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The effects of third-order dispersion (TOD) and intrapulse Raman scattering (IRS) on the erupting solitons
of the complex cubic–quintic Ginzburg–Landau equation are investigated by direct numerical simulations
and linear stability analysis. Our results indicate that positive TOD eliminates eruptions on the leading
edge of the soliton, whereas negative TOD cancels them on the other side. Moreover, the combined action
of TOD and IRS is in certain cases able to eliminate explosions on both sides of the soliton, at much lower
IRS values than with IRS alone. The profiles of the stationary solutions are increasingly asymmetric with
TOD, and their velocity varies almost linearly with IRS.

© 2012 Published by Elsevier B.V.

1. Introduction

In the optics context, the complex cubic–quintic Ginzburg–Landau equation has been applied to pulse propagation in fibers with
linear and nonlinear gain and spectral filtering [1–4] or pulse generation in fiber lasers with additive pulse mode-locking or nonlinear
polarization rotation [5,6]. Among the large variety of solitary solutions it allows [7–13], all of them resulting form the balance between
dispersion and nonlinearity, and between gain and loss, there are erupting solitons. As their name suggests, they propagate as a stationary
pulse for a while, until they develop side eruptions that grow, and eventually break up and split in small humped waves that fade away.
The single pulse survives this explosion and propagates steadily for another distance, with this process repeating itself with a period that
is not exactly constant. The erupting solitons have been found numerically [12] on a relatively large region of the CGLE parameter space,
and were experimentally observed in passively mode-locked lasers [14]. Recently, the eruptions were shown to change or even cancel
by the introduction of one or more additional terms in the CGLE [15–20]. In fact, in [18,19] we have shown that the intrapulse Raman
scattering (IRS), if sufficiently strong, may move one or both unstable eigenvalues to the stable region, thus eliminating the eruptions on
one side, or on both sides, of the pulse. The observed steady pulses are slightly asymmetric and travel with a velocity that is proportional
to the IRS strength. Moreover, it has been recently shown that it is possible to also obtain a fixed shape soliton from the combined action
of IRS and third-order dispersion (TOD) [17,20].

In this Letter, we consider the effects of TOD, acting alone or together with IRS, on the dynamics of erupting CGLE solitons. We
focus our attention in two sets of the CGLE parameters on which the effect of both higher-order terms are significantly different. First,
in Section 2, direct numerical simulations are used to investigate the evolution of these pulses, and to obtain their stationary profiles
and velocity. Then, in Section 3, the observed dynamics are explained through a linear stability analysis which gives the location of both
discrete and continuous eigenvalues, and respective eigenfunctions.

2. Dynamics of erupting solitons with TOD and IRS

The evolution equation considered here consists of the CGLE in the anomalous-dispersion regime plus two higher-order terms repre-
senting IRS and TOD,

iqZ + 1
2 qT T + |q|2q = iδq + iβqT T + iε|q|2q + iμ|q|4q − ν|q|4q + Tr

(|q|2)T q + iβ3qT T T (1)
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Fig. 1. Pulse evolution for (a) ε = 1.0 and β3 = 0.03 and (b) ε = 1.5 and β3 = −0.02.

where, in the optical context, q is the normalized envelope of the optical field and Z and T are the normalized propagation distance and
retarded time, respectively. The parameters in this equation are all normalized versions of the actual parameters, namely, δ stands for
linear gain/loss, ε for nonlinear gain, μ < 0 for the saturation of nonlinear gain, ν < 0 for the saturation of the Kerr effect and Tr and β3
are associated with IRS and TOD, respectively.

