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Abstract

The consequences of regulatory T cell (Treg) inhibition of interleukine 2 secretion are examined by mathematical modelling.
We demonstrate that cytokine dependent growth exhibits quorum T cell population thresholds that determine whether immune
responses develop on activation and whether the immune system returns to a control state. We study the effects in the quorum
T cell population thresholds, by the T cell maximum growth rate, by the growth rate ratio between Tregs and T cells, by the value
of the secretion rate of cytokines, and by the effectiveness of T cell secretion inhibition by Tregs.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Regulatory T cells, or Tregs, have emerged over the last decade as a fundamental component of the T cell repertoire,
being generated in the thymus under positive selection by self peptides [1]. The Treg repertoire is as diverse as
conventional T cells [1] and performs vital immune suppressive functions. Removal of Tregs, e.g. by (cell sorted)
adoptive transfer experiments causes a variety of autoimmune disorders in rodents, whilst many autoimmune diseases
can be associated with a misregulation of Tregs, e.g. IPEX [2].

Under exposure to their specific antigen, conventional T cells are activated leading to secretion of growth cytokines
(predominantly interleukine 2, denoted IL-2), and expression of the interleukine 2 receptor which triggers cytokine
driven proliferation. However, in the presence of active Tregs the growth of conventional T cells is inhibited. Part
of this growth inhibition is the inhibition of IL-2 secretion by T cells [3,4]. Significantly, addition of IL-2 abrogates
inhibition, whilst IL-2 appears to be a key intermediary in the dynamics between Tregs and conventional T cells [5–7].
The process of Treg signalling to conventional T cells is still a matter of debate, evidence exists for both cell:cell
mediated inhibition and soluble mediators such as TNFβ and IL-10 [2]. It is likely that multiple methods of regulation
are involved. Further, most studies indicate that regulation is not T cell specific, i.e. Tregs inhibit all conventional
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Fig. 1. Model schematic showing growth, death and phenotype transitions of the Treg populations R, R∗, and autoimmune T cell T, T ∗

populations. Cytokine dynamics are not shown: IL-2 (denoted I ) is secreted by activated T cells T ∗, adsorbed by all the T cell populations
equally, cytokine J is produced from a tissue source and adsorbed by Tregs only.

T cells independent of their antigen specificity [8], although a recent report suggests the contrary [9]. In [10], it
has been proposed a dynamical model to explain the delicate balance between appropriate immune activation and
immune response suppression being achieved. In this paper, we study the influence in this dynamical model of the
T cell maximum growth rate, of the growth rate ratio between regulatory T cells and T cells, of the secretion rate
of cytokines, and of the effectiveness of T cell secretion inhibition by Tregs. One of our main interests is to analyse
the dependence of the concentration of the regulatory T cells on the concentration of the T cells at equilibria. The
dynamics of the model, as discussed in [10], has a bistability region bounded by two thresholds bL and bH of antigenic
stimulation of T cells. Another main interest is to describe the equilibria manifold in a neighbourhood of the default
values for the parameters and variables in Section 4.

2. Theory

There are a number of different (CD4) T cell regulatory phenotypes reported; we use a model of Tregs that is
currently identified as CD25+ T cells, although this is not a definitive molecular marker. At a genetic level, these
Tregs express Foxp3, a master regulator of the Treg phenotype inducing CD25, CTLA-4 and GITR expressions, all
correlating with a suppressive phenotype [2].

