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a b s t r a c t

This paper describes the formulations and the solution algorithms developed to include uncertainties in
the generation cost function and in the demand on DC OPF studies. The uncertainties are modelled by
trapezoidal fuzzy numbers and the solution algorithms are based on multiparametric linear programming
techniques. These models are a development of an initial formulation detailed in several publications co-
authored by the second author of this paper. Now, we developed a more complete model and a more
accurate solution algorithm in the sense that it is now possible to capture the widest possible range of
values of the output variables reflecting both demand and generation cost uncertainties. On the other
hand, when modelling simultaneously demand and generation cost uncertainties, we are representing in
a more realistic way the volatility that is currently inherent to power systems. Finally, the paper includes
a case study to illustrate the application of these models based on the IEEE 24 bus test system.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

The treatment of uncertainties has been a concern among the
power systems community for a long time. This fact is clear with the
development of several models integrating uncertainty for instance
under the form of probabilistic models. This is the case of reliabil-
ity models and also regarding power-flow approaches. In recent
years, power systems went through a restructuring process that
determined the unbundling of the traditional vertically integrated
companies in different agents and providers that can be grouped
in several activities as generation, transmission, distribution and
retailing as well as in several coordination activities including the
market operator, the system operator and the regulatory boards.
The extreme activities of this value chain, generation and retail-
ing, are typically provided through competitive mechanisms, while
wiring transmission and distribution activities are framed in terms
of monopoly-regulated basis.

One of the consequences of the unbundling of power systems
and the introduction of competition in some areas is related with
the more volatile environment that companies and consumers are
now facing. Apart from that, the cost of fuels is more volatile than in
the past and it is affected by very subjective factors that can deter-
mine quick changes on the market prices. This increased volatility
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affecting a number of factors contributes to reduce the available
history regarding the behavior of those factors and parameters and
so it is more important to formalize the knowledge provided by
planners and experts using human language.

At this point, it is important to recall that within the probabilistic
models framework, we admit that a phenomenon is reproducible,
which means that the rules governing it remain the same along
time. Given the randomness of this type of phenomenon, proba-
bilistic models rely on the observation of a large number of events
from which one can derive probabilistic distributions. In fact, in
periods of large volatility affecting not only the numerical values of
several parameters but also the legislation and regulations deter-
mining power system operation as well the change of paradigm
affecting the whole industry, it becomes important to develop new
models able to integrate a different type of uncertainty. In this sense,
fuzzy models were conceived to represent the uncertainty inherent,
for instance, to a large number of expressions of our language. In
fact, expressions as “large”, “more or less” or “approximately” do not
result from the repetitive simulation of the same phenomenon but
express the past experience of the user and his subjective evalua-
tion. The formalization of this type of knowledge and its integration
in several power system models can therefore contribute to enlarge
the insight of the users regarding the possible ways a power system
will be operated reflecting the specified uncertainties.

During the 1990s, a number of contributions referred in Sec-
tion 2 were published that aimed at including in several power
system operation and planning models demand uncertainties rep-
resented by trapezoidal fuzzy numbers. In line with these concerns,
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we recently resumed this area of research in order to develop more
complete and more accurate models. In this sense, we are now
considering not only demand uncertainties but also generation
cost uncertainties, both represented by trapezoidal fuzzy numbers,
defined in Section 3. This means we are now able to investigate
the consequences for power system operation from having simul-
taneously fuzzy representations of some nodal demands and some
generation costs. On the other hand, the original solution algorithm
developed back in the 1990s adopted a simplified approach to build
the membership functions for generations, branch flows and power
not supplied. As a consequence of this simplified approach, the
range of possible values obtained at that time could, in some cases,
not correspond to the widest possible behavior of the problem out-
puts. In this paper, we describe the use of linear multiparametric
optimization techniques that ensure that the whole uncertainty
space is covered so that we are accurately transferring data uncer-
tainty onto the results of the optimization problems.

Following these ideas, this paper is structured as follows. After
this introduction, Section 2 briefly addresses the integration of
uncertainties in several power system studies, both using proba-
bilistic and fuzzy set models. Section 3 presents the fundamental
concepts of fuzzy set theory useful to fully understand the remain-
ing sections. Section 4 details the original fuzzy DC optimal power
flow problem as well as the new formulations we have developed.
Section 5 describes the developed solution algorithms and Section 6
presents results obtained with a case study based on the IEEE 24 bus
test system. Finally, Section 7 draws the most relevant conclusions.