In this work, we are interested in a range of CGLE parameters for which erupting solitons have been found (see Fig. 5 of [12]), that is
a region on the parameter plane (ν, ε) for fixed β = 0.125, δ = −0.1 and μ = −0.1. More specifically, we will consider here two sets of
CGLE values inside this region, defined by the above parameters, ν = −0.6, and ε = 1.0 in one case and ε = 1.5 in the other. Recently, we
have shown that, on the above region, Eq. (1) with β3 = 0 admits traveling single-hump solutions [18,19]. These solutions are of the form
q(Z , T ) = F (τ )eiθ(τ )+iωZ (F and θ real), with τ = T − v Z . The numerical simulations of Eq. (1) with Tr = 0 but β3 �= 0 suggest that also, in
this case, there are traveling single-hump solutions. Unfortunately, there is no such a straightforward way to integrate the resulting ODE
as the one previously used for the CGLE plus IRS. Hence, we proceed to study the eruption soliton dynamics using the PDE simulation
results.

2.1. PDE simulation results

The effect of TOD over the erupting solitons, as far as we have observed for the two sets of CGLE parameters, may be summarized
as the cancellation of the eruptions on the leading side of the soliton whenever β3 > 0 and of the eruptions on the trailing side of the
soliton otherwise (see Fig. 1). This symmetry breaking that is introduced by TOD has been referred earlier [16,17,20]. It is also interesting
to mention that asymmetric explosions were reported for the CGLE without any higher-order term [21], but in that case the asymmetric
explosions are not occurring on any preferred side of the pulse. In our simulations, we have observed that the dynamics for β3 positive
or negative are the same but just reversed from the trailing side to the leading side of the soliton. In effect, this result should have been
expected since if q(T , Z) = W (τ )exp(iωZ) with τ = T − v Z is solution of the CGLE plus positive TOD, then q′(T , Z) = W (τ ′)exp(iωZ)

with τ ′ = −T − v Z is the solution of the CGLE plus negative TOD. Note that this also gives that ω is the same, which corresponds to
what has been observed. Furthermore, a certain threshold of TOD strength is necessary for the side eruptions to disappear. For instance,
whether for ε = 1.0, |β3| � 0.02 is sufficient for canceling one side eruptions, for ε = 1.5, one needs |β3| � 0.01 to obtain the same effect.
However, if β3 is further increased it eventually reaches a value above which the eruption behavior is no longer present but instead we
observe a chaotic kind of propagation. This change of behavior occurs around β3 equal to 0.1 for ε = 1.0 and equal to 0.05 for ε = 1.5.

Before we proceed to the dynamics of the eruption solitons under the effect of both TOD and IRS, we will first remember the results
obtained in [18,19]. For the CGLE parameters on the upper strip of the eruption region under study, there is always a threshold value of
Tr above which the eruptions are completely canceled and this threshold varies with ε and ν . In fact, there is this main threshold for
the complete suppression of eruptions but there is another critical Tr , below the main one, such that between them two there are only
eruptions on one side of the soliton. Let us designate these critical Tr s by T c1

r and T c2
r such that T c1

r < T c2
r . Another important aspect of

the eruption behavior under the effect of IRS is that the one side cancellation is on the trailing or leading edge of soliton depending on
the CGLE parameter set. And this was the main reason for us to choose here the two sets (ε, ν) equal to (1.0,−0.6) and (1.5,−0.6), since
in the first case the eruptions that persist in the interval [T c1

r , T c2
r ] are situated in the leading side of the pulse but in the latter case the

persistent eruptions are on the trailing edge.
Therefore, we have checked for the possibility of positive TOD to cancel the persistent eruptions for ε = 1.0 and Tr in [T c1

