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The complex cubic–quintic Ginzburg–Landau equation (CGLE) admits a special type of solutions called
eruption solitons. Recently, the eruptions were shown to diminish or even disappear if a term of
intrapulse Raman scattering (IRS) is added, in which case, self-similar traveling pulses exist. We perform
a linear stability analysis of these pulses that shows that the unstable double eigenvalues of the erupting
solutions split up under the effect of IRS and, following a different trajectory, they move on to the stable
half-plane. The eigenfunctions characteristics explain some eruptions features. Nevertheless, for some
CGLE parameters, the IRS cannot cancel the eruptions, since pulses do not propagate for the required IRS
strength.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The complex cubic–quintic Ginzburg–Landau equation (CGLE) models several physical systems which are at the emergence of spatio-
temporal patterns. Examples in the optical context are pulse propagation in fibers with linear and nonlinear gain and spectral filtering
[1–4] or pulse generation in fiber lasers with additive pulse mode-locking or nonlinear polarization rotation [5,6]. Among the large variety
of solutions admitted by this equation, we find solitary solutions that propagate without change of form, giving them the status of solitons
[7–13]. Since the model is non-conservative, the CGLE solitons belong to the group of so-called dissipative solitons, and their stationary
propagation results from the balance of dispersion and nonlinearity but also of gain and loss.

Here, we have particular interest on a special kind of CGLE solitons named erupting solitons. As their name anticipates, they propagate
as a stationary single pulse for a while, until they develop side perturbations that grow and achieve amplitudes that surpass the amplitude
of the single pulse itself, then these perturbations break up and split in small humped waves which fade away. The single pulse survives
to this eruption and propagates steadily for another distance. The process repeats indefinitely with a period that is not exactly constant.
The erupting solitons have been found numerically [12] on a relatively large region of the CGLE parameter space, and were experimentally
observed in passively mode-locked lasers [14]. Recently, the eruptions were shown to change or even cancel by the introduction of one or
more additional terms in the CGLE [15–18]. In fact, in [18] we have shown that the intrapulse Raman scattering (IRS), if sufficiently strong,
may stabilize the propagation of the single pulse on the eruption parameter region, thus eliminating the eruptions. Below this threshold
of IRS strength, the eruptions pattern is also different which may be noticed on, for instance, the frequency and symmetry of the eruption.
The observed steady pulses are slightly asymmetric and travel with a velocity that is larger than the group velocity of the initial central
frequency. Actually, they are traveling self-similar solutions of the CGLE plus IRS that exist for the whole parameter region of eruptions as
shown in [18]. Here we investigate the linear stability spectrum of these self-similar solutions using a Evans function method in order to
understand the change of behavior and eventual cancellation of eruptions caused by the IRS.

The evolution equation under study and their traveling solutions are presented in Section 2. The linear stability problem, its main
characteristics and the results of the Evans function method are in Section 3. In Section 4, we present the results of full numerical
simulations of the evolution equation and compare them with the stability results. Finally we conclude in Section 5.
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2. Traveling solutions

Let us first introduce the evolution equation that consists on the CGLE in the anomalous-dispersion regime plus a term that represents
the IRS, namely

iqZ + 1

2
qT T + |q|2q = iδq + iβqT T + iε|q|2q + iμ|q|4q − ν|q|4q + Tr

(|q|2)T q (1)

where, in the optical context, q is the normalized envelope of the optical field and Z and T are the normalized propagation distance and
retarded time, respectively. The parameters in this equation are all normalized versions of the actual parameters, namely, δ stands for
linear gain/loss, ε for nonlinear gain, μ < 0 for the saturation of nonlinear gain, ν < 0 for the saturation of the Kerr effect and Tr for the
intrapulse Raman scattering.