2. Dealing with uncertainty in power-flow and optimal
power-flow studies

Probabilistic models were the traditional approach to incorpo-
rate uncertainties in several power system studies. The treatment
of uncertainties and their integration namely in power-flow stud-
ies started back in the 1970s with the publication of the models
described in references [1–5]. These papers describe the main con-
cepts related with this problem as well as the initially developed
algorithms using convolution techniques, the DC model and differ-
ent linearized versions of the AC power-flow problem. In general,
these approaches aimed at translating to the results of traditional
power flows the uncertainties specified in data under the form of
probabilistic distributions. Due to the linearizations adopted in sev-
eral of these models, it was soon realized that the results were
affected by errors that would eventually be larger in the tails of
the output distributions. Concerned with this problem, reference
[6] describes the use of the Monte Carlo simulation technique to
evaluate the accuracy of the results and references [7,8] propose
the use of several linearization points to build partial probability
distributions that, at the end, would be aggregated to provide the
final outputs. This approach was conceived as a way to reduce the
errors in the tails of the output distributions.

These models constitute the basic approaches developed to
incorporate probabilistic data in power-flow problems. In this
sense, in subsequent years, some other contributions were pub-
lished to enrich the previous models or to give them an increased
realism. References [9,10] are two examples of this kind of contribu-
tions when considering network outages and operation constraints
used to constrain the power-flow results. Finally, reference [11]
describes a new approach to the probabilistic power-flow prob-
lem directed to the construction of the branch flow distributions in
order to get useful information to be used in transmission invest-
ment planning problems.

Apart from probabilistic power-flow models, the literature also
includes a few references addressing the integration of probabilis-
tic data in optimal power flow models. In this scope, reference
[12] admits that the demand has a normal distribution probability

function and describes the computation of expected values of the
output variables. Reference [13] considers that the demand is rep-
resented by a vector of random correlated variables so that nodal
dependencies can be modelled. This paper adopts the first-order
second-moment method in order to get the statistical properties of
the output variables reflecting data uncertainty. Finally, reference
[14] describes the use of a cumulant-based approach to compute
the output probability distributions while comparing these results
with the ones obtained by Monte Carlo simulations as a way to
evaluate their accuracy.

Apart from probabilistic models, the difficulty in forecasting
the future behavior of several parameters and data has long been
addressed using scenario analysis and sensitivity approaches. As an
example, reference [15] describes an approach to investigate how
the optimal operation point of a power system can be affected by
changing input data. In this case, the authors consider changes in
the active or reactive load at a specified bus or at the thermal limit
of a branch and adopt a Lagrange-based formulation to obtain these
sensitivities.

In the early 1990s, fuzzy set models started to be applied to
several power systems problems, namely in operation planning
models recognizing that in some cases the uncertainty we want
to deal with has not a probabilistic nature or we simply do not have
enough data to build reliable probabilistic distributions. In some sit-
uations, the uncertainty is inherently related with human language,
since judgments using such expressions as “more or less”, “larger
than”, “approximately” are not a consequence of the repetition of
an experience under the same conditions but are, in fact, a result
of the past experience of the planner that integrates information
and produces a judgment that, in any case, reflects his subjectiv-
ity. The mathematical formalization of this knowledge became an
important aspect in different scientific areas as a way to express
the volatility increasingly present in our world. Regarding power-
flow problems, reference [16] details the first DC and AC models
admitting that at least one generation and demand are modelled
by fuzzy numbers. As a result, voltages and branch flows are now
represented by fuzzy numbers expressing the possible behavior of
the system given the specified uncertainties.

A subsequent step was given with references [17,18] with the
development of a Fuzzy DC OPF model admitting that at least a
demand was represented by a fuzzy number. As a result, gener-
ations, branch flows and if necessary power not supplied (PNS)
are obtained as fuzzy representations translating data uncertainty.
Afterwards, this approach was integrated in a Monte Carlo sim-
ulation [19] as way to obtain estimates of the expected value of
the output variables reflecting fuzzy loads and reliability equip-
ment data modelled with the usual probability-based approaches.
In this sense, the model in reference [19] has a hybrid nature when
aggregating fuzzy and probabilistic models. The referred Fuzzy DC
OPF model was also integrated in a methodology to identify the
most adequate expansion plan so that the risk of not being able to
meet the demand gets reduced while accommodating the inherent
uncertainty [20]. Finally, reference [21] presents the basic concepts
related with the simultaneous modelling of generation cost and
demand uncertainties. These concepts, the mathematical formu-
lations and the developed solution algorithms will now be fully
detailed in this paper.

3. Fuzzy set basics

A fuzzy set Ã is defined as a set of ordered pairs (1) in which the
first element, x1, corresponds to an element of the universe X under
analysis and the second is the membership degree of that element
to the fuzzy set, �Ã(x1). In normalized fuzzy sets, the membership
degree takes values in [0.0;1.0] and reflects the degree of compati-
bility of the elements of X with the proposition defining the fuzzy
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Fig. 1. Trapezoidal fuzzy number.

set. These membership degrees can be interpreted as a membership
function �Ã(x) that assigns a membership degree to each element
x.

