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Abstract: Different ex post methodologies have been proposed to allocate 
network losses. Under day-ahead pool-based electricity markets, the 
implementation of these procedures implies an access-pricing framework based 
on half-hour or hourly locational prices. Since every allocation procedure 
modifies the locational prices in a different way, the initial market equilibrium 
point is altered as a result of the price elasticity of demand. This implies that 
some form of cross-subsidy appears among market agents, affecting economic 
variables as social welfare and network remuneration. This paper aims to 
contribute to the regulatory assessment by means of an analysis based on the 
social welfare theory in order to ensure a non-discriminatory access to the 
network. A base scenario is obtained through an optimal power flow study with 
the purpose of simulating an efficient energy market, and four allocation 
philosophies have been considered: incremental, roll-in-embedded, tracing 
based and circuit based. The methodology has been tested in two test cases: an 
illustrative three-bus network and the IEEE RTS 24-bus test network. 
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1 Introduction 

The tendency in the deregulation process is to turn electricity closer into a commodity  
to be traded in open-access markets. Under the pool-based market, an economically 
efficient solution requires the interaction of many buyers and sellers to yield a market 
clearing price equal to the cost of producing the last unit sold. Unfortunately, this 
interaction is achieved through an imperfect delivery network that produces power losses. 
The power injections of transmission and distribution systems are a combination of 
transactions between utilities, and the big issue is how to assign the cost of power losses 
among producers and consumers. To deal with this issue, several methodologies have 
been proposed in the literature (Conejo et al., 2002; Lima and Padilha-Feltrin, 2004; 
Salgado et al., 2004), to be applied as an ex post economic mechanism – losses regarded 
as an ancillary service – or through real-time or day-ahead hourly locational prices (Stoft, 
2002). It is possible to identify at least four differentiated cost allocation philosophies: 
incremental, roll-in-embedded, tracing-based and circuit-based procedures. 

The incremental procedures are based on the computation of Incremental Loss 
Factors (ILF) and can be obtained from an Optimal Power Flow (OPF) analysis 
(Schweppe et al., 1988) or using an AC power flow solution (Wood and Wollenberg, 
1996; Elgerd, 1982). As a result of network non-linearities, ILF method produces an 
over-recovery of losses and some reconciled incremental procedures (R-ILF) have been 
suggested in Wu and Varaiya (1995) and Conejo et al. (2002). Also, as incremental 
methods are strongly dependent on the slack-bus designation, final solutions produce 
volatile positive or negative charges that are understood as a cross-subsidisation 
condition. To cope with this problem, an unsubsidised incremental method (U-ILF) has 
been proposed in Conejo et al. (2002). Other approaches were introduced to deal with the 
slack-bus designation by means of a distributed slack-load flow (Galiana et al., 2002) or 



   

 

   

   
 

   

   

 

   

    Network-cost-loss-allocation methods evaluation under the perspective 13    
 

 

    
 
 

   

   
 

   

   

 

   

       
 

based on the concept of centre of losses (Leite da Silva and Carvalho Costa, 2003). The 
pro rata (PR) method establishes that losses are proportionally assigned to generators and 
consumers using average values, usually 50:50% (Shrimohammadi et al., 1996). The 
proportional sharing (PS) procedure is based on the tracing of the power flow principle, 
assuming that power injections are proportionally shared among the outflows of each bus 
(Bialek, 1996). Finally, the circuit-based method uses the system impedance matrix 
(Zbus) to allocate losses in a nodal basis (Conejo et al., 2001). 

In the last few years, an important debate has been raised about the fairness and 
arbitrariness of the loss allocation methodologies (Goméz Expósito et al., 2000). A 
number of studies devoted to comparing these procedures reveal a great variability in the 
results (Conejo et al., 2002; Lima and Padilha-Feltrin, 2004; Salgado et al., 2004).  

These results have been discussed considering that ex post economic signals do not 
interfere with the technical functioning of the network (Conejo et al., 2002) and therefore 
load demand is considered inelastic or unresponsive to loss access prices. 

However, independently of the arbitrariness or adequacy of a selected scheme, the 
authors consider that under day-ahead efficient markets, the loss allocation policy affects 
the load response. Since every allocation procedure modifies the hourly locational prices 
in a different way, depending on the philosophy, the market equilibrium is altered – as a 
result of the price elasticity of demand (De Oliveira-De Jesus and Ponce de Leão, 2004b; 
Schweppe et al., 1988), – and some form of cross-subsidy appears among market agents, 
affecting economic variables as the net social welfare and network remuneration. 