The model in [10] uses a population of Tregs (denoted R, R∗) and conventional T cells (T, T ∗) with processes
shown schematically in Fig. 1. Both populations require antigenic stimulation for activation, Tregs being activated
by self antigens. The levels of antigenic stimulation are denoted by a and b for Tregs and conventional T cells
respectively. On activation, conventional T cells secrete IL-2 and acquire proliferative capacity in the presence of
IL-2 while Tregs proliferate in the presence of IL-2, although less efficiently than normal T cells [3], and they do not
secrete IL-2. Activated Tregs suppress IL-2 secretion [3] thereby inhibiting T cell growth. However, if IL-2 is present
(CD4) T cells can still proliferate [2,4]. The model in [10] assumes that T cells activated by exposure to their specific
antigen have a cytokine secreting state (a normal activated state T ∗) and a nonsecreting state (denoted by T ) to which
they revert to at a constant rate k; thus in the absence of antigen, growth halts. The regulatory T cells can be active
(denoted by R∗) or inactive (denoted by R). Activated Tregs R∗ also induce a transition in the T cells to the (inhibited)
nonsecreting state, this transition rate is assumed to be proportional to the Treg population density. This transition can
either be through direct cell:cell contact or be induced by soluble inhibitors [2], both of which give identical mass
action kinetics over suitable density ranges. T cells regain secretion status on coreceptor stimulation (CD28, Thornton
et al., 2004), which we assume to correlate with antigen exposure through an increased conjugate formation rate. Thus
in the presence of costimulation and Tregs, the T cell population would be a mixture of partially inhibited, and normal
T cells. Note that exogenous IL-2 does not reverse the suppressed phenotype, i.e. secretion status is not reacquired on
cell proliferation [7].

Regulatory T cells are assumed to be in homeostasis, thus Treg density is controlled through some type of
(nonlinear) competition. The model in [10] uses a generic mechanism that utilises a cytokine (denoted J ), analogous
to interleukine 7 which is known to homeostatically regulate memory T cells [11]. It is assumed in the model (see [10])
that the cytokine is secreted by the local tissues, thereby sustaining a local population of Tregs activated by a probably
tissue specific profile of self antigens. Tregs compete for this cytokine by adsorption and thus population homeostasis
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is achieved. It is also assumed that conventional T cells cannot utilise this cytokine whilst both inactive and active
Tregs proliferate under cytokine J ; this can be relaxed, conventional T cells only being required to be less efficient at
utilising J for survival and thus being out competed under homeostatic conditions. We also include a growth limitation
mechanism; we use a (quadratic) Fas-FasL death mechanism [12], that is assumed to act on all T cells equally. Results
will be similar with any saturation mechanism. Finally, we include an influx of (auto) immune T cells into the tissue
(Tinput in cells per ml per day), which can represent T cell circulation or naive T cell input from the thymus. We note
that T cell population numbers are stochastic. In the model it is assumed that there is a constant influx of autoimmune
T cells. This should probably be interpreted as an influx of a diversity of self reacting T cells from the thymus and
circulation instead of a specific T cell population. Under a stochastic flux model the system behaves as the Tinput = 0
model between inputs, and so T cell populations eventually die. Thus only if the input frequency is large enough, is
a nonzero population maintained. During an infection, there will also be feedback on the flux from the lymph nodes.
This is transient, only lasting as long as the infection, and would not affect the stability of the immune state.

The model proposed in [10] consists of a set of ordinary differential equations employed to study the dynamics,
with a compartment for each T cell population (inactive Tregs R, active Tregs R∗, nonsecreting T cells T , secreting
activated T cells T ∗), interleukine 2 density I and the homeostatic Treg cytokine J ,

dR

dt
= (ερ(I + J ) − β(R + R∗

+ T + T ∗) − d̂)R + k̂(R∗
− a R),

dR∗

dt
= (ερ(I + J ) − β(R + R∗

+ T + T ∗) − d̂)R∗
− k̂(R∗

− a R),

dJ

dt
= σ̂ (S − (α̂(R + R∗) + δ̂)J ),

dT

dt
= (ρ I − β(R + R∗

+ T + T ∗) − d)T + k(T ∗
− bT + γ R∗T ∗) + Tinput,

dT ∗

dt
= (ρ I − β(R + R∗

+ T + T ∗) − d)T ∗
− k(T ∗

− bT + γ R∗T ∗),

dI

dt
= σ(T ∗

− (α(R + R∗
+ T + T ∗) + δ)I ). (1)

Parameters are defined in Table 1. Our model has components that have been used in previous models, for instance
cytokine dependent growth [18,19], cytokine kinetics [20], Fas-FasL mediated death [21], and positive feedback of
T cells on Tregs [22,23], in our model this is explicitly though IL-2.