Ã = {(x1; �Ã(x1)), x1 ∈ X} (1)

A particular class of fuzzy sets corresponds to fuzzy numbers.
A fuzzy set Ã is classified as a fuzzy number if it is a convex
fuzzy set defined on the real line R such that its membership func-
tion is piecewise continuous. As an example, Fig. 1 represents the
membership function of a trapezoidal fuzzy number in which the
membership degree is maximum in [A2;A3] and decreases from 1.0
to 0.0 from A2 to A1 and from A3 to A4. Regarding this type of num-
bers and given the particular form of the membership function, they
are uniquely defined if the values of A1, A2, A3 and A4 are known.
This number is then usually written as (A1;A2;A3;A4).

An ˛-level set or an ˛-cut of a fuzzy set Ã is defined in X as
the hard set A˛ obtained from Ã for each ˛ ∈ [0.0;1.0] according to
(2). As a result of this definition, the 0.0-cut of the fuzzy number in
Fig. 1 is the interval [A1;A4], while the 1.0-cut is given by the interval
[A2;A3].

A˛ = {x1 ∈ X : �Ã(x1) ≥ ˛} (2)

Finally, the central value of a fuzzy number corresponds to the
mean value of the 1.0-cut. Regarding the trapezoidal fuzzy number
in Fig. 1, the central value of Ã, Actr, is given by (3).

Actr = A2 + A3

2
(3)

4. Problem formulation

4.1. Fuzzy optimal power-flow model

References [17,18] describe the original Fuzzy DC OPF model in
which we admitted that uncertainties only affected the demand
vector. This formulation used the DC model to represent the oper-
ation of the transmission system and the solution algorithm is
presented in Fig. 2.

This algorithm starts by solving a deterministic DC OPF in which
we substituted the fuzzy demands by the corresponding central
values. This leads to the linear optimization problem (4)–(8).

min f =
∑

ckPgk + G
∑

PNSk (4)

s.t.
∑

Pgk +
∑

PNSk =
∑

Plctr
k (5)

Pgmin
k ≤ Pgk ≤ Pgmax

k (6)

PNSk ≤ Plctr
k (7)

Pmin
b ≤

∑
abk(Pgk + PNSk − Plctr

k ) ≤ Pmax
b (8)

This problem minimizes the generation cost given that Pgk is
the generation in bus k having cost ck, PNSk is the power not sup-
plied in bus k and the coefficient G penalizes power not supplied. In
this formulation, Pgmin

k
, Pgmax

k
, Pmin

b
and Pmax

b
are the minimum and

maximum generation and branch limits, abk is the DC sensitivity

Fig. 2. Algorithm of the original fuzzy DC optimal power flow model.

coefficient of the flow in branch b regarding the injected power in
bus k and Plctr

k is the central value of the load in node k.
After solving this initial deterministic problem, we get an initial

optimal and feasible solution. However, the demand is affected by
uncertainty and so this optimal and feasible basis can be no longer
feasible for several combinations of the uncertainties. In order to
take this into account, we introduce parameters �k related with
load uncertainties in the previous problem so that we formulate
the multiparametric problem given by (9)–(11). In this problem, b
and b′ are vectors representing the right-hand side terms of the con-
straints given that some of them are independent and some others
depend on the parameters �k used to model load uncertainties.

min f = ctX (9)

s.t. AX = b + b′(�k) (10)

�k1 ≤ �k ≤ �k4 (11)

The solution algorithm described in references [17,18] identifies
vertices of the hypervolume defined by (11) and then solves a set of
parametric linear programming problems in order to vary the load
from the set of central values to the values associated with each of
these vertices. While solving these parametric problems, one builds
partial membership functions for the generations, branch flows and
PNS. The final membership function of each of these variables is
obtained applying the fuzzy union operator on those partial results.

Accordingly, this algorithm transforms the multiparametric
problem (9)–(11) into a set of parametric problems and this repre-
sents a simplification that may lead to inaccuracies when obtaining
the final results. This means that in several problems we could
obtain membership functions that would not capture the widest
possible behavior of each variable. In this paper, we deal with the
multiparametric problem by itself and we enlarge the fuzzy optimal
power flow problem considering not only demand uncertainties but
also generation cost uncertainties.

