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In this paper, we consider the single machine scheduling problem with linear earliness and quadratic tar-
diness costs, and no machine idle time. We propose a genetic approach based on a random key alphabet.
Several genetic algorithms based on this approach are presented. These versions differ on the generation
of the initial population, as well as on the use of local search. The proposed procedures are compared
with existing heuristics, as well as with optimal solutions for the smaller instance sizes.
The computational results show that the performance of the proposed genetic approach is improved
by the addition of a local search procedure, as well as by the insertion of simple heuristic solutions in
the initial population. Indeed, the genetic versions that include either or both of these features not only
provide significantly better results, but are also much faster. The genetic versions that use local search
are clearly superior to the existing heuristics, and the improvement in performance over the best existing
procedure increases with both the size and difficulty of the instances. These genetic procedures are also
quite close to the optimum, and provided an optimal solution for most of the test instances.

Scope and purpose

This paper considers a single machine scheduling problem with linear earliness and quadratic tardiness
costs, and no machine idle time. Scheduling with early and tardy penalties has received considerable
attention from the scheduling community, due to its practical importance. Indeed, early/tardy scheduling
problems are compatible with the concepts of Just-in-Time production and supply chain management,
which have been adopted by many organizations.
Single machine scheduling environments actually occur in several practical applications. Also, the perfor-
mance of many production systems is often determined by the schedules for a single bottleneck machine.
Furthermore, the study of single machine problems frequently provides results that prove useful for more
complex scheduling environments. The assumption that no machine idle time is allowed is also appropriate
for many production settings. In fact, idle time should be avoided when the machine has limited capacity
or high operating costs, and when starting a new production run involves high set-up costs or times.
In this paper, we present several algorithms based on a genetic approach that uses a random key alphabet.
The various versions of the genetic algorithm differ on the generation of the initial population, as well
as on the use of local search. These procedures are compared with existing heuristics, as well as with
optimal solutions for some instance sizes.
The computational results show that inserting solutions generated by simple heuristics in the initial pop-
ulation, and using a local search procedure, enhances the performance of the proposed genetic approach.
In fact, the addition of one or both of these features improves both the solution quality and the speed
of the genetic algorithm. The genetic versions that apply local search clearly outperform the existing
heuristics, and are quite close to the optimum solutions. Also, the improvement over the best existing
procedure increases with both the size and the difficulty of the test instances.
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1. Introduction

In this paper, we consider a single machine scheduling problem
with linear earliness and quadratic tardiness costs, and no machine
idle time. Single machine scheduling environments actually occur in
several practical operations (for a recent example in the chemical
industry, see [1]). Also, the performance of many production sys-
tems is frequently determined by the quality of the schedules for a
single bottleneck machine. Moreover, results and insights obtained
for single machine problems can often be applied to more complex
scheduling environments, such as flow shops or job shops.

Earliness/tardiness scheduling models have received consider-
able and increasing attention from the scheduling community, due
to their practical importance and relevance. In fact, scheduling prob-
lems with both earliness and tardiness penalties are compatible
with the concepts of Just-in-Time production and supply chain man-
agement. These production strategies, which have been adopted by
many organizations, view both early and tardy deliveries as unde-
sirable.

We consider an objective function with linear earliness and
quadratic tardiness costs. On the one hand, early completions of jobs
result in unnecessary inventory. A linear penalty is then used for
the early jobs, since the costs of maintaining and managing this in-
ventory tend to be proportional to the quantity held in stock. On the
other hand, late deliveries can result in lost sales, loss of goodwill,
and disruptions in stages further down the supply chain. A quadratic
tardiness penalty is appropriate in several practical settings, and is
then used for the tardy jobs. Indeed, the tardiness is an important
attribute of service quality, and a customer's dissatisfaction tends
to increase quadratically with the tardiness, as proposed in the loss
function of Taguchi [2]. Also, a quadratic tardiness penalty can in
some situations be preferable to the more usual linear tardiness or
maximum tardiness functions, as discussed in [3].

The assumption that no machine idle time is allowed is also ap-
propriate for many production settings. In fact, idle time should be
avoided when the machine has limited capacity or high operating
costs. This assumption is also justified when starting a new produc-
tion run involves high set-up costs or times. Some specific examples
of production settings where the no idle time assumption is appro-
priate have been given by Korman [4] and Landis [5].

Formally, the problem we consider can be stated as follows. A set
of n independent jobs {J1, J2, . . . , Jn} has to be scheduled on a single
machine that can handle at most one job at a time. The machine
is assumed to be continuously available from time zero onwards,
and preemptions are not allowed. Job Jj, j = 1, 2, . . . ,n, requires a
processing time pj and should ideally be completed on its due date dj.
For a given schedule, the earliness and tardiness of Jj are, respectively,
defined as Ej =max{0,dj −Cj} and Tj =max{0,Cj −dj}, where Cj is the
completion time of Jj. The objective is, then, to find a schedule that
minimizes the sum of linear earliness and quadratic tardiness costs
∑n

j=1 (Ej + T2j ), subject to the constraint that no machine idle time is
allowed.

This problem has been previously considered, and both exact
and heuristic approaches have been proposed. Valente [6] developed
both a lower bounding procedure based on a relaxation of the job
completion times and a branch-and-bound algorithm. Among the
heuristics, both dispatching rules [7] and beam search heuristics
[8] have been proposed. The corresponding problem with inserted
idle time was studied by Schaller [9], who presented a timetabling
procedure, as well as a branch-and-bound algorithm and simple and
efficient heuristics. Some problems with related objective functions
have also been considered. These include the minimization of the
linear earliness and tardiness costs

∑n
j=1 (Ej + Tj) [10–12], and the

minimization of the quadratic lateness [13–16], where the lateness
of Jj is defined as Lj = Cj − dj.

