by the abductor muscles, in a normal day walking activity.

In order to evaluate the influence of the biomechanical param-
eters in our multi-scale mechanobiological isotropic model, three
different stimuli were considered: (i) the total SED, from Eq. (15);
(ii) the deviatoric part of SED, from Eq. (26); (iii) The hydrostatic
part of SED, from Eq. (23).

Statistical analyses were performed in order to enable the com-
parison of the results obtained for the three stimuli. All statisti-
cal measures (percentage of bone formation, averages and standard
deviations) were performed for the 3 stimuli, after 600 days of
simulation and are depicted in Tables 2-4. It was defined a thresh-
old of apparent density p, for cortical bone of p > 1.5g/cm?, and
for trabecular bone p < 1.5 g/cm?3. The mean value of cortical thick-
ness was calculated considering the average thickness of 5 mea-
surements, in different points, made in the diaphysis. The points
were equally distributed in the y direction, spaced 36.5 mm be-
tween them.

5. Results and discussion

In Figs. 2 and 3 are displayed the distribution of the SED and
apparent density respectively for days 1, 200, 400, 600, 800, 1000
and 1200, for the three different stimuli considered in this study.
The sampling of days, depicted in those figures, was considered
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Fig. 2. Distribution of strain energy density for days 1, 200, 400, 600, 800, 1000
and 1200 for three stimuli types: (A) Total SED, (B) Deviatoric part of SED and (C)
Hydrostatic part of SED.
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Fig. 3. Distribution of apparent density for days 1, 200, 400, 600, 800, 1000 and
1200 for three stimuli types: (A) Total SED, (B) Deviatoric part of SED and (C) Hy-
drostatic part of SED.

significant to reveal the evolution of the SED and the apparent
density distribution in the bone tissue.

The deviatoric SED stimulus distribution after day 200 is con-
centrated mainly in the diaphysis and after 800 days it is also
viewed in some regions of the epiphysis. The deviatoric SED stim-
ulus is visually highly correlated with the formation of the cortical
bone in the diaphysis. Moreover, the hydrostatic SED stimulus can
be associated with the formation of the cortical bone in the meta-
physis. After 600 days it has a more random distribution and can
be related with the direction of the epiphyseal lines in the epi-

Table 3
Mid diaphysis cortical thickness average for 600 days.

Stimulus\Region Left cortex (mm)  Right cortex (mm)

SED 3.80 4.75
Deviatoric SED 4.75 6.50
Hydrostatic SED 6.57 9.27

Table 4
Apparent density average and standard deviation (g/cm?) for 600 days.

Bone type\Stimulus ~ SED Deviatoric SED  Hydrostatic SED

193 + 1.86
0.62 + 1.77

1.88 + 1.84
0.68 + 1.77

197 + 1.88
0.60 + 1.69

Cortical Bone
Trabecular Bone

physis. The total SED is uniformly distributed along the diaphysis
and after 400 days of remodelling simulation it is present in both
metaphysis and epiphysis. In the first day of simulation, the total
and deviatoric SED stimuli are present locally, near the application
of the compression force, and for all stimuli it spreads along the
femur head with the progression of the time step scheme.

The obtained results for the apparent density distribution, after
200 days, are in accordance with other numerical results in liter-
ature [24,27,36] and can be also qualitatively compared with the
image of an X-ray of a natural proximal femur [27]. After 800 days,
the apparent density distribution, considering the total SED stim-
ulus, exhibits the phenomenon known as checker boarding, also
found in the literature [36]. However, this numeric instability does
not appear in the apparent density distribution for the other two
stimuli, the deviatoric SED and hydrostatic SED. The apparent den-
sity distribution for the deviatoric SED stimulus has the most uni-
form distribution.

In Table 2 are displayed the results corresponding to the per-
centage of cortical and trabecular bones formed, for the three stim-
uli considered. It can be seen that it is higher for the hydrostatic
SED stimulus, followed by deviatoric SED stimulus and finally by
SED stimuli. The ratio of trabecular and cortical bone formation is
6.8 for SED stimulus, 4.0 for deviatoric SED stimulus and 3.6 for
hydrostatic SED stimulus.

The average thickness of the right cortex was higher than the
left cortex, for all stimuli, after 600 days of bone remodelling sim-
ulation, as it is shown in Table 3. This can be explained by the fact
that the applied compression force, in the right part of the femur
head, has one order of magnitude higher than the traction force,
applied in the left part of the femur head.

The cortical bone formed considering the hydrostatic SED stim-
ulus is more dense or compact than that formed with the SED and
deviatoric SED stimuli. Table 4 resumes the average and standard
deviation of the apparent density, for both cortical and trabecu-
lar bone, after 600 days of bone remodelling simulation. After 600
days the remodelling patterns begin to show some unrealistic dis-
tributions of apparent density.

All the obtained results indicate that the developed multi-scale
mechanobiological isotropic model for bone remodelling, imple-
mented with the finite element, for the three different stimuli con-
sidered, can achieve reliable results for bone remodelling in the
first 600 days of simulation and are in accordance with other re-
sults in literature [24,27,36]. The cortex average thickness and av-
erage apparent density of cortical and trabecular bone lie within
the limits described in experimental measurements [37-44].

6. Conclusions
The comparison of the three different mechanical stimuli in the

multi-scale mechanobiological isotropic model revealed different
evolutionary patterns for bone remodelling.
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Classical biomechanical models rarely use systems of differen-
tial equations to describe the local behaviour of biological vari-
ables; often authors use phenomenological laws that disguise how
the remodelling process occurs. The major contribution of this
study is the coupling of different types of mechanical stimuli with
the biological response for bone remodelling. The results show that
the local activity of the cells can transform the stimuli into a nat-
ural distribution of the apparent density.

The research represents a hypothetical simulation of formation
of the cortex in the cortical mid diaphysis region that mimics
the natural morphology of bone. Hydrostatic SED stimulus formed
thicker mid diaphysis cortical thickness than deviatoric SED stim-
ulus. This was caused by some factors like the geometrical char-
acteristic of the femur (long bone), the path of dissipation of the
strains and stresses in the model and finally the intensity and di-
rection of the force boundary condition distributed over the femur
head.

This study gives some insight concerning the bone turnover
phenomenon and how computational tools can examine bone
pathologies, bone healing and new drugs. Further studies need to
be performed with a corroboration of experimental data to develop
more complete models with the addition of new biological vari-
ables to represent hormonal variations and other proteins related
to bone biology and related diseases.

7. Future work

There are large number of bone diseases that are related to the
type of mechanical stress applied to the tissue. The levels of me-
chanical stimulus sensed by cells and at tissue scale are different
due to the hierarchical characteristics of bone, thus macro and mi-
croscale measurements of stresses and strains are necessary to un-
derstand how cells respond to stimuli. One limitation of our phys-
ical model is the lack of information of pore pressure and fluid
flow in the lacunae and canaliculi structures, which have a direct
impact in the sensors of the cytoplasmic membrane of the cells. In
a next step, it is expected to include this information, to improve
our model, trying to achieve better results. Another suggestion for
future works should include investigation of other loads intensities
or load cases and a three dimensional geometry.

In the future, these developed computational tools can be used
to examine bone pathologies, bone healing and new drugs. Fur-
ther studies need to be performed with a corroboration of exper-
imental data to develop more complete models with the addition
of new biological variables to represent hormonal variations and
other proteins related to bone biology and related diseases.
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