4.2. Condensed formulations

In a condensed way, the DC OPF problem admitting that at least
one load is represented by a trapezoidal fuzzy number as the one
sketched in Fig. 1 can be formulated by (12) and (13). In this case, the
vector of the right-hand side terms of the constraints has at least one
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element represented by a trapezoidal fuzzy number representing
a demand. As a result, the output variables of this problem (gen-
erations, branch flows and PNS) will also be represented by fuzzy
numbers reflecting data uncertainty.

min f = ctX̃ (12)

s.t. AX̃ ≤ b̃ (13)

A second problem corresponds to the integration of generation
cost uncertainties modelled by trapezoidal fuzzy numbers. This
problem can be formulated by (14) and (15). In this case, the gen-
eration costs are affected by uncertainties leading to uncertainties
in the output variables.

min f = c̃t X̃ (14)

s.t. AX̃ ≤ b (15)

Finally, if we now consider both generator cost and load uncer-
tainties modelled by trapezoidal fuzzy numbers, then we get the
condensed formulations (16) and (17). In the next section, we will
detail the solution algorithms that were developed to solve these
three problems.

min f = c̃t X̃ (16)

s.t. AX̃ ≤ b̃ (17)

5. Solution algorithms

5.1. General aspects

The development of electricity markets and the volatility of
fuel prices place a new emphasis on power system planning and
operation as well as on the economic liquidity of the markets.
Recognizing these concerns, the new fuzzy optimal power flow
(NFOPF) approach aims at, in the first place, extending the origi-
nal concept by translating to the results not only load uncertainties
but also generation costs uncertainties. Secondly, since computa-
tional resources are nowadays more powerful than in past, the
NFOPF also enables obtaining a more accurate solution for this type
of problems, since it adopts linear multiparametric optimization
techniques. The application of these techniques leads to the identi-
fication of a number of critical regions covering all the uncertainty
space, meaning that we are effectively covering all the combina-
tions of values of the parameters affected by uncertainties. This
has an important consequence, given that we can now obtain more
accurate membership functions in the sense they represent the
widest possible behavior of each variable. The original FOPF model
described in Section 4 only runs a number of linear parametric stud-
ies, eventually leading to narrower membership functions when
compared with the real ones.

The algorithms used to solve these linear multiparametric prob-
lems were originally proposed by Gal [22]. Starting at the initial
optimal and feasible solution of the deterministic optimization
problem as stated by (4)–(8), these algorithms identify the criti-
cal regions in the uncertainty space. This means that they search all
the combinations of values of the parameters affected by uncertain-
ties for which there is an optimal and feasible basis. When running
this process, we are extending the optimality and feasibility con-
ditions ((18) and (19), respectively) so that they become function
of ˚k (parameters modelling generation cost uncertainties) or �k
(parameters modelling load uncertainties). Then, starting at the
optimal and feasible solution of the initial deterministic DC OPF
problem and considering each of these conditions, we find the set
of other optimal and feasible solutions, provided they are valid in
some region of the uncertainty space. These regions are called criti-
cal regions and this process is conducted by pivoting over the initial

basis as well as over all the new ones identified during the search
process.

From a mathematical point of view, let B be an optimal and fea-
sible basis, � the index for the corresponding set of basic variables,
A the columns of the non-basic variables in the simplex tableau, C0
the cost vector of the basic variables and CT the cost vector of the
non-basic variables. The optimality and feasibility conditions for a
minimization linear problem can then be defined in terms of ˚k
and �k by (18) and (19).

CT (˚k) − CT
0 B−1

� A = (c + c′(˚k)) − CT
0 B−1

� A ≥ 0 (18)

B−1
� b(�k) = B−1

� (b + b′(�k)) ≥ 0 (19)

Since the dual solution does not depend on �k for right-hand
side parametrization, a critical region, i.e., a region in the uncer-
tainty space where B remains optimal and feasible, can be uniquely
defined by the conditions in (19). In a similar way, since the primal
solution does not depend on ˚k for cost parametrization, a crit-
ical region can be defined by the conditions given by (18). Apart
from these conceptual aspects, two optimal and feasible basis, B1
and B2, are considered neighbor ones if and only if one can pass
from B1 to B2 performing one dual pivot step in case of right-hand
side parametrization or one primal pivot step in case of cost vector
parametrization.

As a final comment, the ultimate objective to attain when
solving a multiparametric optimization problem is to find all
possible optimal solutions, their corresponding optimal values
and critical regions, which can be defined as a closed nonempty
polyhedron, that is, a set of linear inequalities established in
terms of �, of ˚, or in terms of both. Mathematically, this set
of constraints can be expressed as the equivalent set of non-
redundant constraints, which in turn can be identified through a
non-redundant test for linear inequalities, like the one proposed by
Gal [22].