A large number of papers have been published on schedul-
ing models with earliness and tardiness costs. Baker and Scudder
[17] provide an excellent survey of the initial work on early/tardy
scheduling. A recent survey of multicriteria scheduling problems
is given by Hoogeveen [18]. This survey considers and reviews
problems with earliness and tardiness penalties. Also, Kanet and
Sridharan [19] give a review of scheduling models with inserted idle
time that complements our focus on a problem with no machine
idle time.

In this paper, we present several genetic algorithms, and anal-
yse their performance on a wide range of instances. The proposed
genetic approach uses a random key alphabet, so each chromosome
is encoded as a vector of random numbers. The various versions of
the genetic approach differ on the generation of the initial popula-
tion, as well as on the use of local search. The genetic algorithms are
compared with existing heuristics, as well as with optimal solutions
for some instance sizes.

The remainder of this paper is organized as follows. In Section 2,
we describe the proposed genetic algorithm approach, and present
the several versions that were considered. The computational re-
sults are reported in Section 3. Finally, we provide some concluding
remarks in Section 4.

2. The genetic algorithm procedures

In this section, we begin by briefly describing the main features
of genetic algorithms. The encoding used to represent the problem
solutions is then presented. The evolutionary strategy, i.e. the tran-
sitional process between consecutive populations, is also described.
Finally, we present the four different versions that were considered
for the proposed approach.

2.1. Genetic algorithms

Genetic algorithms are adaptive methods that can be used to
solve optimization problems. The term genetic algorithm was first
used by Holland [20], whose book Adaptation in Natural and Artificial
Systems, published in 1975, was pivotal to the creation of what is
now a large and quite active field of research. Actually, optimization
played only a small part in Holland's work, even though it has since
been the focus of the majority of the research on genetic algorithms.
The literature on genetic algorithms includes a quite large number of
papers; for some references describing in detail the genetic algorithm
approach and its applications see [21–23].

Genetic algorithms are based on the evolution process that occurs
in natural biology. Over many generations, natural populations tend
to evolve according to the principles of natural selection or survival
of the fittest, as first stated by Charles Darwin in The Origin of the
Species. Genetic algorithms mimic this process, evolving populations
of solutions to real world problems.

In order to apply a genetic algorithm to a specific problem, a
suitable encoding or representation must first be devised. In this en-
coding, a solution to the problem is represented by a set of parame-
ters. These parameters (known in genetic terminology as genes) are
joined together in a string of values that represents or encodes the
solution to the problem. In genetic terminology, this string is re-
ferred to as a chromosome or individual. A fitness value is associated
with each chromosome. This value measures the quality or merit of
the solution associated with that chromosome.

At each iteration, the genetic algorithm evolves the current
population of chromosomes into a new population, using selec-
tion, crossover and mutation mechanisms. Some of the current
individuals may be simply selected and copied to the new popu-
lation. Additionally, the reproduction phase uses a crossover oper-
ator to combine individuals selected from the current population,
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job index: 1 2 3 4 5
chromosome: ( 0.32 , 0.77 , 0.10 , 0.53 , 0.85 )

sorted gene values: ( 0.10 , 0.32 , 0.53 , 0.77 , 0.85 )
decoded sequence: 3 1 4 2 5

Fig. 1. Chromosome decoding example.

producing offspring which are placed in the new population. The
parent chromosomes are randomly selected from the current popu-
lation, usually using a scheme which favours fitter individuals. The
crossover operator then combines the genes of the two parents,
yielding one or more offspring. Finally, a mutation operator is ap-
plied to some individuals, in order to change their genetic material
(i.e. one or more of their genes).

The reproduction phase and the crossover operator tend to in-
crease the quality of the populations. However, they also tend to
force convergence of those populations. The mutation process can
offset this convergence effect. Indeed, the mutation operator tries to
guarantee the population diversity, and ensure an extensive search
of the solution space.

2.2. Chromosome representation and decoding

The genetic algorithm approach proposed in this paper uses a
random key alphabet U(0, 1) [24] to encode the chromosomes. In
this alphabet, each gene is a uniform random number between 0 and
1. Therefore, a chromosome is encoded as a vector of random keys
(random numbers). In our algorithms, each chromosome is made of
n genes gi, so the size of each chromosome is equal to the number
of jobs: chromosome=(g1, g2, . . . , gn).

In order to evaluate the fitness of an individual, it is necessary
to decode its chromosome into the corresponding solution to the
problem, i.e. into a sequence of the jobs. The decoding or mapping of
a chromosome into a sequence is accomplished by sorting the jobs.
The priorities used in this sorting operation are given by the genes.
More specifically, the sorting priority of job Ji is equal to gi (see
Fig. 1 for an example).

An important feature of the random key alphabet is the fact that
all offspring generated by crossover are feasible solutions. This is
accomplished by moving the feasibility issue into the chromosome
decoding procedure. If any vector of randomnumbers can be decoded
into a feasible solution, then any chromosome obtained via crossover
also corresponds to a feasible solution. Through its internal dynamics,
the genetic algorithm then learns the relationship between random
key vectors and solutions with good fitness and objective function
values.

This feature is a significant advantage of the random key alphabet
over the more natural encoding where each chromosome is a per-
mutation of the job indexes. Indeed, with the natural encoding, the
crossover operation is made more difficult and complicated by the
need to assure that the resulting offspring correspond to a feasible
solution.