3. Analysis of the model

We describe the equilibria manifold in a neighbourhood of the default values for the parameters and variables that
will allow us to present our results in the next section. We exhibit an explicit formula for the concentration of the
Tregs y(x) = R + R∗ as a function of the concentration of the T cells x = T + T ∗. This explicit formula for the
concentration of the Tregs y(x) = R + R∗ is fundamental to describe the equilibria manifold by an explicit formula
of the level of the antigenicity stimulation b(x, y(x)) depending only upon the concentration x = T + T ∗ of the
secreting and nonsecreting T cells, and of the parameter values of the model.

We consider the equilibria of the ODE model presented in [10]:

(ερ(I + J ) − β(R + R∗
+ T + T ∗) − d̂)R + k̂(R∗

− a R) = 0
(ερ(I + J ) − β(R + R∗

+ T + T ∗) − d̂)R∗
− k̂(R∗

− a R) = 0
σ̂ (S − (α̂(R + R∗) + δ̂)J ) = 0
(ρ I − β(R + R∗

+ T + T ∗) − d)T + k(T ∗
− bT + γ R∗T ∗) + Tinput = 0

(ρ I − β(R + R∗
+ T + T ∗) − d)T ∗

− k(T ∗
− bT + γ R∗T ∗) = 0

σ(T ∗
− (α(R + R∗

+ T + T ∗) + δ)I ) = 0.

For the simplicity of the analysis, we assume that d̂ = d and k̂ = k.
The concentration of T cells varies between a minimum value corresponding to the homeostasis concentration of

T cells Thom, i.e. when there is no antigenic stimulation (b = 0), and a maximum value, that we call the capacity of
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Table 1
Model parameters

Parameter Symbol Range Value

T cell T , T ∗

T cell Maximum growth ratea ρ/α <6 day−1 4 day−1

Death rate of T cells d = d̂ 0.1–0.01 day−1 0.1 day−1

[13]
Capacity of T cellsb ρ/(αβ) 106–107 cells/ml 107 cells/ml

[14]
Input rate Tinput 0–104 cells/ml/day 0, 100 cells/ml per day
Secretion reversion (constant)c k h–days 0.1 h−1

Antigen stimulation level bk 0.001–200 × ak̂ Bifurcation parameter

Tregs R, R∗

Growth rate ratio Treg:T ε <1 0.6
Homeostatic capacity Rhom (ερS/d̂ − δ̂)/α̂ 10–105 cells/ml 104 cells/ml
Relaxation rate k̂ hrs–days 0.1 h−1

Death rate ratio Treg:T d̂/d 1
Treg antigen stimulation level ak̂ 0–10 per day 1 per day
Secretion inhibitiond γ 0.1–100 × R−1

hom 10 R−1
hom

Cytokines
Max. cytokine concentratione 1/α 100–500 pM 200 pM
IL-2 secretion rate σ f 0.07, 2 fgrms h−1 106 molecs s−1 cell−1

[15]
Relative adsorbance J to IL-2 σ̂ α̂/σα <1 0.1
Relative secretion rate of J σ̂ /σ <1 0.01
Cytokine decay rate σδ = σ̂ δ̂ hrs–days 1.5 h−1

[16]

a Minimum duration of SG2 M phase αρ−1
≈ 3 h.

b Maximum T cell density for severe infections (based on LCMV).
c This is in absence of Tregs.
d This is in terms of the homeostatic Treg level Rhom which we set to 104 cells per ml.
e This is taken as 20 times the receptor affinity (10 pM [17]).
f Naive and memory cells respectively. This corresponds to 3000–105 molecules per h, IL-2 mass 15–18 kDa.

T cells Tcap, which is obtained for high levels of antigenic stimulation (b = +∞). Using Lemma 2, the values Thom
and Tcap are implicitly determined as zeros of a polynomial. In particular, for the default values of the parameters,
these values are given by Thom = 9.6 × 102 and Tcap = 9.7 × 106.

In Lemma 1, we present the relation between the concentration of T cells and the concentration of the Tregs, for
values of the concentration of T cells between Thom and Tcap.

Let Y1, Y2, Y3 be the following polynomials

Y1(x) = −α̂C(x) − βδ̂B(x)

Y2(x) = 2α̂β B(x)

Y3(x) = Y 2
1 (x) − 2(δC(x) − ερSx)Y2(x),

where B(x) = (1 − ε)x and C(x) = εTinput + d B(x) + β B(x)x .