Therefore, regulatory agencies must address the economic impact of the loss 
allocation methods in order to ensure a non-discriminatory access to the network. This 
paper aims to contribute to regulatory assessment by introducing a new method to 
evaluate the effect of each allocation procedure in an efficient energy market using the 
social welfare theory (Nicholson, 1997; Schweppe et al., 1988). The proposed analysis is 
applied in three steps: 

1 Base scenario setup – simulation of an energy market through an Optimal Power 
Flow analysis 

2 Development of an access-pricing framework using the four cost-loss-allocation 
philosophies: incremental, roll-in-embedded, tracing based and circuit based 

3 Computation of a new equilibrium point for each allocation procedure, taking into 
account the effect of the elasticity at the demand side with the aim of evaluating 
social welfare and network remuneration level. 

The methodology has been tested in two test cases, an illustrative three-node network and 
the IEEE RTS 24-bus network. 

2 Electricity market simulation using an optimal power flow 

As the first step in the proposed methodology, an OPF analysis simulates an efficient 
energy market to provide a base scenario or initial equilibrium point (Weber and 
Overbye, 1999). The OPF problem is stated here as the minimisation of the global social 
cost, described as the sum of all production costs minus all consumer benefits subject to 
the power balance equations and the capacity constraints.  
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where: 

PGi =  active power output of generators of bus i 

PDi = active power input of demands of bus i 

QGi = reactive power output of generators of bus i 

QDi = reactive power input of demands of bus i 

PGi = active power output of generators of bus i 

PG = total active power generated 

PD = total active power demand 

L = total active power losses 

PGi
max = maximum active power allowed of bus i 

PGi
min = minimum active power allowed of bus i 

QGi
max = maximum reactive power allowed of bus i 

QGi
min = minimum reactive power allowed of bus i 

SLij = apparent power flow between bus i and bus j 

SLi
max  = maximum power flow between bus i and bus j 

SLij
min = maximum power flow between bus i and bus j 

Vi,θI  = voltage and angle of bus i 

θij = difference between angles i and j 

Gij,Bij = real and imaginary part of admittance matrix Y 

n, m = number of buses and branches. 
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Since the consumer is included in the model as a market agent that is sensitive to  
changes in electricity prices, the consumer benefit function is obtained from a known 
linear demand curve, as shown in Figure 1, and applying the general definition 
(Nicholson, 1997): 

21
( ) ( )  , ...,

2i Di Di Di Di i Di i DiBenefit P P dP c P d P i nρ= ⋅ = −∫  (2) 

where: 

( )      ,...,Di Di i i DiP c d P i nρ = −  (3) 

Parameter c corresponds to the maximum price the energy consumers is willing to pay. 
The slope of demand curve d is obtained in the operating point (ρD

o, PD
o) from the price 

elasticity of the demand parameter:  

0 0
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On the other hand, production costs are known and expressed in a quadratic form (Wood 
and Wollenberg, 1996), as shown in Figure 1. 

2( )      , ...,i Gi i Gi i GiCost P a P b P i n= +  (5) 

Then a, b, c and d coefficients characterise the behaviour of each market agent. 

Figure 1 The demand and production curves  

The solution to the optimisation problem stated in Equation (1) is composed of nodal 
voltages and angles, production outputs, demand consumptions, the system market price 
(λsys) and the Lagrange multipliers associated with the power balance constraints also 
known as the locational marginal prices (ρi).  

It is important to mention that if no capacity constraints are active (voltage, 
generation or capacity limits), the locational marginal prices provided by an OPF study 
originate a loss allocation strategy based on an incremental approach. Thus, ILF can be 
derived from the following decomposition formula (Schweppe et al., 1988): 

(1 )i Di Gi sys iρ ρ ρ λ η µ= = = + + ∑  (6) 

where ηi is the Incremental Loss Factor associated with bus i. If capacity constraints 
(such as voltage, power generation or line flows) are not active, the congestion 
components of locational price Σµ are equal to zero.  
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Finally, the total power losses can be computed for the base scenario operating point 
using the following expression: 

2 2

1 1

1
2 cos

2

n n

ij i j i j ij
i j

L G V V VV θ
= =

⎡ ⎤= + −⎣ ⎦∑∑  (7) 

3 The access-pricing framework for network loss allocation  

The second step of the analysis proposed in this paper is the development of an  
access-pricing framework considering four cost allocation philosophies and six different 
loss allocation procedures. Despite the existence of many allocation procedures based 
upon an incremental formulation, only the fundamental incremental approaches (ILF,  
R-ILF and U-ILF) are considered in order to compare them with other allocation 
philosophies (Zbus, PR and PS). Further analyses with other incremental approaches 
could be considered as an avenue of investigation. 

The pricing framework is based on day-ahead pool-based locational prices. For each 
consumer and producer, an additional charge in the energy price must be applied in order 
to recover the cost of active losses: 

( ) ( )1 ;      1      Gi sys Gi Di sys DiK K i,...,nρ λ ρ λ= − = +  (8) 

where KGi and KDi are the loss allocation factors that can be expressed as a function of the 
power losses allocated (LDi and LGi): 

,     Di Di Di Gi Gi GiK L P K L P= =  (9) 

Table 1 shows power losses to be allocated to each category and the loss allocation 
factors for each allocation procedure k. Positive loss allocations mean that market agents 
(producers or consumers) must be charged owing to the increase in losses. Conversely, 
negative charges mean that market agents must be compensated for the avoided losses.  