2.3. Evolutionary strategy

A great number of genetic algorithm variants can be obtained by
varying the selection, reproduction, crossover and mutation opera-
tors. We now describe the evolutionary strategy used in the pro-
posed approach, i.e. the mechanisms that are used to generate a new
population from the current set of individuals. The size of the pop-
ulation is kept constant throughout the procedure. This size is set
as a multiple pop_mult of the size of the problem (i.e. the number

parent 1: ( 0.32 , 0.77 , 0.10 , 0.53 , 0.85 )
parent 2: ( 0.26 , 0.15 , 0.65 , 0.91 , 0.44 )

random number: 0.58 0.75 0.93 0.42 0.15
(cross_prob = 0.7) < 0.7 > 0.7 > 0.7 < 0.7 < 0.7

offspring: ( 0.32 , 0.15 , 0.65 , 0.53 , 0.85 )

Fig. 2. Parameterized uniform crossover example.

of jobs n), where pop_mult is a user-defined parameter. This strat-
egy has proved appropriate in our previous experience with genetic
algorithms based on the same evolutionary approach [25–27].

Given a current population, the next population is obtained
through elitist selection, crossover and migration mechanisms. We
defer the discussion of the generation of the initial population to
the next section. The calculation of the fitness value will also be
addressed in that section.

The elitist selection strategy [21] consists in copying some of the
best individuals in the current population to the new population.
The number of individuals that are copied in the elitist selection
phase is equal to a proportion elit_prop of the population size, where
elit_prop is a user-defined parameter.

The advantage of the elitist selection strategy over the traditional
approach where the entire population is completely replaced with
new chromosomes is that the best individual in the population is
monotonically improving over time. A potential downside is popu-
lation convergence to a local minimum. This, however, can be over-
come by high mutation or migration rates.

The migration mechanism replaces the traditional gene-by-gene
mutation operator. In the migration phase, new individuals are ran-
domly generated and added to the new population. The number
of new randomly generated individuals is equal to a proportion
mig_prop of the population size, where mig_prop is a user-defined
parameter. As previously mentioned, the purpose of the migration
mechanism is to prevent premature convergence and to assure the
diversity of the population (like in the traditional mutation opera-
tor). This phase also guarantees that, if allowed to run for a sufficient
amount of time, the proposed genetic approach will visit all possible
solutions (and, therefore, also an optimal one).

The remaining individuals of the new population are generated
via crossover. In the reproduction and crossover phase, two parents
are initially selected. The first parent is randomly chosen from the
elite individuals in the current population, i.e. the individuals that
are copied to the new population in the elitist selection phase. The
second parent is randomly selected from the full current population.
The parameterized uniform crossover method [28], described below,
is then used to obtain an offspring that is added to the new popu-
lation. This process is repeated until the new population has been
fully generated.

In the parameterized uniform crossover method, a random uni-
form number between 0 and 1 is generated for each gene. This ran-
dom number is then compared with the user-defined parameter
cross_prob. If the random number is less than or equal to cross_prob,
the gene in the offspring is set equal to the corresponding gene in
the first parent; otherwise, the value of the gene is copied from the
second parent (see Fig. 2 for an example).

This evolutionary strategy is repeated until a stopping criterion is
met. In our approach, the number of iterations without improvement
stopping criterion was chosen. Therefore, the algorithms terminate
when stop_iter populations have been generated without improving
the best solution found so far, where stop_iter is a user-defined
parameter. Fig. 3 depicts the evolutionary strategy, while the main
steps of the proposed approach are given in Fig. 4.



2710 J.M.S. Valente, J.F. Gonçalves / Computers & Operations Research 36 (2009) 2707 -- 2715

crossover

migration

Current  Population New  Population

elitist selectionBest

Worst

elit_prop

mig_prop

Fig. 3. Evolutionary strategy.

Genetic approach 
{ 
 Generate Initial Population Pt = P0; 

Evaluate Population P0; 
Update Best Solution; 
Set iter_no_improv = 0; 

While (iter_no_improv < stop_iter) 
{ 

Generate New Population Pt+1

{ 
  Perform Elitist Selection; 
  Perform Migration; 
  Perform Crossover; 
 } 

Evaluate Pt+1; 

If (new best solution is found) 
{ 
 Update Best Solution; 
 Set iter_no_improv = 0; 
} 
Else
 Set iter_no_improv = iter_no_improv + 1; 

Set Pt = Pt+1; 
 } 
} 

Fig. 4. Genetic approach.

2.4. Genetic algorithm versions

The discussion of both the generation of the initial population
and the calculation of the fitness value has been deferred to this
section. In fact, two different strategies were used for each of these
two issues. Therefore, we considered four genetic algorithm versions,
corresponding to the various combinations of these strategies.

In the version denoted as GA, on the one hand, the initial popu-
lation is randomly generated. The fitness value of a chromosome, on
the other hand, is set equal to the symmetric of the objective func-
tion value of the corresponding sequence (i.e. the sequence obtained
by decoding the chromosome, as previously described).

The GA_IN version differs from GA only in the initial population,
which is not fully randomly generated. In the GA_IN version, we first
introduce in the initial population three non-random chromosomes.

Indeed, previous studies (e.g. [29,30]) have shown that this can im-
prove the performance of a genetic algorithm. In this paper, this will
be referred to as initializing the first population (hence the “_IN”
part of the heuristic identifier).

The three non-random chromosomes are created so that their
corresponding sequences are equal to the schedules generated by
the EDD, SPT_sj and EQTP_EXP dispatching heuristics analysed in [7].
The EDD (SPT_sj) heuristic performed well for instances where most
jobs are early (tardy). The EQTP_EXP dispatching rule, henceforth
denoted simply by EQTP, was the best-performing of the heuristics
considered in [7].

TheMA andMA_IN versions differ from their GA and GA_IN coun-
terparts only in the calculation of the fitness value. Indeed, these two
versions additionally use a local search procedure in order to improve
the decoded sequence. More precisely, in order to calculate the fit-
ness of an chromosome, we first decode its corresponding sequence.
A local search procedure is then used to improve this sequence. The
fitness is set equal to the symmetric of the objective function value
of the improved sequence. Finally, the chromosome is changed (i.e.
its genes are rearranged) so that it corresponds to the improved se-
quence obtained after the application of the local search procedure.
Since these two versions of the proposed genetic approach combine
a genetic evolutionary strategy with a local search procedure, they
can also be viewed as memetic algorithms [31] (hence the “MA” part
of their identifiers).