Here, we are interested in a range of CGLE parameters for which erupting solitons have been found (see Fig. 5 of [12]), that is a region
on the parameter plane (ν, ε) for fixed β = 0.125, δ = −0.1 and μ = −0.1. Recently [18], we have shown that, on the above region,
Eq. (1) admits traveling single-hump solutions. These solutions are of the form q(Z , T ) = F (τ )eiθ(τ )+iωZ (F and θ real), with τ = T − υ Z .
Inserting this ansatz into (1), we obtain(

1

2
+ 2β2

)
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M
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F 3
+ (1 + 2βε)F 3 + (ν + 2βμ)F 5 = 0, (2)

(
1

2
+ 2β2

)
M ′ + 2βυM − (

υ + 4βT R F 2)F F ′ − (2βω + δ)F 2 + (2β − ε)F 4 + (2βν − μ)F 6 = 0 (3)

where M = F 2θ ′ . The integration of those ordinary differential equations showed that the profiles of amplitude F and phase θ , as well
as the values of ω, are almost identical to the ones corresponding to Tr = 0. The major difference of the solution as Tr varies is the
velocity υ , that is proportional to Tr and is negative. Hence, and before we proceed to obtain the linear stability equations for those
solutions, let us first make some considerations about the velocity υ . For this purpose, let us note that numerical simulations and results
from a perturbation approach have shown that the nonlinear Schrödinger equation plus small effects of linear loss, spectral filtering and
IRS (i.e., CGLE with ε = ν = 0) exhibits equilibrium pulse solutions close in shape to the NLS solitons, but that travel with fixed positive
velocity that is proportional to Tr [19]. This also implies that the solutions mean frequency down-shifts, which is an effect consistent with
the Stokes Raman response that the IRS term is modeling. However, the CGLE plus IRS has equilibrium pulse solutions that travel with
negative velocity or, equivalently, they have a frequency shift to higher values. The explanation for this frequency shift may be associated
with the non-conservative nature of the CGLE that permits amplification of any spectrum side of the initial input.

It is also interesting to verify that the sign of υ is associated with the shape of the stationary beams amplitude. In effect, if we assume
that, at the tails, F (τ ) = F0egτ and M(τ ) = N0e2gτ , introduce them in (2) and (3) and neglect terms higher than exp(gτ ) in (2) and
higher than exp(2gτ ) in (3), we obtain(

1

2
+ 2β2

)
g2 − 2βυ g −

(
1

2
+ 2β2

)
α2 + υα + 2βδ − ω = 0

where

α = υ g + δ + 2βω

g + 4β2 g + 2βυ
.

Then, following the Ferrari procedure to solve quartic equations [20], we obtain two complex conjugate solutions and two real solutions
given by

g1,2 = ±√
y+ − 2βυ

1 + 4β2

where y+ is real and positive. Since υ < 0, this result implies that the decay rate at the right, which corresponds to the negative g , should
be smaller in absolute value than the positive g associated with the left tail. Thus, the traveling pulses are asymmetric, having a longer
right tail with a slower decay rate. Note that exactly the opposite type of asymmetry is found in the stationary solutions of the nonlinear
Schrödinger equation plus IRS [21].

3. Linear stability equations

Since numerical simulations show that for each set of the CGLE parameters there is a threshold of the strength of IRS that we must
reach in order to observe stable propagation of the traveling pulses discussed above, we proceed to investigate this effect by studying
their linear stability spectrum. For this purpose, let us consider the above traveling solution plus a small perturbation term q(Z , T ) =
[F (τ )eiθ(τ ) + �(Z , τ )]eiωZ . Demanding that � has exponential dependence on Z , i.e., �(Z , τ ) = u(τ )eiλZ + x∗(τ )e−iλ∗ Z we obtain the
following stability eigenvalue problem

Lw = λw, w = ( u x )T (4)

where

L =

⎛
⎜⎜⎜⎝

( 1
2 − iβ)∂ττ − iυ∂τ − ω − iδ + 2(1 − iε)F 2
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[(1 − iε)F 2 − 2(iμ − ν)F 4
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+ Tr(F F ′ + F 2∂τ − iθ ′ F 2)]e−2iθ

−( 1
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+ 3(−iμ − ν)F 4 + Tr(3F F ′ + F 2∂τ + iθ ′ F 2)

⎞
⎟⎟⎟⎠ .



Author's personal copy

M. Facão, M.I. Carvalho / Physics Letters A 375 (2011) 2327–2332 2329

Fig. 1. Continuous spectrum for δ = −0.1, β = 0.125, μ = −0.1, ε = 1.0, ν = −0.6 and Tr = 0 and 0.8. The inset shows the details of the line starting point and the parabola
vertex.