5.2. Integration of load uncertainties

Fig. 3 presents the algorithm of the NFOPF. Similarly to the
algorithm described in Section 4, in this new approach, it is also per-
formed an initial deterministic DC OPF problem (4)–(8) to identify
a feasible and optimal solution associated to the central values of
the fuzzy load representations. In the second place, the parameters
modelling load uncertainties are included in the original optimiza-
tion problem leading to the problem (20)–(24).

min f =
∑

ckPgk + G
∑

PNSk (20)

s.t.
∑

Pgk +
∑

PNSk =
∑

Plctr
k +

∑
�k (21)

Pgmin
k ≤ Pgk ≤ Pgmax

k (22)

PNSk ≤ Plctr
k + �k (23)

Pmin
b ≤

∑
abk(Pgk + PNSk − (Plctr

k + �k)) ≤ Pmax
b (24)

Following the algorithm in Fig. 3, we will now identify a set of
non-redundant constraints defining new critical regions consider-
ing the inequalities associated with the feasibility condition (19). If
there are no non-redundant constraints, the algorithm stops indi-
cating that the current basis is feasible in the whole uncertainty
space. Otherwise, it performs a dual pivoting over the initial optimal
and feasible solution to identify new critical regions. This process is
repeated until no non-redundant constraints exist or until all iden-
tified critical regions correspond to already known ones. When this
is over, all the uncertainty space was covered and we identified all
critical regions in which a base B of the problem (20)–(24) remains
feasible and optimal.
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Fig. 3. New fuzzy DC optimal power flow algorithm.

For a better understanding of this procedure, Fig. 4 depicts the
rectangles enclosing all load combinations between the “0.0” and
“1.0-cuts” for a system supplying two trapezoidal fuzzy loads. In this
figure, lines “a” and “b” represent constraints, for instance, related
with branch flow or generator capacity limits, point O corresponds
to the optimal and feasible solution of the initial deterministic DC
OPF problem and the dashed lines define the range of values of
the uncertainties at the ith level of the data membership functions.
From Fig. 4, it becomes clear that non-redundant constraints, such
as line “a”, can define any critical region such as Ri and Rj indicated
in this figure. The process to identify these regions is implemented

Fig. 4. Critical regions in the uncertainty space.

using the feasibility condition (19) described by the parameters of
load vector uncertainties. In a systematic way, all critical regions
are obtained by doing a dual pivoting over each of the optimal and
feasible basis already identified.

In order to build the membership functions of the output vari-
ables (generations, branch flows and PNS), we must recall that,
being a linear model, each variable in each critical region is rep-
resented by a linear expression. In this sense, if we are interested
in capturing the widest possible behavior of a linear function
�(�1, �2) expressed in terms of the parameters �1 and �2, we
will then have to solve the problems (25)–(28).

min
max

f = v(�1, �2) (25)

s.t. k1i�1 + k2i�2 ≤ bi (26)

�min ith cut
1 ≤ �1 ≤ �max ith cut

1 (27)

�min ith cut
2 ≤ �2 ≤ �max ith cut

2 (28)

In this problem, we are minimizing and maximizing a function
�(�1, �2) subjected to the constraints modelling the non-
redundant conditions (26) together with the possible ranges of the
input uncertainties regarding the ith cut under analysis (27) and
(28). After solving this problem for several cuts, it is possible to
build the membership function of � in this critical region. Once all
critical regions are analyzed, the final membership function of �
is obtained applying the fuzzy union operator to the partial mem-
bership functions obtained for that variable in order to guarantee
that the final result displays the widest possible behavior given the
specified uncertainties.

5.3. Integration of generation cost uncertainties

Let us now consider that at least one generation cost in vec-
tor c is modeled by a trapezoidal fuzzy number. Using a similar
reasoning as the one adopted to consider demand uncertainties,
we can formulate the multiparametric linear problem (29)–(31) in
terms of the parameters ˚k. In this formulation, ˚k1 and ˚k2 rep-
resent the range of values of the cost ck regarding the 0.0 cut of the
corresponding trapezoidal fuzzy number.

min f = c(˚k)t X̃ (29)

s.t. AX̃ ≤ b (30)

˚k1 ≤ ˚k ≤ ˚k2 (31)

The basic ideas behind the solution algorithm presented in Fig. 3
can still be used provided that some adaptations are made. In the
first place, the algorithm starts by solving an initial deterministic
DC OPF problem (4)–(8) for the crisp values of the fuzzy cost rep-
resentations to identify a feasible an optimal solution. Following
the same strategy, the linear multiparametric problem (32)–(36) is
obtained including the parameters ˚k used to model generation
cost uncertainties.

min f =
∑

ck(˚)Pgk + G
∑

PNSk (32)

s.t.
∑

Pgk +
∑

PNSk =
∑

Plctr
k (33)

Pgmin
k ≤ Pgk ≤ Pgmax

k (34)

PNSk ≤ Plctr
k (35)

Pmin
b ≤

∑
abk(Pgk + PNSk − Plctr

k ) ≤ Pmax
b (36)

In order to identify non-redundant constraints leading to the
definition of the critical regions in the uncertainty space, we will
now use the optimality condition (18) written in terms of the
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parameters ˚k. The identification of the critical regions is imple-
mented performing a primal pivoting over the initial optimal and
feasible basis as well as over all the new optimal and feasible basis
identified along the search procedure.