r , T c2
r ] and of

negative TOD to cancel the persistent eruptions for ε = 1.5 and Tr in between the correspondent critical Tr values. In fact, this was the
case for ε = 1.0 but not for ε = 1.5. Hence, for ε = 1.0 and Tr between the two critical thresholds but not too small, positive TOD above a
certain value is able to remove the eruptions on the leading edge of the pulse such that it makes stable propagation possible. However, for
smaller values of Tr but still in that range, the eruptions are completely removed but only up to a certain β3, i.e., there is also a minimum
β3 necessary to remove the persistent eruptions as in any other case but there is also a maximum β3 above which we observe eruptions
on the trailing side, that is, the ones that have been already canceled by Tr . Fig. 2 shows this kind of behavior for ε = 1.0 and Tr = 0.26.
Our explanation for this effect is that TOD is changing considerably the pulse profile such that the IRS effect is no longer able to control
the eruptions that it was controlling for β3 = 0. This will be further discussed on the next sections. This same scenario occurs for ε = 1.5
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Fig. 2. Pulse evolution for ε = 1.0, Tr = 0.26 and (a) β3 = 0.015 and (b) β3 = 0.035.

and every Tr in the respective [T c1
r , T c2

r ], since whether the negative TOD get rid of the persistent trailing eruptions, the eruptions on
the other side that are absent for β3 = 0 will reappear for negative β3 smaller than the value necessary to remove the trailing eruptions.
Therefore, in this case we have not observed stable propagation for Tr between the two thresholds and β3 different from zero.

One different behavior that the introduction of IRS will bring is concerned with the upper limit of β3 for pulse propagation. Although
here we are mainly interested in pulse propagation in the eruption region, we report the observation of fronts for β3 considerably larger
than the limit for chaotic behavior referred above and Tr in the interval defined by the two critical values.

2.2. Steady profiles and velocity

Our PDE simulations may also give us the steady profiles. Let us note that whether the simulations of the last subsection used a sech
profile as input pulse in order to better excite the unstable modes and allow the eruptions to come up, if a pulse reasonably close to the
steady one is used as input we observe a smooth adjustment to the actual steady pulse and the eruptions do not arise until very long
Z distances. These reasonably close pulse profiles were chosen to be the β3 = 0 profiles that are obtained using a shooting method to
integrate the corresponding ODE [18] or the output pulse from the PDE simulation for a closer β3.

Let us first analyze the profiles for Tr = 0 and β3 �= 0. As mentioned above, in this case the steady profiles for symmetric β3 are
symmetric relatively to T and have symmetric velocity. Hence, here we only present the results for positive β3. As β3 increases from zero,
the pulse amplitude profile becomes asymmetric with a steeper edge on the leading side and a longer tail in the trailing side. Eventually,
whenever β3 is large enough, the profiles exhibit secondary peaks on the top of the main peak. Fig. 3 shows two sets of profiles for
different values of β3, Fig. 3(a) is for ε = 1.0 and Fig. 3(b) for ε = 1.5. There, it is notorious that the effect of TOD is stronger in the
ε = 1.5 case, which can be explained by the fact that the stationary profiles are shorter in this case. The propagation constant ω first
increases in modulus with β3 but then decreases for the range of β3s that has profiles with secondary peaks. On the other hand, the
velocities are positive for positive TOD and negative otherwise, and their absolute value increases with the absolute value of β3. For both
cases, ε = 1.0 and ε = 1.5, the velocity dependence with β3 also changes whenever the profiles have secondary peaks on the top, namely,
it increases at a larger rate.

The profiles and the ω values of the stationary pulses corresponding to the combined action of IRS and TOD are very similar to the
ones obtained with Tr = 0. This should have been anticipated since, as we have previously shown for β3 = 0 [18], the major effect on
the solution as Tr varied was in the velocity v , which was found to be proportional to Tr and negative. A similar result for the velocity
is also obtained when considering that both IRS and TOD are present. In effect, as Fig. 4 shows for ε = 1.0, the velocity v still decreases
with Tr in an approximately linear fashion. Moreover, the absolute value of the slope increases with β3. Also note that since the value of
the velocity for Tr = 0 is positive for positive TOD, for each β3 �= 0 there will be a fixed Tr > 0 that corresponds to a stationary profile
with zero velocity. For example, if we take the case β3 = 0.005, such a pulse exists for Tr � 0.13. Unfortunately, this value of Tr is still
bellow T c1

r , which means that, in this case, the IRS strength is not enough to eliminate the explosions on the trailing edge of the soliton,
and therefore this pulse will exhibit the typical erupting behavior of this class of pulses. On the other hand, if we now consider β3 = 0.02,
we verify that the solution with v = 0 will be propagating when Tr � 0.34, that is, for a Tr larger than T c1

r . Therefore, in this case the
joint contribution of IRS and TOD is able to cancel explosions on both sides of the soliton, thus resulting in a pulse in the CGLE erupting
region that propagates with no eruptions and with zero velocity.