The following is a summarised description of every procedure considered in  
this paper. 

3.1 Incremental allocation 

3.1.1 Incremental Loss Factors (ILF) 

Incremental Loss Factors are sensitivity coefficients that measure the change in total 
power losses as a function of generation/consumption balance in each node. 

[ ]      , ...,i Gi DiL P P i nη = ∂ ∂ −  (10) 

These factors are obtained at base operation point from the OPF Lagrange multipliers 
using Equation (6). 
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3.1.2 Reconciled Incremental Loss Factors (R-ILF) 

As a result of non-linearities of the network, the application of Incremental Loss Factors 
results in an overrecovery of power losses (De Oliveira-De Jesus and Ponce de Leão, 
2004a). Then a normalisation procedure must be performed using a reconciliation  
factor κ: 

1 1

n n

Gi Di
i i

L L Lκ
= =

⎡ ⎤
= +⎢ ⎥

⎣ ⎦
∑ ∑  (11) 

3.1.3 Unsubsidised incremental allocation (U-ILF) 

Reconciled incremental factors, computed for a given slack bus, can be referred to a 
different slack bus by defining translation coefficient β (0 ≤ β ≤ 1). Total losses can be 
computed as: 

1 1

[ (1 )]( ) ( )
n n

i Gi Di i Gi Di
i i

L K P P K P Pβ β
= =

= + − − = −∑ ∑  (12) 

The term βKi + (1 – β) constitutes a new Ki coefficient. The change of slack bus is 
performed in such a way that the generator and demand factors are recalculated using the 
smallest generator value KGi

min and the highest demand value KDi
max. This makes it 

impossible to assign negative losses to generators and loads. 

( ) ( )min max1 1      1 1G Gi D DiK Kβ β= − = −  (13) 

Finally, unsubsidised incremental factors are again normalised in a pro rata form to 
allocate losses to generators and to loads using a 50:50% proportion. 

3.2 Roll-in-embedded allocation (pro rata) 

The pro rata procedure uses average values to allocate losses among generators and loads 
using a 50:50% proportion. 

3.3 Tracing-based allocation (proportional sharing) 

Proportional sharing methods are based on gross line flows. This method assumes that  
the system is fed with the actual generation, and then nodal generation remains 
unchanged but demands must be modified in order to accomplish Kirchoff’s laws.  
An upstream-looking algorithm is applied to allocate losses among generators and a 
downstream-looking algorithm to allocate losses among loads using a 50:50% proportion. 

3.4 Circuit-based allocation (Zbus) 

The circuit-based loss allocation model distributes the system losses L among n buses of 
the network according to the following: 

1

n

i
i

L L
=

= ∑  (14) 
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The Li components are obtained from the real part of the inverse of admittance matrix  
Y = G + jB, Zbus = Y–1 = R + jX through the following general expression: 

*

1

     , ...,
n

i i ij j
j

L I R I i 1 n
=

⎡ ⎤⎛ ⎞
= ℜ =⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
∑  (15) 

where Ii is the current injection at bus i. Li components are allocated at each bus among 
generators and loads using a 50:50% proportion. 

Table 1 Power losses allocated and loss allocation factors 

 Incremental 
Roll-in-

embedded Tracing-based Circuit-based 

 OPF Reconciled Unsubsidised Pro rata 
Proportional 

sharing Zbus 

k 0 1 2 3 4 5 
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4  The social welfare analysis 

The third step and key idea held in this proposal is that efficient energy markets based on 
half-hour or hourly locational prices must comprise some elasticity at the demand side. 
Then, depending on the cost allocation procedure applied to assign losses, the equilibrium 
point is altered, affecting economic variables as social welfare and network remuneration. 
To achieve the impact of a given allocation procedure k, the proposed methodology is 
summarised in the block diagram as shown in Figure 2.  

First, the OPF analysis described in Section 2 is performed in order to obtain the base 
scenario: optimum power losses L, power dispatch (PD

o and PG
o), locational marginal 

prices (ρo), and the loss allocation factors (KDi
o = ηi and KGi

o
 = –ηi). The optimal losses L 

achieved at base scenario are reallocated using the R-ILF, U-ILF, Zbus, PR and PS 
procedures. The pricing framework is applied using the allocation factors KDi

k and KGi
k, 

as shown in Figure 2: 

( )1       ,...,  ;   ,..., k k
Di sys DiK i 1 n k 1 5ρ λ= + = =  (16) 

( )1       ,...,  ;   ,..., k k
Gi sys GiK i 1 n k 1 5ρ λ= − = =  (17) 
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Figure 2 The social welfare and network remuneration evaluation 

Finally, as shown in Figure 3, it is observed that the base scenario price ρDi
o is 

transformed into a new access price ρDi
k, and then the load demand responds elastically, 

reaching a new consumption level PDi
k given by: 

1
      ,...,  ;   ,..., k ki

Di Di
i i

c
P i 1 n k 1 5

d d
ρ= − = =  (18) 

where ci and di parameters are computed for each load associated with bus i at a given 
elasticity parameter εD.  