When building the membership function of the output variables,
we must recall that cost vector parametrization implies that the
uncertainty space is partitioned in several regions. In each of these
regions, there is an optimal basis associated with an optimal solu-
tion. This means that for each critical region of the multiparametric
problem, the optimal basis is the same and so generations, branch
flows and PNS remain the same inside that region. This also means
that the values of these output variables will only change if there
is a basis change, that is, if we move from one critical region to
another.

Accordingly, for each critical region, the partial membership
function of any variable is built using the non-redundant inequali-
ties defining that region together with the maximum membership
degree of the output variables. This is simple done solving the sys-
tem formed by the linear inequalities that define each critical region
to determine the point in the critical region under analysis hav-
ing the largest membership degree. Once all partial membership
function are built, we use the fuzzy union operator to aggregate
all the results for the same variable to ensure that its final result
displays the widest possible behavior in the specified uncertainty
space.

5.4. Simultaneous integration of demand and generation cost
uncertainties

Let us now consider that there are uncertainties affecting both
elements of the cost and load vectors leading to the condensed
problem (16) and (17). The solution algorithm presented in Fig. 3
remains valid, provided once again that some adaptations are made.
In the first place, the initial deterministic DC OPF problems (4)–(8)
are now run by substituting each fuzzy load and each fuzzy cost
coefficient by their corresponding central values, Plctr

k and cctr
k

,
respectively. Once the optimal and feasible solution for this initial
problem is obtained, the linear multiparametric problem (37)–(41)
is built that integrate the load and the cost coefficient uncertainties
in the initial optimization problem.

min f =
∑

ck(˚)Pgk + G
∑

PNSk (37)

s.t.
∑

Pgk +
∑

PNSk =
∑

Plctr
k +

∑
�k (38)

Pgmin
k ≤ Pgk ≤ Pgmax

k (39)

PNSk ≤ Plctr
k + �k (40)

Pmin
b ≤

∑
abk(Pgk + PNSk − (Plctr

k + �k)) ≤ Pmax
b (41)

The process to identify non-redundant constraints is imple-
mented using both the inequalities given by the optimality (18)
and feasibility (19) conditions expressed as linear functions of the
uncertainty parameters ˚k and �k, respectively. As a result of the
increased number of parameters modelling data uncertainties, the
search for all critical regions should be conducted in a more struc-
tured way. This leads to the adoption of a search tree as illustrated
in Fig. 5, where �i defines the index for the set of basic variables in
a given critical region i.

Departing from one node in the tree, one can find two kinds of
neighbor basis. The first one is determined by the application of
the feasibility condition (19) (in Fig. 5, these bases correspond to
nodes at the left of its departure node). The second type results
from the optimality condition (18) (in Fig. 5, these bases corre-
spond to nodes on the right of its departure node). This process
is repeated for each new node until no non-redundant constraints

Fig. 5. Search tree to illustrate the search procedure.

exist or all the identified critical regions correspond to already
known ones. In Fig. 5 and for illustration purposes, the crosses
denote bases that are not new regarding previously identified
ones. Similar to the algorithms described in Sections 5.2 and 5.3,
each critical region is defined by a set of inequality conditions
related, in this case, both with the feasibility and optimality condi-
tions.

Once all critical regions are identified, the algorithm proceeds
with the construction of the membership function of the final
results. In order to do this, we once again recognize that in each
region, the behavior of each variable is expressed by a linear
expression and so, they are solved for each of them and for each
critical region, optimization problems (25)–(28) to identify the
widest possible behavior of that variable in that region. In this
case, however, the number of constraints is larger given that we
are now considering all the non-redundant inequalities given by
(18) and (19). Finally, the partial membership functions built for
each variable in each region are aggregated using the fuzzy union
operator.

6. Case study

6.1. System data

The algorithms described in Sections 5.2–5.4 were used to build
the membership functions of generations, branch flows and PNS
considering a case study based on the IEEE 24 bus/38 branch test
system. The original data for this system is given in reference
[23]. Regarding data in this reference, the load was increased to
4456.83 MW, and Table 1 presents the central values of the loads
in the system. The total installed capacity is 5800 MW according to
the data in Table 2.