3. Linear stability analysis

In order to better understand the different behavior of CGLE erupting solitons under the influence of IRS and TOD, we have investigated
their linear stability spectrum. This spectrum can be obtained by assuming that the pulse consists of the above traveling solution plus
a small perturbation term, namely, q(Z , T ) = [F (τ )eiθ(τ ) + 	(Z , τ )]eiωZ , and demanding that 	 has exponential dependence on Z , i.e.,
	(Z , τ ) = u(τ )eiλZ + x∗(τ )e−iλ∗ Z , in which case we obtain the following stability eigenvalue problem

Lw = λw, w = ( u x )T (2)
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Fig. 3. Amplitude profiles for different values of β3 and (a) ε = 1.0 and (b) ε = 1.5.

Fig. 4. Velocity of the stationary profiles for different values of β3 and Tr , and for ε = 1.0.

where

L =

⎛
⎜⎜⎝

−iβ3∂τττ + ( 1
2 − iβ)∂ττ − iv∂τ − ω − iδ + 2(1 − iε)F 2

− 3(iμ − ν)F 4 − Tr(3F F ′ + F 2∂τ − iθ ′ F 2)

[(1 − iε)F 2 − 2(iμ − ν)F 4

− Tr(F F ′ + F 2∂τ + iθ ′ F 2)]e2iθ

[−(1 + iε)F 2 + 2(−iμ − ν)F 4

+ Tr(F F ′ + F 2∂τ − iθ ′)]e−2iθ
−iβ3∂τττ − ( 1

2 + iβ)∂ττ − iv∂τ + ω − iδ − 2(1 + iε)F 2

+ 3(−iμ − ν)F 4 + Tr(3F F ′ + F 2∂τ + iθ ′ F 2)

⎞
⎟⎟⎠

The above expression for 	 implies that the traveling pulses are linearly stable if L has no eigenvalues λ with negative imaginary part. Note
that, due to the symmetry of (2) relatively to the imaginary axis, whenever there is an eigenvalue λ, there also exists an eigenvalue −λ∗ ,
with the eigenfunction (u x)T replaced by (x∗ u∗)T . Therefore, in the following, only the eigenvalues with positive real part will be
considered. The spectrum of L consists of a continuous set and discrete eigenvalues. The location of the continuous spectrum may be
estimated using the continuous spectrum of the limiting form of L for τ → ±∞ which reads

L∞ =
(−iβ3∂τττ + ( 1

2 − iβ)∂ττ − iv∂τ − ω − iδ 0
0 −iβ3∂τττ − ( 1

2 + iβ)∂ττ − iv∂τ + ω − iδ

)

The continuous spectrum of L∞ is composed by the curves on the complex plane (λr, λi) defined by β3s3 + (1/2 − iβ)s2 − vs + ω +
iδ + λ = 0 and β3s3 − (1/2 + iβ)s2 − vs − ω + iδ + λ = 0, with s being any real number. The existence of these two curves is once
again associated with the symmetry of (2) with respect to the imaginary axis, and thus only the first one will be considered in the
following. By substituting the new variables z = (λi + δ)/β and t = λr + ω + (λi + δ)/2β in the equation above, it will take the simpler
form t2 = z(β3z − v)2. The minimum value of z is zero and it is attained at t = 0, such that it corresponds to (λr, λi) = (−ω,−δ) (see
Fig. 5). Note that a similar result was obtained in [19] for the CGLE in the presence of IRS. Since the continuous spectrum of L itself is
on the regions defined by the lines that constitute the continuous spectrum of L∞ [22], it is on or inside the above cubic curves. In turn,
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Fig. 5. Stability spectrum for δ = −0.1, β = 0.125, μ = −0.1, ε = 1.0, ν = −0.6, Tr = 0 and β3 = 0.017. The two lines are the boundary of the continuous spectrum and the
black points are the discrete spectrum. The open points are the pair of double eigenvalues for the β3 = 0 case. The inset shows the details of the lower part of the continuous
and the discrete spectra.