Lemma 1. The concentration of Tregs y = R + R∗ is given by the Treg curve

y(x) =
Y1(x) +

√
Y3(x)

Y2(x)
, (2)

where x = T + T ∗ is the total concentration of T cells.

The proof of Lemma 1 is presented in [24].
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In Lemma 2, we obtain the level of the antigenic stimulation b(x, y(x)) from the concentration x of the T cells,
using the auxiliary Treg curve y(x). Let b(x, y) be the antigen function given by

b(x, y) =
ϕ(x, y)(kx(1 + γ Ay) + Tinput)

k(1 − ε)ρx3(α̂y + δ̂) − kxϕ(x, y)
, (3)

where ϕ(x, y) = (ερSx − Tinput(α̂y + δ̂))(α(x + y) + δ).

Lemma 2. Let b(x, y) be the antigen function, and let y(x) be as in Lemma 1. The level of the antigenic stimulation
is given by b(x, y(x)) when the system is at equilibrium (stable or unstable).

Conversely, given an antigenic stimulation level b, the concentration x of T cells is given, implicitly, as a zero of a
twelfth order polynomial that can be explicitly constructed. The proof of Lemma 2 is presented in [24].

Let b̃(x) be the antigen function in the absence of Tregs given by

b̃(x) =
(αx + δ)(kx + Tinput)(βx2

+ dx − Tinput)

kx((αx + δ)(−βx2 − dx + Tinput) + ρx2)
. (4)

Lemma 3. Let us consider the simplified model with the concentration of Tregs equal to zero (i.e. y = 0). The level
of the antigenic stimulation is given by b̃(x), when the system is at equilibrium (stable or unstable).

Conversely, given an antigenic stimulation level b̃, the concentration x of T cells is a zero of a fourth order
polynomial that can be explicitly constructed. The proof of Lemma 3 is presented in [24].

4. Results

It is likely that the levels of antigen stimulation present both fluctuations and slow variation over time, e.g. during
puberty. Thus, if antigenic stimulation rises above the threshold bH (see figures in [10]), control is lost and
autoimmunity arises. Note that even if the antigen stimulation level b falls to the original value, at which control
was originally achieved, control may not be reacquired, and is only attained if stimulation falls below the second
threshold bL (see figures in [10]). This phenomena, termed hysteresis, is common in many physical and biological
systems.

Our system displays a control state and an immune state. This biphasic behaviour is a consequence of the IL-2
driven dynamics where the IL-2 concentration must be high enough such that the growth rate exceeds the death rate;
this requires a sufficiently high density of secreting T cells. Thus even in the absence of Tregs, T cells can display
this behaviour (in fact in the blue line in Fig. 3B the parameters are such that the bifurcation points bL , bH are lost
and hysteresis is no longer observed although a sharp transition with b remains). The presence of Tregs increases the
thresholds bL , bH , Fig. 3B, thereby enhancing the control state. The hysteresis is unfold for low values of the secretion
rate of cytokine J (parameter S), for low values of the growth rate ratio between Tregs and T cells (parameter ε), for
low growth rates (parameter ρ), and for high thymic inputs (parameter Tinput). The unfold of the hysteresis, for some
of these parameters, occurs out of the biological region. We find that the parameters that control the distance between
bL and bH are the effectiveness of T cells secretion inhibition by Tregs (parameter γ ), the cytokine degradation rate
(parameter δ), the reversion rate to an inactive state (parameter k) and the antigen stimulation of Tregs (parameter
a). The IL-2 secretion rate by T cells (parameter σ ) has no effect on the steady states when we keep the ratio σ̂ /σ

constant.
The growth rate ratio Treg:T cells (parameter ε) unfolds the hysteresis for ε ≈ 0.105 due to Treg insufficient

growth (see Figs. 2 and 3). Higher response of Tregs to the IL-2 (higher values of the parameter ε) increases the
antigenic stimulation thresholds bL and bH (see Fig. 4A). When ε gets close to the value 1 the thresholds bL and
bH tend to infinity. The concentration x(bL) of T cells increases with ε and the concentration x(bH ) of T cells has a
minima for ε ≈ 0.3 (see Fig. 4B). The concentrations y(bL) and y(bH ) of Tregs increase with ε (see Fig. 4C). For
values of ε . 0.5 the concentration of T cells (black lines in Fig. 3B), in the presence of Tregs (y > 0) intercepts the
concentration of T cells (blue lines in Fig. 3B) for the simplified model without Tregs (y = 0).