Branch data can be obtained from reference [23] considering
that the transformers have a capacity of 400 MW, the capacity of
the branches 1–6 and 8–13 was set at 175 MW and the capacity of
the remaining branches was set at 500 MW.

6.2. Results considering only demand uncertainties

In the first place, we considered that all loads were affected
by uncertainty represented by trapezoidal fuzzy numbers as the
one depicted in Fig. 1. To build these numbers, we considered an

Table 1
Load central values.

Bus Load (MW) Bus Load (MW) Bus Load (MW)

1 50.00 7 142.75 15 564.89
2 172.85 8 304.72 16 278.20
3 220.76 9 311.85 18 273.41
4 132.46 10 347.49 19 322.54
5 146.52 13 472.23 20 128.10
6 242.35 14 345.71 – –
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Table 2
Installed capacity in the system.

Bus/generator Capacity
(MW)

Cost
(D /MWh)

Bus/generator Capacity
(MW)

Cost
(D /MWh)

1/1 40.0 3.0 15/3 24.0 2.0
1/2 40.0 3.2 15/4 24.0 2.0
1/3 152.0 4.0 15/5 24.0 2.0
1/4 152.0 4.3 15/6 310.0 6.7
2/1 40.0 3.7 16/1 310.0 5.5
2/2 40.0 3.7 18/1 800.0 9.0
2/3 152.0 4.1 21/1 800.0 8.0
2/4 152.0 4.2 22/1 100.0 1.5
7/1 200.0 4.4 22/2 100.0 1.7
7/2 200.0 4.5 22/3 100.0 1.9
13/1 394.0 6.1 22/4 100.0 2.0
13/2 394.0 6.2 22/5 100.0 2.1
13/3 394.0 6.7 22/6 100.0 2.2
15/1 24.0 2.0 23/1 200.0 5.0
15/2 24.0 2.0 23/2 310.0 4.8

uncertainty range of ±10% at the 0.0 level and ±5% at the 1.0 cut
regarding the central values in Table 1. After running the algorithm
described in Section 5.2, we obtained the membership functions
sketched in Figs. 6a and b and 7 for the generations at genera-
tors 1/4, 7/2, 15/6, 18/1 and 21/1. It should be mentioned that for
the data referred above and for the load uncertainty ranges just
specified, the branches 1–5 and 7–8 are at their capacity limit of
175 MW.

These results indicate that load uncertainties are essentially
accommodated by generator 21/1, since it is the last one to be dis-
patched because of its higher variable cost (see Table 2) and by
the generators 1/4 and 7/2 given that branches 1–5 and 7–8 are at
their capacity limits. As expected, from Fig. 7 we can also see that
when generator 21/1 is on limit, load variations are accommodated
by generator 18/1 and so this one becomes the last one to be dis-
patched. The generation at the remaining generators is fixed, which
means that despite load uncertainties there are a number of gen-
erators for which the generation values are not affected by those
possible variations.

6.3. Results considering only generation cost uncertainties

In the second place, we considered that the variable cost of some
generators was modelled by trapezoidal fuzzy numbers. In this case,
we considered that the cost of generators 1/1, 1/3, 13/1, 18/1, 21/1

Fig. 7. Membership functions obtained for generators 18/1 and 21/1 (generation
values in MW).

and 23/1 are described by the trapezoidal fuzzy numbers (42)–(47).
It should be noticed that the central values of these trapezoidal
fuzzy numbers coincide with the costs indicated in Table 2 for these
generators.

CPG1/1 = (2.50; 2.85; 3.15; 3.50)D /MWh (42)

CPG1/3 = (3.25; 3.85; 4.15; 4.75)D /MWh (43)

CPG13/1 = (5.60; 6.00; 6.20; 6.60)D /MWh (44)

CPG18/1 = (7.80; 8.50; 9.50; 10.20)D /MWh (45)

CPG21/1 = (6.80; 7.75; 8.25; 9.20)D /MWh (46)

CPG23/1 = (4.60; 4.75; 5.25; 5.40)D /MWh (47)

Figs. 8a and b and 9a and b present the results obtained for these
generators. These figures indicate that the membership functions
include the generation values obtained for the initial deterministic
DC OPF with 1.0 membership degree. This means that the values
152.0 MW for generators 1/3, 79.84 MW for generator 1/4, 0 MW
for generator 18/1 and 411.24 MW for generator 21/1 belong to

Fig. 6. Membership functions obtained for some generators: (a) generators 1/4 and 7/2 and (b) generator 15/6 (generation values in MW).
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Fig. 8. Membership functions obtained for some generators: (a) generator 1/3 and (b) generator 1/4 (generation values in MW).

the membership functions of these generators, respectively. Then,
due to different generation cost combinations determined by the
specified cost uncertainties, there are different generation strate-
gies leading to different values in each membership function. As an
example in Fig. 8a, generator 1/3 can produce 79.84 or 81.56 MW
with a credibility degree of 0.75 or 152.0 MW with a credibility
degree of 1.0. Regarding this point, it must be emphasized that
the membership function of generators 1/1, 13/1 and 23/1 are not
here represented, since for the specified generation cost uncertain-
ties and load scenario their generation levels did not exhibit any
variation.