Fig. 6. Eigenfunctions corresponding to the discrete eigenvalues with positive real part for the previous values of δ, β , μ and ν , and for ε = 1.0, Tr = 0 and β3 = 0.017.

this implies that the continuous spectrum is located in the stable region of the λ-plane as long as δ < 0, that is, whenever there is loss to
extinguish the linear waves.

As far as the discrete eigenvalues are concerned, there is one located at λ = 0, which is double and corresponds to the translational and
rotational invariances of the PDE (1). The other eigenvalues were computed by considering the discretized operator L, which is obtained
by evaluating (2) in equidistant points and using finite-differences, and then applying sparse matrix methods. The continuous spectrum
boundary, defined above, and the discrete eigenvalues are depicted in Fig. 5 for ε = 1.0, Tr = 0 and β3 = 0.017. As the inset on that
figure shows, the double unstable eigenvalues for the β3 = 0 case split up and travel by the effect of TOD, with one of them entering the
stable region, and the other one being pushed further into the unstable half-plane. Fig. 6 shows the eigenfunctions associated with these
eigenvalues. Note that both u and x are located to the right of the solitary pulse for the unstable eigenvalue, whereas the opposite can
be observed for the other eigenvalue. Accordingly, it is expected that eruptions on the trailing edge of the solitary pulse are eliminated
for the CGLE parameters considered here, Tr = 0 and for this value of β3, which we observed in our numerical simulations. Also note that
the eigenfunctions of the stable eigenvalue are considerably larger than the other two, a result that can be easily explained by the closer
proximity of this eigenvalue to the continuous spectrum.

Fig. 7 shows the trajectories of the discrete eigenvalues as β3 varies for ε = 1.0, when no IRS is present (Fig. 7(a)) and under the
combined action of TOD and IRS (Fig. 7(b)). In the first case, TOD makes both eigenvalues to move in separate directions, with one of
them traveling toward the stable region while the other one goes deeper into the unstable one. Note that the real parts of both eigenvalues
are modified by TOD in a similar fashion. It is also important to point out that for β3 negative, the trajectories of both eigenvalues would
be exactly the same as depicted in Fig. 7(a), with the only difference of swapping the leading and trailing edges. These results are in
complete agreement with our numerical simulations, which show elimination of leading edge eruptions for β3 positive, and trailing side
ones otherwise. In order to better understand the elimination of eruptions on both sides of the soliton as a result of the combined effect
of TOD and IRS, we have represented in Fig. 7(b) the trajectories for two values of Tr , Tr = 0.26 and Tr = 0.3, which are larger than T c1

r
(0.24) but smaller than T c2

r (0.84). This means that in both cases the eigenvalue associated with the trailing edge eruptions is already
stable when β3 = 0, while the other one is not. This figure shows that the effect of positive β3 on the leading edge eigenvalue when IRS
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Fig. 7. Trajectories of the discrete eigenvalues as β3 varies for the previous values of δ, β , μ and ν , and for ε = 1.0 and (a) Tr = 0 and (b) Tr = 0.26 (dashed lines) and
Tr = 0.3 (solid lines).