The traveling pulses are linearly stable if L has no eigenvalues λ with negative imaginary part. Due to the symmetry of (4) relatively
to the imaginary axis, we expect that whenever there is an eigenvalue λ with associated eigenfunction (u x)T , there also exists an
eigenvalue −λ∗ , corresponding to the eigenfunction (x∗ u∗)T . Therefore, in the following, only the eigenvalues with positive real part will
be considered. Moreover, the spectrum of L consists of a continuous set and discrete eigenvalues. One trivial discrete eigenvalue is λ = 0,
which corresponds to the translational and rotational invariances of the PDE (1). Thus, in this case, this zero eigenvalue is double and the
modes are easily recognized as (F eiθ −F e−iθ )T and ((F ′ + iθ ′ F )eiθ (F ′ − iθ ′ F )e−iθ )T . The other discrete eigenvalues will be evaluated
below using the Evans function method. The location of the continuous spectrum may be estimated using the continuous spectrum of the
limiting form of L for τ → ±∞ which reads

L∞ =
(

( 1
2 − iβ)∂ττ − iυ∂τ − ω − iδ 0

0 −( 1
2 + iβ)∂ττ − iυ∂τ + ω − iδ

)
.

The continuous spectrum of L∞ is composed by two oblique parabolas on the λ-plane defined by (1/2 − iβ)s2 − υs + ω + iδ + λ = 0 and
(1/2 + iβ)s2 + υs + ω − iδ − λ = 0, with s being any real number. Let us first consider Tr = 0, in which case the parabolas are degenerate
since υ = 0. In this latter case, the continuous spectrum consists of two lines starting at (ω0,−δ) or (−ω0,−δ) (where ω0 stands for ω
at Tr = 0) and extending to the upper half-plane with slope −2β and 2β , respectively. Whenever Tr �= 0, υ is also nonzero and we obtain
two properly parabolas that are also in the upper half-plane for δ < 0. The axes of symmetry of these parabolas have slopes equal to the
lines that constitute the continuous spectrum for Tr = 0 and their vertex are at (ω − (0.5 + 4β2)υ2/(1 + 4β2)2,−δ + βυ2/(1 + 4β2)2)

and (−ω + (0.5 + 4β2)υ2/(1 + 4β2)2,−δ + βυ2/(1 + 4β2)2) which, for the considered β and calculated ω’s and υ ’s, are very close to the
starting points of the above lines. Note that the lowest point of these parabolas are (ω,−δ) and (−ω,−δ) which almost coincide with the
starting points of the lines for Tr = 0 since the only difference is the tiny difference between ω0 and the actual ω for each Tr (see Fig. 1).
Following Henry [22], the continuous spectrum of L itself is on the regions defined by the lines that constitute the continuous spectrum
of L∞ , so that, it is on or inside the above parabolas. Hence, the continuous stability spectrum of these solutions is stable if δ < 0, which
is consistent with the assumption that we need linear gain to be negative for linear waves to extinguish.

We searched for discrete eigenvalues, especially the ones with negative imaginary part, using the approach of Alexander et al. of the
Evans function method [23,24]. Due to the analyticity of the Evans function away from the continuous spectrum, the existence of unstable
eigenvalues was investigated by calculating the Evans function around a semicircle with large radius whose straight line stands on the
real axis, and then applying the argument principle. In order to avoid the λ = 0 eigenvalue, we have deformed the semicircle close to the
origin using another semicircle, this one with a very small radius. To confirm our results, we have also computed these eigenvalues by
considering the discretized operator L, which was obtained by evaluating (4) in equidistant points and using finite-differences, and then
applying sparse matrix methods.

The results for Tr = 0 are similar to the ones obtained in [25], i.e., we found a double eigenvalue at the origin and, in the right half-
plane, one double unstable eigenvalue for higher values of ε and two double unstable eigenvalues for smaller values of ε . Even though
three pairs of unstable discrete eigenvalues are referred in [25] for small ε , we did not find more than two pairs for the CGLE parameters
considered here.