Figure 3 Base scenario and the new loss allocation operation point 
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In agreement with the economic theory (Nicholson, 1997; Schweppe et al., 1988), the 
Social Welfare level (SW) is computed at base scenario and all new equilibrium points as 
the sum of the producer surplus and the consumer surplus:  

  

1 1 1 1

Consumer surplus Producer surplus

n n n n
k k k k k k k

i Di Di Gi Gi i
i i i i

Benefits Expenses Revenues Costs

SW Benefit P P Costρ ρ
= = = =

= − + −∑ ∑ ∑ ∑  (19) 

where the consumer benefits (Benefit) and the production costs (Cost) are given by 
Equations (2) and (5), respectively.  

Also, the Network Remuneration (NR) is computed as the difference between the 
revenues and expenses: 

1 1

n n
k k k k k

Di Di Gi Gi
i i

Revenues Expenses

NR P Pρ ρ
= =

= −∑ ∑  (20) 

The evaluation method is a one-round analysis because the power dispatch remains 
unaltered. Generators are previously dispatched (for instance, day-ahead markets) and 
cannot change their profile when locational prices are communicated to consumers. Thus, 
for each new equilibrium point a load flow analysis must be made in order to calculate 
the power losses (Lk) incurred in the system due to changes at the demand side.  

5 Test cases 

The proposed methodology has been tested in two cases, first an illustrative three-bus test 
network and next using the IEEE 24-Bus Reliability Test System (RTS) (IEEE APM 
Subcommittee, 1979). Systems are assumed to be a single energy market. The optimal 
power flow analysis, the selected loss allocation procedures and the load flow studies 
have been programmed and performed using the MATLAB platform.  

5.1 Case No. 1: Three-bus network 

The one-line diagram and line data of a three-bus test case is shown in Figure 4.  

Figure 4 Three-bus test network 

 

 

R X BCAP Smax 

Line pu 

1–2 0.05 1 0.02 1 

2–3 0.05 1 0.02 1 

1–3 0.05 1 0.02 1 

SBASE = 10MVA    VBASE = 10kV 

 



   

 

   

   
 

   

   

 

   

    Network-cost-loss-allocation methods evaluation under the perspective 21    
 

 

    
 
 

   

   
 

   

   

 

   

       
 

Line data specification is given using SBASE = 10 MVA and VBASE = 10 kV. In order to 
perform the OPF analysis, production cost functions were set as Cost1(PG1) = 10PG1 and 
Cost2(PG2) = 10PG2 + 0.4 PG2

2. The demand curves associated with PD2 and PD3 were built 
considering a price elasticity equal to –0.5 at the equilibrium points (10.248$/MWh,  
2 MW) and (10.324$/MWh, 3.5 MW), respectively. This means that in all buses a 20% 
reduction in the energy price will cause a demand increase of 10%. Demand functions 
were written as ρD2 = 30.746 – 10.248PD2 and ρD3 = 30.978 – 5.899PD3. Then, using 
Equation (2), benefit functions are written as Benefit(PD2) = 30.746PD2 – 5.124PD2

2 and 
Benefit(PD3) = 30.978PD3 – 2.949PD3

2. No reactive loads were considered in this example. 

5.1.1 Base scenario equilibrium point 

The OPF problem stated in Section 2 was performed considering bus 1 as the slack or 
reference bus. Voltage level at buses 1 and 2 were set at 1.0pu. The results are indicated 
in Table 2.  

Table 2 Optimal power flow solution – three-bus test case 

Bus V [pu] θ [rad] Lagrange multipliers [$/MWh] 

1 1.0000 0 10.00000 

2 1.0000 –0.2363 10.24880 

3 0.9775 –0.2999 10.32395 

The equilibrium point is reached when PG1 = 5.26 MW, PG2 = 0.31 MW, PD2 = 2 MW 
and PD3 = 3.5 MW. No congestion was achieved in capacity constraints. System market 
price λsys is equal to 10$/MWh and the power losses L are 73.73 kW. At equilibrium 
point, competitive locational marginal prices are ρD1

o = 10$/MWh, ρD2
o = 10.248$/MWh 

and ρD3
o

 = 10.324$/MWh. 