A cusp is found for low growth rates ρ ≈ 0.0025, corresponding to a maximum T cells growth rate of 0.5/day
(see Figs. 5 and 6). The antigenic stimulation threshold bL decreases with ρ and the threshold bH has a minima
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Fig. 2. The hysteresis of the equilibria manifold for values of the growth rate ratio Treg:T cells, parameter ε ∈ [0.1, 0.99]. The hysteresis unfolds
for low values of the parameter ε. A: Horizontal axis: ε; “away axis”: x = T + T ∗; vertical axis: y = R + R∗. Low values of b are bluish and
higher values are reddish. B: Horizontal axis: y = R + R∗; “away axis”: b; vertical axis: x = T + T ∗. Low values of the parameter ε are bluish
and higher values are reddish. C: Horizontal axis: ε; “away axis”: b; vertical axis: x = T + T ∗. Low values of y = R + R∗ are bluish and higher
values are reddish. D: Horizontal axis: ε; “away axis”: b; vertical axis: y = R + R∗. Low values of x = T + T ∗ are bluish and higher values are
reddish. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Cross sections of the equilibria manifold, for the following values of the growth rate ratio Treg:T cells: ε = 0.1 (dashed lines); ε = 0.6 (bold
lines); and ε = 0.99 (dotted lines). The other parameters are at their default values. A: The horizontal axis is the total concentration x = T + T ∗

of T cells, and the vertical axis is the total concentration y(x) = R + R∗ of Tregs. B: The horizontal axis is the antigenic stimulation level b, and
the vertical axis is the total concentration x = T + T ∗ of T cells. Black lines: concentration of T cells when Tregs are present (y = R + R∗ > 0).
Blue line: concentration of T cells in the simplified model without Tregs (y = R + R∗

= 0). We note that the dashed black line and the blue
bold line intercept at a point b ≈ 0.11. C: The horizontal axis is the antigenic stimulation level b, and the vertical axis is the total concentration
y(x) = R + R∗ of Tregs. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

for ρ ≈ 0.005. The ratio bH /bL increases with the parameter ρ (see Fig. 7A). The concentration x(bL) of T cells
increases and the concentration x(bH ) of T cells decreases with ρ (see Fig. 7B). The concentrations y(bL) and y(bH )

of Tregs increase with ρ (see Fig. 7C).
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Fig. 4. Dependence of the thresholds on the growth rate ratio Treg:T cells, parameter ε ∈ [0.105, 0.99] for the model with Tregs present. A: The
thresholds of the antigenic stimulation bL (blue) and bH (green) increase with ε. The cusp bC occurs at ε ≈ 0.105, unfolding the hysteresis. When
ε converges to 1 the thresholds bL and bH tend to +∞. B: The concentration x(bL ) (blue) of T cells increases with ε and the concentration x(bH )

(green) of T cells has a minima for ε ≈ 0.3. C: The concentrations y(bL ) (blue) and y(bH ) (green) of Tregs increase with ε. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. The hysteresis of the equilibria manifold for values of the growth rate, parameter ρ ∈ [0.002, 0.2]. The hysteresis unfolds for low values
of the parameter ρ. A: Horizontal axis: ρ; “away axis”: x = T + T ∗; vertical axis: y = R + R∗. Low values of b are bluish and higher values
are reddish. B: Horizontal axis: y = R + R∗; “away axis”: b; vertical axis: x = T + T ∗. Low values of the parameter ρ are bluish and higher
values are reddish. C: Horizontal axis: ρ; “away axis”: b; vertical axis: x = T + T ∗. Low values of y = R + R∗ are bluish and higher values are
reddish. D: Horizontal axis: ρ; “away axis”: b; vertical axis: y = R + R∗. Low values of x = T + T ∗ are bluish and higher values are reddish.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