As we introduce Tr , the double eigenvalues split up and travel in the direction of the real axis. For a large part of the studied eruption
parameter region, namely, the upper part of the strip (Fig. 5 of [12]), these eigenvalues reach the real axis hence they turn to stable
discrete eigenvalues. However, for CGLE parameters in the lower part of the strip we are unable to observe the eigenvalue most unstable
(larger imaginary absolute value) crossing the real axis, since for sufficiently large Tr we cannot find the pulse profiles using our shooting
procedure. This difficulty suggests that for these CGLE parameters, the traveling solutions do not exist. Fig. 2(a) shows the trajectories on
the lower half-plane of the discrete eigenvalues as Tr increases for two sets of CGLE parameters in the upper strip of the eruption region.
As already mentioned, we have only represented the eigenvalues that have positive real part since the trajectory of their counterpart with
negative real part is identical. Note that the double eigenvalue for Tr = 0 has real part identical to the correspondent ω0, that is 17.26
for ε = 1.0 and 41.42 for ε = 1.5. We have also noted that as we change ε or ν , the real part of these eigenvalues are following the
corresponding ±ω0 that are the real parts of the tips of the continuous spectrum.
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Fig. 2. (a) Trajectories of unstable eigenvalues as Tr varies for two sets of CGLE parameters, all having δ = −0.1, β = 0.125, μ = −0.1 and ε and ν as indicated in the labels.
(b) Evolution of imaginary part of each discrete eigenvalue with Tr . The two branches for each set correspond to the different trajectories followed by each eigenvalue that
splits from the double eigenvalue at Tr = 0.

Fig. 3. (a) Trajectories of the two unstable eigenvalues as Tr varies for δ = −0.1, β = 0.125, μ = −0.1, ε = 0.5 and ν = −0.6. (b) Evolution of imaginary part of each discrete
eigenvalue with Tr .

For a given CGLE parameter set in the eruption region, the crossing of the real axis occurs at distinct values of Tr for each eigenvalue.
This can be seen in Fig. 2(b), which depicts the evolution of the imaginary part of each eigenvalue, using the same line code that was
used in Fig. 2(a). For the ε = 1.0, ν = −0.6 case, we have found that the first discrete eigenvalue enters the stable region when Tr = 0.24,
whereas the second one only becomes stable for Tr > 0.84. For the other case represented (ε = 1.5 and ν = −0.6), these threshold values
of Tr are 0.14 and 0.22. Note that, at Tr = 0, the unstable double eigenvalue for ε = 1.0 is deeper in the unstable region than it is for
ε = 1.5, which may explain the higher threshold values of Tr that occur for ε = 1.0. Also note that in the first case it is the eigenvalue
that has the largest λr that first becomes stable, while the opposite happens in the second case.

In Fig. 3, we represent the trajectory of the four unstable eigenvalues that are situated at the right half-plane for ε = 0.5 and ν = −0.6
(lower strip of the eruption region). Three of the eigenvalues reach the stable region for reasonably low Tr values. The last of these enters
the stable region at Tr = 0.52. The fourth eigenvalue is still deeper in the unstable region at Tr = 0.95 and, for these CGLE parameters,
we are unable to find profiles above this value of Tr . Similar results were obtained for other values of (ε, ν) on the lower strip of the
eruption region that is here studied.

Using the discretized operator L we have also computed the eigenfunctions associated with each unstable eigenvalue. Fig. 4 shows
these functions for the case ε = 1.0, ν = −0.6 and Tr = 0.2. Due to the symmetry of L, only the eigenfunctions corresponding to the
eigenvalues with positive real part are represented. Note that both u and x are located to the right of the solitary beam for the eigenvalue
with the largest real part, whereas the opposite can be observed for the other eigenvalue. The same result was obtained in every case
we studied, and it leads to interesting conclusions. In effect, three different propagation scenarios are expected. When the Tr value is
not enough to turn stable any discrete eigenvalue, we expect that explosions occur periodically at both sides of the erupting soliton but
exhibiting an asymmetry with a preferred side. Let us refer that asymmetric explosions were already reported for the CGLE without any
other higher order term [26,27], but in this case they are occurring on both sides along the soliton propagation and they do not appear
in any preferred side. As Tr increases such that one eigenvalue pair crosses the real axis, explosions should only occur at the side where
the eigenfunctions of the still unstable eigenvalue pair are located. Note that in this case the system shows a pure asymmetric explosion,
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Fig. 4. Eigenfunctions corresponding to the unstable discrete eigenvalues with positive real part for the previous values of δ, β and μ, and for ε = 1.0, ν = −0.6 and Tr = 0.2.

Fig. 5. Profile evolution under Eq. (1) for δ = −0.1, β = 0.125, μ = −0.1, ε = 1.0, ν = −0.6 and (a) Tr = 0.15 and (b) Tr = 0.3.

only left or right depending on the unstable eigenfunction, so the explosive behavior is distinct from the one observed for the CGLE only.
Finally, when the value of Tr is high enough to make all the discrete eigenvalues enter the stable region, explosions should be completely
eliminated.