We considered three simple local search procedures: adjacent
pairwise interchange (API), 3-swaps (3SW) and largest cost insertion
(LCI). The API procedure, at each iteration, considers in succession
all adjacent job positions. A pair of adjacent jobs is then swapped
if such an interchange improves the objective function value. This
process is repeated until no improvement is found in a complete
iteration. The 3SW procedure is similar, but it considers three con-
secutive job positions instead of an adjacent pair of jobs. All possi-
ble permutations of these three jobs are then analysed, and the best
configuration is selected. Once more, the procedure is applied re-
peatedly until no improvement is possible. The LCI method selects
at each iteration the job with the largest objective function value.
The selected job is then removed from its position i in the sched-
ule, and inserted at position j, for all j� i. The best insertion is then
performed if it improves the objective function value. This process
is repeated until no improving move is found.

3. Computational results

In this section, we first present the set of problems used in
the computational tests, and specify the values that were used
for the various parameters required by the genetic algorithms.
The proposed genetic versions are then compared with existing
heuristics, namely the EQTP dispatching rule developed in [7]
and the recovering beam search (RBS) procedure presented in
[8]. Finally, the heuristic results are evaluated against the opti-
mum objective function values for some instance sizes. The in-
stances used in the computational tests are available online at
http://www.fep.up.pt/docentes/jvalente/benchmarks.html. The ob-
jective function value provided by the MA_IN, RBS and EQTP pro-
cedures, as well as the optimum objective function value (when
available), can also be obtained at this address. For the MA_IN algo-
rithm, and for each instance, the best, average and worst objective
function values are provided.

3.1. Experimental design and preliminary tests

The computational tests were performed on a set of problems
with 10, 15, 20, 25, 30, 40, 50, 75 and 100 jobs. These problems were
randomly generated as follows. For each job Jj, an integer processing

http://www.fep.up.pt/docentes/jvalente/benchmarks.html
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Table 1
Parameter values.

GA GA_IN MA MA_IN

pop_mult 3 2 1 1
elit_prop 0.05 0.05 0.05 0.05
mig_prop 0.25 0.25 0.25 0.25
cross_prob 0.7 0.7 0.7 0.7
stop_iter 50 30 10 10
local search — — API API

time pj was generated from one of the two uniform distributions [45,
55] and [1, 100], in order to obtain low (L) and high (H) variability,
respectively, for the processing time values. For each job Jj, an integer
due date dj was generated from the uniform distribution [P(1 − T −
R/2), P(1 − T + R/2)], where P is the sum of the processing times of
all jobs, T is the tardiness factor, set at 0.0, 0.2, 0.4, 0.6, 0.8 and 1.0,
and R is the range of due dates, set at 0.2, 0.4, 0.6 and 0.8.

For each combination of problem size n, processing time variabil-
ity (var), T and R, 50 instances were randomly generated. Therefore,
a total of 1200 instances were generated for each combination of
problem size and processing time variability. All the algorithms were
coded in Visual C++ 6.0, and executed on a Pentium IV-2.8GHz per-
sonal computer. Due to the large computational times that would
be required, the GA heuristic was not applied to the instances with
100 jobs.

We performed preliminary experiments to determine adequate
values for the parameters required by the genetic algorithms. A sepa-
rate problem set was used to conduct these preliminary experiments.
This test set included instances with 25 and 50 jobs, and contained
five instances for each combination of instance size, processing time
variability, T and R. The instances in this smaller test set were gen-
erated randomly just as previously described for the full problem
set. We considered the following values for the several parameters
required by the proposed genetic algorithms:

pop_mult={1, 2, 3};
elit_prop={0.05, 0.10, 0.15, 0.20};
mig_prop={0.10, 0.15, 0.20, 0.25};
cross_prob={0.6, 0.7, 0.8};
stop_iter={10, 30, 50}.
The intervals for the elit_prop, mig_prop and cross_prob val-

ues were based on our previous experience with genetic algorithms
based on the same evolutionary approach [25–27]. Indeed, we have
consistently obtained good results with values inside the considered
ranges. The intervals for the pop_mult and stop_iter parameters were
determined after some initial testing. For the MA and MA_IN ver-
sions, we additionally considered the API, 3SW and LCI local search
procedures, as previously mentioned.

The genetic algorithms were then applied to the test instances
for all parameter (and local search procedure, for the MA and MA_IN
versions) combinations. A thorough analysis of the objective func-
tion values and runtimes was then conducted, in order to select the
values that provided the best trade-off between solution quality and
computation time. The parameter values and local search procedure
selected for the several genetic versions are given in Table 1.

The same elit_prop, mig_prop and cross_prob values proved ade-
quate for all the versions. For the more sophisticated MA and MA_IN
versions, the results were actually virtually identical for all the com-
binations of these parameters. For the GA and GA_IN versions, there
were some small differences in performance, and the chosen values
provided good results across all instance types.

Table 1 shows that smaller values are required for the param-
eters pop_mult and stop_iter as the genetic version becomes more
sophisticated. Indeed, as local search and/or population initialization
are introduced, smaller populations and/or a lower number of itera-

Table 2
Comparison with the RBS heuristic–relative improvement.

n Heur. Low var. High var.