5.1.2 Power loss allocation 

Tables 3 and 4 provide the percentage of total losses allocated to generators and  
loads – calculated as 100%xLGi/L and 100%xLDi/L – using the results of the OPF analysis 
(ILF) and the R-ILF, U-ILF, Zbus, PR and PS allocation procedures. 

Table 3 Optimal percentage of losses allocated to generators 

Procedures Generator 
bus ILF (%) R-ILF (%) U-ILF (%) ZBUS (%) PR (%) PS (%) 

1     0.00   0.00 50.00 63.77 47.21 49.82 

2 –10.49 –4.98    0.00    0.95    2.79    0.18 

Total –10.49 –4.98 50.00 64.72 50.00 50.00 
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Table 4 Percentage of losses allocated to loads 

Procedures 

Load bus ILF (%) R-ILF (%) U-ILF (%) ZBUS (%) PR (%) PS (%) 

2   67.48   32.02 15.25   6.11 18.18 14.28 

3 153.76   72.96 34.75 29.18 31.82 35.72 

Total 221.23 104.98 50.00 35.28 50.00 50.00 

The optimal access-pricing framework obtained from the OPF analysis (ILF) produces a 
loss sharing proportion of 221:–10.5% among loads and generators achieving an 
overrecovery of losses, approximately 210%. Also, the results show that all loads and 
generators must pay for power losses, except generator 2, which is rewarded with –10.5% 
and –5% of losses in ILF and R-ILF procedures, respectively. As shown in Figure 5, 
under the ILF procedure, load 3 is charged with very high values and generator 2 is 
allocated negative values. This means that load 3 is charged for its contribution in power 
loss increase and generator 2 is compensated for its contribution in loss reduction. 

The R-ILF procedure demonstrates less volatile behaviour than ILF, assigning 
positive and negative losses to loads and to generators through a 105:–5% allocation 
proportion. The U-ILF allocates positive losses for all loads and generators. The slack 
bus must be translated from bus 1 to bus 2. It is relevant to point out that U-ILF, PR and 
PS procedures allocate power losses in an arbitrary 50:50% proportion. Finally, the Zbus 
procedure allocates losses in a 35.3:64.7% proportion. 

Figure 5 Percentage of losses allocated to generators and loads 

5.1.3 Access-pricing framework and social welfare evaluation 

As demand behaviour is dependent on energy prices, after the application of every loss 
allocation procedure, new access prices and demand consumptions are obtained by 
applying Equations (16–18). In Table 5, the ILF solution is presented and five new 
operation points are computed for each allocation procedure. 
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Table 5 Equilibrium point for OPF solution and new operation points for the five loss 
allocation procedures 

Production Demand Losses Nodal prices 

PG1 PG2 PD2 PD3 L ρG1 ρG2 ρD2 ρD3 

Loss 
allocation 
procedures (pu) kW ($/MWh) 

ILF 0.526 0.031 0.200 0.350 73.7 10.000 10.249 10.249 10.324 

R-ILF 0.531 0.031 0.201 0.353 75.0 10.000 10.118 10.118 10.154 

U-ILF 0.533 0.031 0.202 0.354 75.6   9.930 10.000 10.056 10.073 

ZBUS 0.533 0.031 0.202 0.354 75.7   9.911   9.977 10.023 10.061 

PR 0.533 0.031 0.202 0.354 75.6   9.934   9.934 10.067 10.067 

PS 0.533 0.031 0.202 0.354 75.6   9.930   9.996 10.053 10.075 

The results indicate that all solutions produce locational prices lower than ILF prices. 
These conditions encourage an increase in load consumption as a consequence of the 
responsiveness of demand, and maximum power losses are obtained under the pro rata 
approach. It is important to point out that the lowest power losses are achieved under the 
OPF approach (ILF). 

Network expenses, revenues and remuneration results are presented in Table 6.  
Table 7 summarises consumer surplus, producer surplus and social welfare level. 

Table 6 Three-bus network remuneration 

Network 

Expenses Revenues Remuneration Loss allocation 
procedure ($/hr) 

ILF 55.81 56.63   0.8165 

R-ILF 56.20 56.20 –0.0066 

U-ILF 56.00 55.99 –0.0100 

ZBUS 55.94 55.93 –0.0107 

PR 56.00 55.99 –0.0104 

PS 56.00 55.99 –0.0100 

Table 7 Social welfare, producer and consumer surplus 

Producer Consumer 

Revenues Costs Surplus Expenses Benefits Surplus 
Social 

welfare 
Loss 
allocation 
procedure ($/hr) 

ILF 55.81 55.78    0.04 56.63 113.26 56.63 56.670 

R-ILF 56.20 56.20    0.00 56.20 113.69 57.49 57.489 

U-ILF 56.00 56.41 –0.41 55.99 113.89 57.90 57.489 

ZBUS 55.94 56.46 –0.52 55.93 113.94 58.01 57.488 

PR 56.00 56.41 –0.41 55.99 113.89 57.90 57.489 

PS 56.00 56.41 –0.41 55.99 113.89 57.90 57.489 
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In all new equilibrium points, the allocation procedures produce negative network 
remuneration at the same social welfare level. It is observed that the R-ILF procedure 
reaches the lowest network remuneration value, ensuring revenue reconciliation of 99% 
of system power losses. 