The parameter γ (effectiveness of T cells secretion inhibition by Tregs) shifts the hysteresis as expected (see
Figs. 11 and 12) but does not unfold the hysteresis. The antigenic stimulation thresholds bL and bH increase with
the parameter γ , but the ratio ratio bH /bL does not change significantly with γ (see Fig. 13A). The concentrations
x(bL) and x(bH ) of T cells increase with γ (see Fig. 13B). The concentration y(bL) of Tregs decreases with γ and
the concentration y(bH ) of Tregs increases with γ (see Fig. 13C).
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Fig. 6. Cross sections of the equilibria manifold, for the following values of the growth rate: ρ = 0.002 (dashed lines); ρ = 0.02 (bold lines); and
ρ = 0.2 (dotted lines). The other parameters are at their default values. A: The horizontal axis is the total concentration x = T + T ∗ of T cells,
and the vertical axis is the total concentration y(x) = R + R∗ of Tregs. B: The horizontal axis is the antigenic stimulation level b, and the vertical
axis is the total concentration x = T + T ∗ of T cells. Black lines: concentration of T cells when Tregs are present (y = R + R∗ > 0). Blue lines:
concentration of T cells in the simplified model without Tregs (y = R + R∗

= 0). C: The horizontal axis is the antigenic stimulation level b, and
the vertical axis is the total concentration y(x) = R + R∗ of Tregs. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

Fig. 7. Dependence of the thresholds on the growth rate, parameter ρ ∈ [0.0025, 0.2] for the model with Tregs present. A: The threshold of the
antigenic stimulation bL (blue) decreases with ρ and the threshold bH (green) has a minima for ρ ≈ 0.005. The cusp bC occurs at ρ ≈ 0.0025,
corresponding to a maximum T cell growth rate of 0.5/day, unfolding the hysteresis. B: The concentration x(bL ) (blue) of T cells increases and
the concentration x(bH ) (green) decreases with ρ. C: The concentrations y(bL ) (blue) of T cells and y(bH ) (green) of Tregs increase with ρ. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

The parameter σ has no effect on the steady states when we keep the ratio σ̂ /σ constant (see Figs. 8 and 9), nor
has any effect on the thresholds bL and bH (see Fig. 10), since the antigen stimulation b of the T cells does not depend
on this parameter.

5. Discussion

In this paper we examined a mechanism of Treg control of immune responses through the regulation of cytokine
dependent T cell proliferation. In the model proposed in [10] Tregs have two effects on cytokine levels; firstly they
directly inhibit cytokine secretion and secondly they adsorb (and thus compete for) proliferative cytokines. Both of
these have an impact on T cell growth. However, secretion inhibition is shown to act as a growth modulator through
adjustment of a quorum threshold associated with cytokine growth dynamics. The second effect was minimal in our
simulations because the Treg population was always a minor population; however increasing the homeostatic level
of Tregs would increase the impact of this competition and reduce immune response growth rates, thereby extending
immune response times.

The threshold mechanism discussed here is extremely robust to model details, being effectively a model of
activation and escape. Proliferation driven by a secreted cytokine is naturally population size (quorum) dependent [18];
‘quorum sensing’ imposes a population consensus on immune responses which are only initiated if a sufficiently high
number of T cells are locally activated. A locally maintained population of Tregs raises this quorum threshold in the
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Fig. 8. The hysteresis of the equilibria manifold for values of the secretion rate of cytokines parameter σ ∈ [0.144, 144000]. A: Horizontal axis:
σ ; “away axis”: x = T + T ∗; vertical axis: y = R + R∗. Low values of b are bluish and higher values are reddish. B: Horizontal axis: y = R + R∗;
“away axis”: b; vertical axis: x = T + T ∗. Low values of the parameter σ are bluish and higher values are reddish. C: Horizontal axis: σ ; “away
axis”: b; vertical axis: x = T + T ∗. Low values of y = R + R∗ are bluish and higher values are reddish. D: Horizontal axis: σ ; “away axis”: b;
vertical axis: y = R + R∗. Low values of x = T + T ∗ are bluish and higher values are reddish. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Cross sections of the equilibria manifold, for the value of the secretion rate of cytokines σ = 144 (bold lines). These lines are the same
for all values of σ . The other parameters are at their default values. A: The horizontal axis is the total concentration x = T + T ∗ of T cells, and
the vertical axis is the total concentration y(x) = R + R∗ of Tregs. B: The horizontal axis is the antigenic stimulation level b, and the vertical
axis is the total concentration x = T + T ∗ of T cells. C: The horizontal axis is the antigenic stimulation level b, and the vertical axis is the total
concentration y(x) = R + R∗ of Tregs.