%imp all_equal %imp all_equal

Best Avg. Worst Best Avg. Worst

10 GA 0.02 −0.18 −1.58 18.83 0.36 −0.31 −2.42 8.67
GA_IN 0.02 −0.01 −0.10 47.83 0.35 −0.17 −1.48 24.00
MA 0.02 0.01 −0.09 96.67 0.37 0.35 0.28 94.67
MA_IN 0.02 0.02 0.02 99.17 0.37 0.37 0.35 98.17

20 GA 0.11 −0.26 −1.74 0.08 0.36 −0.96 −3.95 0.00
GA_IN 0.10 0.05 −0.03 28.33 0.51 −0.17 −1.33 10.00
MA 0.11 0.07 −0.13 74.50 0.66 0.50 0.02 62.33
MA_IN 0.11 0.11 0.08 85.08 0.66 0.60 0.45 73.00

30 GA 0.22 −0.20 −1.42 0.00 0.35 −0.96 −4.07 0.00
GA_IN 0.23 0.18 0.11 23.67 0.71 0.14 −0.67 5.33
MA 0.25 0.21 0.03 67.00 0.98 0.76 0.23 47.17
MA_IN 0.25 0.24 0.22 75.92 0.98 0.89 0.71 56.75

40 GA 0.43 −0.03 −1.49 0.00 0.59 −0.70 −3.40 0.00
GA_IN 0.45 0.40 0.33 18.92 1.08 0.56 −0.18 3.33
MA 0.48 0.44 0.37 63.58 1.45 1.23 0.81 41.08
MA_IN 0.48 0.46 0.44 72.50 1.46 1.36 1.17 50.08

50 GA 0.42 −0.05 −1.63 0.00 0.68 −0.41 −2.48 0.00
GA_IN 0.44 0.40 0.33 18.67 1.27 0.80 0.17 2.00
MA 0.47 0.45 0.39 62.25 1.67 1.45 1.06 38.58
MA_IN 0.47 0.46 0.44 70.83 1.69 1.59 1.42 45.58

75 GA 0.63 0.14 −1.15 0.00 1.00 −0.05 −2.01 0.00
GA_IN 0.71 0.67 0.61 27.42 1.76 1.40 0.94 4.92
MA 0.74 0.72 0.67 60.42 2.14 1.94 1.66 35.33
MA_IN 0.74 0.73 0.72 66.83 2.18 2.09 1.96 41.08

100 GA – – – – – – – –
GA_IN 0.76 0.73 0.68 29.00 2.31 2.01 1.62 5.00
MA 0.80 0.78 0.76 58.58 2.73 2.57 2.35 32.50
MA_IN 0.80 0.79 0.77 64.08 2.78 2.69 2.58 35.58

tions without improvement can be used without compromising the
solution quality.

Finally, the API local search procedure was selected. This proce-
dure provided results that were quite close to those given by the
3SW method, and was significantly faster. The LCI procedure was
outperformed by the API and 3SW methods in both solution quality
and computation time.

We recall that the parameter values were selected with the ob-
jective of obtaining the best trade-off between solution quality and
computation time. Therefore, lower objective function values can
still be obtained for some of the test instances, at the cost of in-
creased computation times, by increasing the pop_mult or stop_iter
values, or by selecting the 3SW local search procedure.

3.2. Comparison with existing heuristics

In this section, we compare the proposed genetic algorithms with
existing heuristics, namely the RBS procedure and the EQTP dispatch-
ing rule. The EQTP heuristic provided the best results among all the
dispatching rules analysed in [7]. The RBS procedure proposed in
[8] currently provides the best results (in terms of solution quality)
for the considered problem. For each instance, 10 independent runs
were performed for all versions of the genetic algorithms.

Table 2 provides the mean relative improvement in objective
function value over the RBS procedure (%imp), as well as the per-
centage number of times that the same objective function value is
obtained for all of the 10 independent runs (all_equal). The relative
improvement over the EQTP rule is given in Table 3. In Table 4, we
give the percentage number of times each genetic version performs
better (<), equal ( = ) or worse (>) than the EQTP and RBS procedures.
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Table 3
Comparison with the EQTP heuristic–relative improvement.

n Heur. Low var. High var.

Best Avg. Worst Best Avg. Worst

10 GA 1.15 0.95 −0.42 9.54 9.00 7.25
GA_IN 1.15 1.12 1.03 9.53 9.15 8.18
MA 1.15 1.14 1.08 9.55 9.53 9.47
MA_IN 1.15 1.15 1.15 9.55 9.55 9.53

20 GA 1.33 0.98 −0.46 6.30 5.25 2.89
GA_IN 1.33 1.29 1.20 6.42 5.88 4.97
MA 1.34 1.31 1.13 6.54 6.42 6.03
MA_IN 1.34 1.34 1.31 6.54 6.50 6.39

30 GA 1.35 0.94 −0.25 5.15 4.05 1.54
GA_IN 1.36 1.32 1.25 5.44 4.98 4.32
MA 1.38 1.34 1.17 5.66 5.48 5.05
MA_IN 1.38 1.37 1.35 5.66 5.59 5.45

40 GA 1.55 1.11 −0.31 4.89 3.80 1.54
GA_IN 1.57 1.53 1.46 5.31 4.88 4.27
MA 1.60 1.57 1.50 5.61 5.43 5.07
MA_IN 1.60 1.59 1.57 5.62 5.54 5.39

50 GA 1.36 0.91 −0.62 4.53 3.61 1.90
GA_IN 1.38 1.34 1.28 5.04 4.65 4.12
MA 1.41 1.39 1.33 5.36 5.18 4.85
MA_IN 1.41 1.40 1.39 5.38 5.30 5.17

75 GA 1.34 0.86 −0.40 4.07 3.17 1.50
GA_IN 1.41 1.37 1.32 4.74 4.43 4.04
MA 1.44 1.42 1.38 5.06 4.89 4.65
MA_IN 1.45 1.44 1.42 5.09 5.02 4.91

100 GA – – – – – –
GA_IN 1.30 1.27 1.22 4.94 4.67 4.34
MA 1.33 1.32 1.30 5.29 5.16 4.96
MA_IN 1.34 1.33 1.31 5.33 5.26 5.17

Table 4
Comparison with the EQTP and RBS heuristics—percentage of better, equal and worse results.