Its relevant to point out that consumer surplus is always positive for all allocation 
methods. However, producer surplus is negative when U-ILF, Zbus, PR and PS 
approaches are used.  

At base scenario, the price strategy obtained from an OPF analysis (ILF) produces  
an overrecovery of power losses and positive network remuneration (0.8165$/h)  
affecting the social welfare level (56.67$/h). This condition means that a transmission  
network provider receives earnings through system losses. This result may be the  
object of discussion. In agreement with the economic theory, social welfare function  
(Equation (19)) is a measure of social benefit, considering only producers and consumers 
as market agents. In this expression, the transmission provider is not expressly included 
as a market agent because as a monopolist his marginal remuneration must be equal  
to zero. The profit of the network provider is recognised by the regulatory board by  
way of a reasonable rate of return of invested capital and no earnings due to losses must 
be admitted. 

5.2 Case No. 2: 24-bus network 

The IEEE Reliability Test System (RTS) (IEEE APM Subcommittee, 1979) was used  
to apply the proposed methodology. The system has 24 buses, 38 circuits and ten  
power-generating plants. Installed capacity is 3405MW. 

5.2.1 Base scenario equilibrium point 

The OPF analysis was performed taking into account that the economical data was given 
at peak load condition and the power generation limits indicated in the Appendix. 
Voltage level limits were set between 95% and 105%. Bus 13 was considered the slack 
bus. The results of OPF analysis are shown in Table 8.  

Table 8 Optimal power flow solution – 24-bus test case 

Voltage 
level Angle 

Lagrange 
multiplier 

Voltage 
level Angle 

Lagrange 
multiplier 

Bus pu rad $/MWh Bus pu rad $/MWh 

1 0.9928 –0.066 26.50 13 1.0094 0.000 27.00 

2 0.9904 –0.067 26.51 14 1.0086 0.053 26.64 

3 0.9745 –0.065 26.65 15 1.0500 0.211 25.55 

4 0.9648 –0.130 27.54 16 1.0485 0.191 25.68 

5 0.9959 –0.131 27.36 17 1.0488 0.269 25.17 

6 1.0500 –0.192 27.89 18 1.0500 0.294 25.01 

7 1.0140 –0.065 26.50 19 1.0414 0.165 25.86 

8 0.9808 –0.147 27.72 20 1.0449 0.176 25.79 

9 0.9795 –0.103 27.20 21 1.0500 0.308 24.91 

10 1.0280 –0.139 27.36 22 1.0500 0.406 24.29 

11 1.0023 –0.024 27.16 23 1.0500 0.194 25.67 

12 1.0059 –0.015 27.12 24 1.0072 0.112 26.28 
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The solution is reached when the objective function is equal to 92.21$/hr. System market 
price λsys is equal to 27$/MWh and optimal dispatch is shown in Table 9. Losses to be 
allocated are equal to 52.4MW. 

Table 9 Optimal dispatch – 24-bus test case 

P°G P°D Q°D P°G P°D Q°D 

Bus MW MW MVAr Bus MW MW MVAr 

1 192.0 108.0 22.0 13.0 112.6 265.0 54.0 

2 192.0    97.0 20.0 14.0 – 194.0 39.0 

3 – 180.0 37.0 15.0 227.0 317.0 64.0 

4 –    74.3 15.0 16.0 155.0 100.0 20.0 

5 –    71.0 14.0 18.0 400.0 333.0 68.0 

6 – 136.0 28.0 19.0 – 181.0 37.0 

7 264.1 125.0 25.0 20.0 – 128.0 26.0 

8 – 171.0 35.0 21.0 400.0 – – 

9 – 175.0 36.0 22.0 300.0 – – 

10 – 195.0 40.0 23.0 660.0 – – 

5.2.2 Power loss allocation 

Tables 10 and 11 provide the percentage of total losses allocated to generators and loads 
using the results of the OPF analysis (ILF) and the R-ILF, U-ILF, Zbus, PR and PS 
allocation procedures. In general, all generators must pay for power losses. In contrast, 
loads or demands are rewarded under ILF and R-ILF approaches. Under U-ILF, PR and 
PS procedures, all loads and generators must pay for losses. 