local tissue. Thus, immune responses are inhibited unless the number of activated T cells is sufficiently large to escape
Treg control; such escape is dependent on the higher efficiency with which conventional T cells (responders) can utilise
IL-2 compared to Tregs. This quorum mechanism originates from IL-2 driven growth and is independent of whether
growth is continually stimulated through antigen exposure, as modelled here, or in a programmed proliferation phase
which is still cytokine dependent [25].
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Fig. 10. Dependence of the thresholds on the secretion rate of cytokines parameter σ ∈ [0.144, 144000] for the model with Tregs present. A: The
thresholds of the antigenic stimulation bL (blue) and bH (green) do not change with σ . B: The concentrations x(bL ) (blue) and x(bH ) (green)
of T cells do not change with σ . C: The concentrations y(bL ) (blue) and y(bH ) (green) of Tregs do not change with σ . (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 11. The hysteresis of the equilibria manifold for values of the effectiveness of T cell secretion inhibition by Tregs, parameter γ ∈ [10−7, 101
].

A: Horizontal axis: γ ; “away axis”: x = T +T ∗; vertical axis: y = R + R∗. Low values of b are bluish and higher values are reddish. B: Horizontal
axis: y = R + R∗; “away axis”: b; vertical axis: x = T +T ∗. Low values of the parameter γ are bluish and higher values are reddish. C: Horizontal
axis: γ ; “away axis”: b; vertical axis: x = T + T ∗. Low values of y = R + R∗ are bluish and higher values are reddish. D: Horizontal axis: γ ;
“away axis”: b; vertical axis: y = R + R∗. Low values of x = T + T ∗ are bluish and higher values are reddish. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

Our model also demonstrates bistability; this is in fact a common feature of all the current Treg models [22,26].
The bistability region is bounded by the thresholds bL and bH of antigenic stimulation of T cells between which the
immune response model has biphasic behaviour. We find that the hysteresis unfolds for low values of the secretion
rate of cytokine J (parameter S), for low values of the growth rate ratio between Tregs and T cells (parameter ε),
for low growth rates (parameter ρ), and for high thymic inputs (parameter Tinput). Hence, modifications of the values
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Fig. 12. Cross sections of the equilibria manifold, for the following values of the effectiveness of T cell secretion inhibition by Tregs: γ = 10−7

(dashed lines); γ = 10−3 (bold lines); and γ = 101 (dotted lines). The other parameters are at their default values. A: The horizontal axis is the
total concentration x = T + T ∗ of T cells, and the vertical axis is the total concentration y(x) = R + R∗ of Tregs. The dashed line and the dotted
line are superimposed to the bold line for the scale considered. B: The horizontal axis is the antigenic stimulation level b, and the vertical axis is the
total concentration x = T + T ∗ of T cells. Black lines: concentration of T cells when Tregs are present (y = R + R∗ > 0). Blue line: concentration
of T cells in the simplified model without Tregs (y = R + R∗

= 0). C: The horizontal axis is the antigenic stimulation level b, and the vertical axis
is the total concentration y(x) = R + R∗ of Tregs. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Fig. 13. Dependence of the thresholds on the effectiveness of T cell secretion inhibition by Tregs, parameter γ ∈ [10−7, 101
] for the model with

Tregs present. A: The thresholds of the antigenic stimulation bL (blue) and bH (green) increase with γ . B: The concentrations x(bL ) (blue) and
x(bH ) (green) of T cells increase with γ . C: The concentration y(bL ) (blue) of Tregs decreases with γ and the concentration y(bH ) (green) of
Tregs increases with γ . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

of the above parameter provoke significant changes in the values of the thresholds bL and bH . Alterations in these
parameters can develop autoimmune diseases.
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