Heur. Var. n GA GA_IN MA MA_IN

< = > < = > < = > < = >

EQTP L 10 50.3 39.5 10.3 48.7 51.3 0.0 54.3 45.5 0.1 54.4 45.6 0.0
20 48.7 11.9 39.4 59.0 41.0 0.0 71.0 28.2 0.8 71.8 28.2 0.0
30 40.9 5.1 54.0 60.0 40.0 0.0 76.5 22.9 0.6 77.1 22.9 0.0
40 37.7 2.9 59.4 62.7 37.3 0.0 82.6 17.2 0.3 82.8 17.2 0.0
50 35.4 2.2 62.4 62.4 37.6 0.0 84.9 14.8 0.3 85.2 14.8 0.0
75 33.7 1.2 65.1 60.2 39.8 0.0 78.7 21.1 0.3 78.9 21.1 0.0
100 – – – 59.8 40.2 0.0 83.7 16.2 0.2 83.8 16.2 0.0

H 10 73.5 17.6 8.9 71.5 28.5 0.0 77.7 22.2 0.2 77.7 22.3 0.0
20 69.3 2.4 28.3 77.5 22.5 0.0 90.8 8.7 0.6 91.3 8.7 0.0
30 63.0 0.5 36.5 78.0 22.0 0.0 95.6 3.9 0.4 96.1 4.0 0.0
40 58.1 0.2 41.8 79.9 20.1 0.0 97.6 2.0 0.4 98.0 2.0 0.0
50 56.2 0.1 43.8 79.5 20.6 0.0 98.9 0.8 0.4 99.3 0.8 0.0
75 50.8 0.1 49.1 78.8 21.2 0.0 98.2 1.6 0.2 98.4 1.6 0.0
100 – – – 76.3 23.7 0.0 99.5 0.3 0.1 99.7 0.3 0.0

RBS L 10 2.1 79.7 18.1 2.1 78.4 19.4 2.9 96.8 0.3 3.0 96.9 0.1
20 14.4 25.8 59.8 16.8 42.7 40.5 24.5 71.1 4.4 25.6 73.1 1.3
30 17.1 9.0 74.0 27.4 31.0 41.6 39.9 56.8 3.3 41.9 57.4 0.7
40 18.8 4.3 76.9 34.4 24.8 40.9 48.3 49.7 2.0 49.4 50.3 0.3
50 16.3 2.9 80.8 34.9 22.7 42.4 51.0 47.2 1.8 52.4 47.4 0.2
75 16.0 1.4 82.6 38.9 27.5 33.6 53.7 45.3 1.0 54.3 45.6 0.1
100 – – – 40.0 24.8 35.3 57.4 41.9 0.7 57.8 42.2 0.0

H 10 8.4 63.6 28.0 7.4 57.0 35.6 10.9 88.3 0.7 11.1 88.7 0.2
20 17.7 10.5 71.8 18.5 17.3 64.2 38.6 54.4 7.0 40.8 56.2 3.1
30 20.7 1.5 77.8 27.2 8.1 64.7 59.3 33.5 7.2 62.9 34.4 2.7
40 22.7 0.2 77.2 37.9 5.4 56.6 72.5 22.2 5.3 76.0 22.7 1.4
50 23.4 0.1 76.5 41.7 5.1 53.2 83.0 13.0 4.0 85.9 13.2 0.9
75 24.1 0.1 75.7 50.6 8.1 41.2 90.3 7.9 1.8 91.8 8.1 0.1
100 – – – 55.0 9.3 35.7 94.5 4.6 0.9 95.3 4.6 0.1

The relative improvement over the RBS and EQTP heuristics is
calculated as (heur_ofv − ga_version_ofv)/heur_ofv × 100, where
heur_ofv and ga_version_ofv are the objective function values of
the corresponding heuristic (RBS or EQTP) and the appropriate ge-
netic version, respectively. The avg. column provides the relative
improvement calculated with the average of the objective function
values obtained for all the 10 runs. In the best (worst) column, the
relative improvement is calculated using the best (worst) result
among the 10 runs.

The results in the avg. column provide an indication of the relative
improvement we will obtain if the algorithm is executed only once,
while the best column shows the improvement that can be achieved
by performing 10 runs. The worst results are analogous to a lower
bound on the performance of the genetic algorithms. Indeed, even
when executed only once, the genetic algorithms will provide better
results than those in the worst column, since no single seed gives
the worst results for all instances.

The best performance is given by the MA_IN heuristic, closely
followed by the MA algorithm. These two genetic versions are clearly
superior to the best existing procedure, namely the RBS heuristic.
Indeed, these algorithms provide an average relative improvement
over the RBS procedure of about 2–3% (0.8%) for the largest high (low)
variability instances. Also, these two heuristics give better results for
a quite large percentage of the test instances, and are seldom inferior
to the RBS procedure.

The GA_IN heuristic, on average, is somewhat outperformed by
the RBS procedure for the smaller instance sizes. For the medium
and large instances, however, the GA_IN algorithm is superior to
the RBS heuristic. The GA procedure is the worst-performing of the
genetic versions. When the best result over the 10 runs is considered,
this heuristic does provide an improvement over the RBS procedure.
However, the average results are usually inferior to those obtained
with the RBS heuristic.



J.M.S. Valente, J.F. Gonçalves / Computers & Operations Research 36 (2009) 2707 -- 2715 2713

Table 5
Relative improvement over the RBS heuristic for instances with 50 jobs.

Heur. T Low var. High var.