Table 10 Percentage of losses allocated to generators 

Procedures Generator 
bus ILF (%) R-ILF (%) U-ILF (%) ZBUS (%) PR (%) PS (%) 

1     6.79     3.58   1.15   0.71   3.31   1.38 

2     6.60     3.48   1.12   1.24   3.31   3.01 

7     9.40     4.96   1.59   1.06   4.55   2.94 

13     0.00     0.00   0.00   0.20   1.94   0.27 

15   23.30   12.30   3.94 –1.65   3.91   2.29 

16   14.49     7.65   2.45   1.78   2.67   2.60 

18   56.30   29.71   9.53   2.51   6.89   4.19 

21   58.95   31.11   9.98 28.65   6.89   7.89 

22   57.44   30.31   9.72 28.28   5.17 10.98 

23   62.22   32.83 10.53 29.30 11.37 14.46 

Total 295.50 155.93 50.00 92.07 50.00 50.00 
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Table 11 Percentage of losses allocated to loads 

Procedures Generator 
bus ILF (%) R-ILF (%) U-ILF (%) ZBUS (%) PR (%) PS (%) 

1     –3.82   –2.01   1.93   0.40   1.89   0.00 

2     –3.34   –1.76   1.75   0.63   1.70   0.00 

3     –4.42   –2.33   3.54 –1.17   3.16   5.19 

4       2.84     1.50   2.25   2.09   1.30   1.88 

5       1.80     0.95   2.00   1.56   1.25   1.48 

6       8.52     4.49   4.68   4.86   2.39   6.43 

7     –4.45   –2.35   2.23   0.50   2.19   0.00 

8       8.68     4.58   5.55   5.57   3.00   4.72 

9       2.52     1.33   4.60   2.25   3.07   5.89 

10       4.95     2.61   5.49   3.59   3.42   6.61 

13       0.00     0.00   6.32   0.46   4.65   4.38 

14     –4.90   –2.59   3.79 –1.69   3.40   6.02 

15   –32.54 –17.17   2.05 –2.31   5.56   3.20 

16     –9.35   –4.93   0.80   1.15   1.75   1.30 

18   –46.87 –24.73   0.00   2.09   5.84   0.40 

19   –14.64   –7.72   1.84 –6.88   3.18   2.20 

20   –10.97   –5.79   1.19 –5.17   2.25   0.30 

Total –105.98 –55.93 50.00   7.93 50.00 50.00 

The optimal access-pricing framework (ILF) produced a loss sharing of –106:295.5% 
among loads and generators achieving an overrecovery of 190%. The R-ILF recovered 
the entire losses with less volatile behaviour (–56:156%). The U-ILF, pro rata and 
proportional sharing methods always resulted in positive losses (50:50%). The U-ILF 
method required a translation of the slack bus from bus 13 to bus 18. The Zbus allocation 
produces positive charges and some negative losses (8:92%). 

5.2.3 Access-pricing framework and social welfare evaluation 

Unlike the three-bus test case, a high price variability was observed in all allocation 
procedures, as seen in Figure 6.  

The social welfare evaluation was performed considering a price elasticity of demand 
equal to –0.5 in all demand buses (corresponding to peak load). Table 12 shows the 
results of total power losses incurred and network remuneration: expenses and revenues. 
Table 13 details the social welfare level, the producer and consumer surplus. 

The lowest power losses were achieved under the ILF procedure and the maximum 
under the PR approach. Also, the ILF strategy produced positive network remuneration 
(1266$/h) representing an overrecovery of power losses of 190%. The R-ILF, U-ILF, 
Zbus, PR and PS procedures recovered 98.0%, 90.2%, 92.2%, 86.7% and 89.9%  
of total power losses, respectively. As shown in Figure 7, all procedures – except  
ILF – generated negative network remuneration, implying an under-recovery of losses. It  
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was observed that the R-ILF procedure ensures the best value of network remuneration 
(98%) and the PR procedure is the worst approach (89.9%). Also, under this last 
approach was obtained the highest value of power losses incurred in the system. 

Figure 6 Energy prices at consumption nodes for each allocation procedure 

Table 12 24-bus network remuneration  

Transmission network 

Expenses Revenues Remuneration Loss allocation 
procedure 

Power losses 
MW (Thousand $/hr) ($/hr) 

ILF 52.40 74.19 75.46 1266.51 

R-ILF 53.44 75.81 75.80   –13.39 

U-ILF 54.66 76.57 76.50   –65.52 

ZBUS 54.39 76.27 76.22   –52.13 

PR 54.94 76.58 76.49   –89.10 

PS 54.66 76.57 76.50   –67.74 

Table 13 Social welfare, producer and consumer surplus 

Producer Consumer 

Revenues Costs Surplus Expenses Benefits Surplus 
Social 
welfare 

Loss 
allocation 
procedure (Thousand $/hr)  

ILF 74.19 58.72 15.48 75.46 150.92 75.46 90.93 

R-ILF 75.81 58.36 17.45 75.80 150.56 74.76 92.21 

U-ILF 76.57 57.62 18.95 76.50 149.78 73.28 92.23 

ZBUS 76.27 57.91 18.35 76.22 150.09 73.87 92.23 

PR 76.58 57.62 18.96 76.49 149.78 73.29 92.25 

PS 76.57 57.62 18.95 76.50 149.78 73.28 92.23 
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Figure 7 Social welfare and network remuneration 

Finally, as an important result, we observed that social welfare is not affected under all 
reconciled procedures. In particular, if we compare R-ILF (bus 13) and U-ILF (bus 18) 
results, it is seen that the slack-bus choice does not affect social welfare.  