6.4. Results considering both demand and generation cost
uncertainties

Similarly to what was described in Section 6.2, in this case, we
also considered that all specified loads are represented by trape-
zoidal fuzzy numbers whose uncertainty range are of ±10% at the
0.0 level and ±5% at the 1.0 cut regarding the central values in
Table 1. However, in this case, we also considered the generation
cost uncertainties given by (42)–(47). After running the algorithm
described in Section 5.4, we obtained the membership functions
sketched in Figs. 10a, b and 11a, b for the generations at generators
1/3, 1/4, 7/2, 15/6, 18/1, 21/1 and 23/1. It should be mentioned that
for the data referred above and for the specified uncertainty ranges,
branches 1–5 and 7–8 are at their capacity limit of 175 MW.

Comparing these results with the ones presented in
Figs. 6a and b and 7, we can see that some generators are
affected by the specified cost uncertainties as, for instance, gener-
ators 1/3, 1/4, 18/1 and 21/1. Differently, some others as generators
7/2 and 15/6 are not affected by the specified cost uncertainties
and so the membership functions obtained in Sections 6.2 and
6.4 are equal. In some other cases, as for instance, generator 23/1
in Fig. 10b, the membership function is affected neither by load
uncertainties nor by cost uncertainties. This is a relevant and
interesting result indicating that whatever are the combinations
of load values and generator cost values, the output of some
variables is fixed and it does not vary regarding the value that
was initially obtained when running the deterministic DC OPF
study.

Apart from that, the capacity limit of branch 1–5 constrains the
output level of the generators located at bus 1, leading to mem-
bership functions displaying large possible variations. Due to this
branch limit constraint, the most expensive generator in bus 1 (gen-
erator 1/3 or generator 1/4) has to reduce its output, so that the
active flow constraint of branch 1–5 is enforced. From the spec-
ified generation cost uncertainties, it is also possible to conclude
that there is a change regarding the system marginal generator, at
least for some combinations of the specified costs. The membership
functions of generators 18/1 presented in Fig. 11a and of generator
21/1 in Fig. 11b illustrate this fact, since for some combinations of
the specified generation costs, the generator 18/1 becomes the sys-

Fig. 9. Membership functions obtained for some generators: (a) generator 18/1 and (b) generator 21/1 (generation values in MW).



Author's personal copy

1008 B.A. Gomes, J.T. Saraiva / Electric Power Systems Research 79 (2009) 1000–1009

Fig. 10. Membership functions obtained for some generators: (a) generators 1/3 and 1/4 and (b) generators 7/2, 15/6 and 23/1 (generation values in MW).

Fig. 11. Membership functions obtained for some generators: (a) generator 18/1 and (b) generator 21/1 (generation values in MW).

tem marginal generator, while for other combinations the marginal
one is the generator 21/1.

7. Conclusions

In this paper, we formalized a new fuzzy DC optimal power
flow approach and highlighted the main differences between this
new approach and the original one developed back in the 1990s.
As it was shown, this new approach accommodates not only load
uncertainties represented by trapezoidal fuzzy numbers but also
generation cost uncertainties or both of them, in a simultaneous
way. Additionally, since this new approach is based on linear mul-
tiparametric programming techniques, it can present more accurate
results than the algorithm originally conceived. These models and
algorithms can be used by several entities and agents in the power
sector namely to address expansion planning and operation plan-
ning problems in order to get more insight on the possible behavior
of generations, branch flows and power not supplied reflecting data
uncertainties modeled by fuzzy sets.

These features are especially interesting in the current very
volatile and more unpredictable world in which this kind of tools
will be very useful to map uncertainties on the results of optimiza-
tion problems. Finally, it is also important to refer that this volatility
and the more frequent change of patterns and assumptions reduces
the history on system behavior. This ultimately means that the
derivation and the use of probabilistic models will have to be done

in a more cautious way. This problem can enlarge the possibility of
incorporating the knowledge of experts in several models so that
formulations and algorithms as the ones described in this paper can
play a more significant role in the future.
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