4. Full numerical simulation

The three different beam evolutions predicted by the stability analysis in the above section can be easily observed by PDE numerical
simulations. In order to better excite any existing unstable mode, the sech profile was used as input in all our simulations. As a first
example, we let ε = 1.0 and ν = −0.6, and consider both Tr = 0.15 and Tr = 0.3, which correspond, respectively, to two and one discrete
unstable eigenvalues with positive real part. As expected, the propagation for the first case, represented in Fig. 5(a), exhibits intermittent
explosions on both sides of the beam but reasonable asymmetric due to the different growth rate associated with the left and right eigen-
modes. The asymmetry picks always the same side of the soliton, even for longer distances. In the second case, however, the explosions
are only observed on the left side of the beam (see Fig. 5(b)), and this is also the case for long propagation distances. Effectively, as
Fig. 2 indicates, for this set of (ε, ν) parameters, the first eigenvalue to become stable is the one with the largest real part, for which the
eigenfunctions are located to the right of the beam. Thus, in this case, it is expected that the explosions on the right side of the beam
are eliminated by IRS, which is consistent with the results presented in Fig. 5(b). Also according to Fig. 2, exactly the opposite behavior
should be observed for ε = 1.5 and ν = −0.6, and for a Tr value between the first and the second threshold values, since in this case
the eigenfunctions of the still unstable eigenvalue, the one with the largest real part, are located to the right of the stationary beam.
The explosions on this side of the beam can be clearly observed in Fig. 6(a), which depicts the evolution for ε = 1.5, ν = −0.6, and for
Tr = 0.18. Finally, Fig. 6(b) shows the stable propagation of the stationary beam for the previous (ε, ν) values and Tr = 0.3, for which all
discrete eigenvalues are already stable.

We have also simulated the propagation for CGLE parameters corresponding to the lower strip of the erupting region and for different
values of Tr . We have found that propagation in this region is only possible for relatively small values of Tr . The worst case we obtained
occurred for ε = 0.35 and ν = −0.8, for which we observed the pulse fading out with Z for Tr = 0.2 This implies that traveling solutions
do not exist in this lower strip for higher values of Tr , and explains the already mentioned difficulties with the shooting method in this
region. Also note that, unlike what happens in this lower strip, this pulse fading out only occurs, in the upper strip, for relatively higher Tr

values, such as Tr = 2.0 for ε = 1.2 and ν = −1.06.
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Fig. 6. Profile evolution under Eq. (1) for δ = −0.1, β = 0.125, μ = −0.1, ε = 1.5, ν = −0.6 and (a) Tr = 0.18 and (b) Tr = 0.3.

5. Conclusions

We have performed a stability analysis of the previously found traveling pulses for the CGLE plus IRS. The continuous spectrum, that
consisted of two oblique lines in the absence of IRS, is in this case composed by two parabolas that are in the stable half-plane. The
discrete double unstable eigenvalues, which are associated with the eruptions, split up in the presence of IRS and, in general, move in
the direction of the stable half-plane, as was expected since the cancellation of the eruptions under the influence of IRS was already
observed. For this cancellation to occur, it is known that a minimum strength of IRS must be used. This minimum of Tr , that depends on
CGLE parameters, is anticipated by our stability results since it corresponds to the Tr value at which the last unstable eigenvalue enters
the stable region. We have also searched for the eigenfunctions and found that to each eigenvalue that splits from the double eigenvalue
at Tr = 0 is associated one eigenfunction that is only situated on the right or on the left-hand side of the pulse profile. Since the two
eigenvalues do not enter the stable half-plane for the same Tr , this eigenfunction characteristic explains the asymmetric eruptions that
were observed immediately below the Tr threshold for stable propagation. Moreover, we have also observed that, in the lower strip of the
eruptions region (lower ε), the IRS cannot cancel the eruptions since the trajectory of one of the unstable eigenvalues enters deep into
the unstable region, and the pulse propagation becomes impossible for relatively low values of Tr also in this region.

An interesting analysis would be about the physical reasons of the reduction or cancellation of eruptions with the introduction of
the intrapulse Raman scattering. Some numerical experiences suggest that the perturbations that arise during the explosions have their
spectra inside the spectrum of the main pulse where the spectral filtering is not very efficient and possibly the Raman scattering move
them to the spectrum sides where the spectral filtering is more active. However, a full analysis is left for a following work.
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