R = 0.2 R = 0.4 R = 0.6 R = 0.8 R = 0.2 R = 0.4 R = 0.6 R = 0.8

GA 0.0 −0.006 −0.013 −0.020 −0.019 −0.554 −0.700 −0.950 −1.130
0.2 6.784 1.062 −0.037 0.131 11.251 −3.144 −4.203 −3.117
0.4 −0.026 −0.112 −0.632 −7.333 0.405 −0.012 −0.493 −6.172
0.6 −0.019 −0.055 −0.159 −0.451 0.202 0.016 −0.182 −0.622
0.8 −0.014 −0.033 −0.049 −0.078 0.055 −0.056 −0.098 −0.127
1.0 −0.008 −0.015 −0.021 −0.030 −0.030 −0.044 −0.052 −0.061

GA_IN 0.0 −0.001 −0.006 −0.011 −0.013 −0.090 −0.120 −0.153 −0.134
0.2 6.801 1.522 0.177 0.258 11.361 2.408 1.955 1.615
0.4 0.003 0.018 0.061 0.759 0.455 0.134 0.117 1.665
0.6 0.000 −0.001 −0.002 −0.003 0.202 0.073 −0.024 −0.188
0.8 −0.001 −0.001 0.000 −0.001 0.037 −0.024 −0.012 −0.006
1.0 −0.001 0.000 0.000 0.000 −0.002 −0.010 −0.006 −0.003

MA 0.0 0.000 0.000 0.002 0.010 0.029 0.104 0.166 0.272
0.2 6.867 1.649 0.292 0.430 12.032 4.003 3.389 3.887
0.4 0.003 0.025 0.096 1.442 0.513 0.336 0.875 8.437
0.6 0.002 0.001 0.001 0.000 0.257 0.153 0.121 0.064
0.8 0.001 0.000 0.000 0.000 0.107 0.034 0.023 0.022
1.0 0.000 0.000 0.000 0.000 0.001 0.002 0.004 0.003

MA_IN 0.0 0.000 0.001 0.004 0.013 0.054 0.130 0.214 0.322
0.2 6.875 1.703 0.338 0.467 12.145 5.190 4.380 4.463
0.4 0.007 0.026 0.097 1.538 0.562 0.381 0.893 8.634
0.6 0.002 0.001 0.001 0.000 0.274 0.156 0.126 0.065
0.8 0.001 0.000 0.000 0.000 0.107 0.034 0.023 0.022
1.0 0.000 0.000 0.000 0.000 0.001 0.002 0.004 0.003

The genetic algorithms also considerably outperform the EQTP
dispatching rule. The MA_IN and GA_IN versions necessarily always
obtain a solution that is better than or equal to the EQTP schedule,
since these procedures include the EQTP sequence in their initial
population. The MA algorithm is also seldom inferior to the EQTP
heuristic. Moreover, these three versions provide a relative improve-
ment of over about 4–5% (1.3%) for the high (low) variability in-
stances, even when the worst result over the 10 runs is considered.
The EQTP rule is outperformed by even the GA procedure, the worst-
performing of the genetic versions. Indeed, with the exception of the
worst result for the low variability instances, the GA version provides
a large relative improvement over the EQTP dispatching heuristic.

The best-performing MA_IN and MA versions are also quite ro-
bust. In fact, the best and worst results over the 10 runs are usually
close. Also, the percentage of instances for which the same objective
function value was obtained for all of the 10 runs is quite high for
these two heuristics.

The performance of the genetic versions is improved by both the
initialization of the first population, and the addition of a local search
procedure. Indeed, the initialization of the first population improves
the results, particularly when no local search is performed. Also, the
use of a local search procedure leads to a substantial improvement,
especially when the initial population is fully random. As previously
mentioned, the best performance is achieved by the MA_IN version,
which uses both initialization and local search.

The improvement given by the genetic algorithms over the ex-
isting heuristics is much larger when the processing time variability
is high. Also, the improvement over the best existing procedure in-
creases with the instance size. Indeed, the best-performing genetic
versions provide an average improvement over the RBS heuristic of
less than about 0.5% for the smallest instances with high variability.
For the largest instances, however, this improvement is over 2.5%.
Also, these genetic versions are quite rarely outperformed by the
RBS procedure for the larger instances.

In Table 5, we present the effect of the, T and R, parameters
on the relative improvement (calculated with the average objective
function value) over the RBS procedure, for instances with 50 jobs.

Table 6
Runtimes (in seconds).

Var. Heur. n = 10 n = 20 n = 30 n = 40 n = 50 n = 75 n = 100

L EQTP 0.000 0.000 0.000 0.000 0.000 0.000 0.001
RBS 0.001 0.004 0.009 0.019 0.033 0.100 0.227
GA 0.012 0.074 0.221 0.492 0.932 3.028 –
GA_IN 0.003 0.015 0.042 0.088 0.158 0.480 1.070
MA 0.003 0.011 0.037 0.089 0.172 0.612 1.617
MA_IN 0.004 0.011 0.033 0.079 0.153 0.545 1.445

H EQTP 0.000 0.000 0.000 0.000 0.000 0.000 0.001
RBS 0.001 0.004 0.009 0.020 0.035 0.109 0.250
GA 0.013 0.080 0.242 0.549 1.051 3.476 –
GA_IN 0.004 0.020 0.052 0.106 0.192 0.593 1.353
MA 0.004 0.013 0.041 0.102 0.203 0.767 2.108
MA_IN 0.004 0.011 0.036 0.089 0.172 0.649 1.790

The relative difference in objective function values is minor when
most jobs are early (T = 0.0), and when a larger number of jobs
are tardy (T�0.6). Actually, when most jobs are tardy (T = 1.0), the
objective function values are quite close for all the heuristics.

The relative difference in objective function values is much larger
for the instances with a tardiness factor of 0.2 or 0.4. In fact, for these
instances, the best-performing MA and MA_IN versions provide a
relative improvement that can be as high as about 12% (6%) for the
high (low) variability problems.

The heuristic runtimes (in seconds) are presented in Table 6; for
the genetic versions, we provide the average runtime (i.e. the average
of the runtimes for each of the 10 runs). As expected, the EQTP
dispatching rule is quite clearly the most efficient of the heuristic
procedures. The RBS procedure is faster than the genetic algorithms.
Nevertheless, the GA_IN, MA and MA_IN versions are still efficient,
since they are capable of solving instances with 100 jobs in less than
about 2 s.