5.2.4 Sensitivity analysis 

With the intention of verifying the fairness of the proposed methodology, a sensitivity 
analysis was performed considering the solutions for IEEE RTS applying different 
elasticity values among –0.1 (very inelastic) and –4 (very elastic). 

Results confirm the same trend shown in both test cases studied. Locational prices 
obtained from OPF analysis (ILF) always recover approximately twice the power losses 
caused in the system at the minimum power loss level. The R-ILT, U-ILF, Zbus, PR and 
PS approaches always present under-recovery of losses. 

5.2.5 Final discussion 

In our point of view, network access-pricing design in liberalised energy markets must 
take into account the effect of price elasticity of demand. Therefore, the convenience of 
the application of incremental methodologies (ILF, R-ILF, U-ILT) and other different 
approaches, such as Zbus, PR and PS, in a scenario with responsiveness at the demand 
side could be summarised in a set of results with advantages and drawbacks:  

• The application of competitive locational marginal prices provided by an OPF 
analysis (ILF) sends appropriate economic signals to all market agents, yielding  
full-powered incentives for cost loss minimisation. However, these prices produce 
high price volatility and a considerable loss of social welfare as a result of 
overrecovery of losses. In other words, the monopolist (network provider) receives 
additional income owing to the cost overrecovery.  

• The reconciled incremental procedure (R-ILF) almost recovers the entire power 
losses, thus producing less volatile prices. However, these procedures produce a 
slight increase power losses with respect to the competitive solution. 
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• The application of U-ILF, Zbus, PS and PR approaches produces higher power 
losses and under-recovery of losses, reaching practically the same welfare level of 
the R-ILF approach. In other words, the monopolist (network provider) should pay 
power losses affecting his revenue requirement. This result implies that an arbitrary 
loss distribution (50:50%) may originate from a cross-subsidisation condition, 
sending wrong economic signals without guarantee of revenue reconciliation of 
losses under the electricity market with elastic response at the demand side.  

• Under reconciled incremental approaches (U-ILF and R-ILF), the slack-bus choice 
does not affect the social welfare. However, the U-ILF approach produces a higher 
underrecovery of losses. 

6 Conclusions 

A methodology for the assessment of the impact of different network-cost-loss-allocation 
methods under efficient energy markets is presented. From the regulatory viewpoint,  
the proposed methodology evaluates the effect of each network loss pricing policy on  
the market equilibrium point, taking into account the price elasticity of demand. The 
results indicate that Lagrange multipliers associated to an OPF solution become in the 
competitive prices that incentive efficiency on loss reduction. However, these prices lead 
to volatile behaviour and allocate approximately twice the power losses, inducing a loss 
of social welfare. Reconciled procedures such as incremental (R-ILF and U-ILF), pro rata 
(PR), proportional sharing (PS) and circuit based (Zbus) send scarce signals for loss 
reduction and may result in an under-recovery of losses. The best performance was 
achieved using a reconciled incremental procedure (R-ILF). 
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Appendix Network data 

Table 14 IEEE RTS 24-bus test system – demand equilibrium operation point 

P°D Q°D ρ°D P°D Q°D ρ°D Load 
bus MW MVAr $/MWh 

Load 
bus MW MVAr $/MWh 

1 108.0 22.0 26.50 10 195.0 40.0 27.36 

2   97.0 20.0 26.51 13 265.0 54.0 27.00 

3 180.0 37.0 26.65 14 194.0 39.0 26.64 

4   74.3 15.0 27.54 15 317.0 64.0 25.55 

5   71.0 14.0 27.36 16 100.0 20.0 25.68 

6 136.0 28.0 27.89 18 333.0 68.0 25.01 

7 125.0 25.0 26.50 19 181.0 37.0 25.86 

8 171.0 35.0 27.72 20 128.0 26.0 25.79 

9 175.0 36.0 27.20 – – – – 
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Table 15 IEEE RTS 24-bus test system – producer cost structure 

Cost function Cost function Generator 
bus a b Pmax

G 

Generator 
bus a b Pmax

G 

 $/MWh $/MWh2 MW  $/MWh $/MWh2 MW 

1 24 0 192 16 21 0 155 

2 24 0 192 18 15 0 400 

7 26.5 0 300 21 15 0 400 

13 27 0 591 22 12 0 300 

15 21 0 227 23 24 0 660 

 