is present is similar to the one observed in the absence of IRS, resulting in this eigenvalue being pushed toward the λi > 0 region, and
thus in the elimination of explosions on the leading side of the soliton. Note that the real part of this eigenvalue does not change as much
with β3 as in the case of Tr = 0, whereas exactly the opposite happens to the eigenvalue associated with explosions on the trailing edge.
Furthermore, even though it is the real part of this eigenvalue that changes the most as β3 varies, the small variation of its imaginary part
can actually result in two very different situations. Effectively, while for Tr = 0.3 and for the range of β3 considered this imaginary part is
always positive, for Tr = 0.26 and β3 � 0.018 this eigenvalue returns to the unstable region. Since this value of β3 is larger than the one
required to eliminate explosions on the leading side of the soliton (β3 � 0.011), propagation of pulses with no explosions for Tr = 0.26
will be allowed, but only for a small interval of β3 (roughly between 0.011 and 0.018). On the contrary, elimination of explosions for
Tr = 0.3 will be possible for a much larger interval 0.011 � β3 � 0.3, with the lower and upper limits corresponding, respectively, to
the elimination of the leading eruptions by TOD and to the transition to front kind of solutions briefly referred in Section 2.1. It is also
important to point out that the combination of TOD and IRS allows stable propagation at a much lower IRS strength than with IRS alone
and, moreover, at values of Tr which are compatible with the IRS term representing an approximation to the full Raman term that affects
propagation of pulses larger than 50 fs in nonlinear optical fibers [23,18].

The trajectories for the case ε = 1.5 and Tr = 0 are very similar to the ones for ε = 1.0, with the two eigenvalues separating and
moving into different directions as β3 increases. As for ε = 1.0, this will result in the elimination of the leading edge explosions for β3
positive, and of the trailing edge ones for β3 negative. Thus, as already mentioned, we would expect that the combination of IRS with
strengths between the two critical Tr s and negative TOD would be able to eliminate explosions on both sides. However, when computing
the trajectories of the discrete eigenvalues with those IRS strengths plus negative TOD, we found that the trajectory of the eigenvalue
that was already stable in the absence of TOD was similar to the one for Tr = 0.26 in Fig. 7(b), but with this eigenvalue returning to
the unstable region for a |β3| smaller than the one required to turn the other eigenvalue stable. This means that there is no regime that
corresponds to both eigenvalues being stable and, thus, no stable propagation of solitons is possible in this case. A similar result was
obtained in all the other numerical simulations we performed with ε = 1.5 and those Tr s.

4. Conclusions

We have studied the dynamics of erupting solitons under the effects of TOD and IRS for two sets of the CGLE parameters. Numerical
simulations were used to investigate the evolution of these pulses, and also to obtain their stationary profiles and velocities. We have
found that, in the absence of IRS, the stationary profiles and their velocities are symmetric with the sign of β3. Moreover, both the pulse
shape asymmetry and the absolute value of v increase with increasing |β3|, with the pulses exhibiting a steeper edge on the leading
side in case β3 > 0 and on the trailing side otherwise. Similarly to what happens in the absence of TOD, the effect of IRS on the steady
profiles characteristics manifests itself mainly on the value of the velocity, which varies almost linearly with Tr , and has a slope that
depends on β3. As far as the dynamical evolution in the presence of TOD is concerned, we have found that as long as |β3| exceeds a given
threshold, positive TOD is able to eliminate eruptions on the leading side of the soliton, whereas negative TOD eliminates explosions on
the other side. The combined action of TOD and IRS is able to eliminate explosions on both sides of the soliton for one of the two sets
of CGLE parameters considered, for a much lower value of IRS than the one required with IRS alone. In some cases, especially for small
strength of IRS, the addition of TOD is responsible for the reappearance of the eruptions that were already canceled by IRS. This is the
cause for not being possible to obtain steady propagation in one of the CGLE parameters set for lower IRS. We also pointed out that it
is possible to find a combination of CGLE, IRS and TOD parameters that results in the stable propagation of a pulse in the CGLE erupting
region with zero velocity.
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