The GA procedure is significantly more computationally de-
manding than the other genetic versions. Indeed, the GA_IN, MA
and MA_IN versions are much faster, even though they perform
an initialization of the first population, and/or use a local search
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procedure. This is due to the lower values required for the pop_mult
and stop_iter parameters, as previously mentioned. Therefore, the
more sophisticated versions not only perform better, but are also
faster, since they require smaller populations and/or a lower number
of iterations without improvement.

The MA_IN version is then the recommended heuristic for
small and medium instance sizes. This procedure provides the best
results, and is relatively efficient. For large problems, however,

Table 7
Comparison with optimum objective function values.

Var. Heur. n = 10 n = 15 n = 20

%dev %opt %dev %opt %dev %opt

L EQTP 1.78 45.58 2.14 34.50 1.83 28.17
RBS 0.02 97.00 0.03 83.17 0.13 73.25
GA 0.20 81.09 0.30 50.83 0.38 29.98
GA_IN 0.03 79.59 0.05 56.53 0.06 44.23
MA 0.01 99.56 0.02 97.31 0.04 91.75
MA_IN 0.00 99.89 0.00 98.41 0.01 95.53

H EQTP 22.14 22.25 16.45 11.92 11.96 8.67
RBS 0.46 88.83 0.89 75.83 0.81 56.83
GA 0.69 68.87 1.26 33.03 1.66 12.58
GA_IN 0.55 60.18 0.89 28.88 0.86 17.48
MA 0.02 98.98 0.09 93.80 0.16 84.37
MA_IN 0.00 99.73 0.03 96.03 0.06 89.33

Table 8
Relative deviation from the optimum for instances with 20 jobs.

Heur. T Low var. High var.

R = 0.2 R = 0.4 R = 0.6 R = 0.8 R = 0.2 R = 0.4 R = 0.6 R = 0.8

EQTP 0.0 0.188 0.087 0.080 0.111 0.661 1.641 2.655 2.640
0.2 17.046 13.555 3.984 2.225 60.069 91.364 26.800 20.544
0.4 0.099 0.127 0.424 5.923 6.336 4.565 13.489 44.532
0.6 0.021 0.017 0.008 0.011 3.969 1.380 1.229 1.876
0.8 0.012 0.007 0.003 0.002 1.677 0.820 0.298 0.247
1.0 0.002 0.001 0.001 0.001 0.035 0.047 0.053 0.055

RBS 0.0 0.000 0.000 0.003 0.007 0.040 0.115 0.279 0.147
0.2 1.857 0.208 0.227 0.266 3.974 4.516 2.308 1.423
0.4 0.012 0.031 0.077 0.505 0.682 0.335 0.718 3.790
0.6 0.003 0.002 0.000 0.000 0.673 0.133 0.057 0.045
0.8 0.000 0.000 0.000 0.000 0.043 0.059 0.001 0.008
1.0 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.000

GA 0.0 0.014 0.022 0.031 0.039 0.418 0.986 1.623 1.620
0.2 0.073 0.256 0.397 0.458 1.013 5.955 7.442 6.676
0.4 0.043 0.182 0.741 5.253 0.243 0.424 1.469 9.291
0.6 0.031 0.106 0.236 0.737 0.148 0.256 0.451 0.853
0.8 0.023 0.054 0.086 0.127 0.101 0.144 0.206 0.229
1.0 0.013 0.025 0.037 0.058 0.050 0.082 0.086 0.107

GA_IN 0.0 0.010 0.009 0.019 0.022 0.191 0.317 0.515 0.529
0.2 0.038 0.200 0.236 0.341 0.749 3.215 3.761 3.581
0.4 0.011 0.020 0.057 0.460 0.240 0.390 1.058 4.114
0.6 0.009 0.007 0.004 0.004 0.161 0.228 0.320 0.641
0.8 0.004 0.003 0.002 0.001 0.094 0.175 0.134 0.135
1.0 0.001 0.001 0.000 0.001 0.012 0.029 0.030 0.034

MA 0.0 0.001 0.004 0.004 0.008 0.025 0.075 0.129 0.114
0.2 0.142 0.125 0.192 0.101 0.338 0.993 0.992 0.578
0.4 0.029 0.045 0.013 0.325 0.108 0.086 0.114 0.267
0.6 0.001 0.000 0.000 0.000 0.031 0.023 0.002 0.000
0.8 0.000 0.000 0.000 0.000 0.002 0.001 0.000 0.000
1.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

MA_IN 0.0 0.000 0.000 0.001 0.000 0.015 0.027 0.026 0.030
0.2 0.009 0.058 0.045 0.049 0.098 0.343 0.453 0.255
0.4 0.000 0.001 0.003 0.038 0.026 0.015 0.036 0.145
0.6 0.000 0.000 0.000 0.000 0.008 0.002 0.001 0.000
0.8 0.000 0.000 0.000 0.000 0.002 0.000 0.000 0.001
1.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

a genetic algorithm approach will require excessive time. The RBS
procedure can be applied to slightly larger instances than the genetic
algorithms, but for the quite large problems only the EQTP dispatch-
ing heuristic will be able to provide results in reasonable computa-
tion times.

3.3. Comparison with optimum results

In this section, we compare the heuristic procedures with the op-
timum objective function values, for instances with up to 20 jobs.
Table 7 gives the average of the relative deviations from the opti-
mum (%dev), calculated as (H − O)/O × 100, where H and O are the
heuristic and the optimum objective function values, respectively.
The percentage number of times each heuristic generates an opti-
mum schedule (%opt) is also provided.

The MA_IN and MA versions perform extremely well. Indeed,
the relative deviation from the optimum is quite small (usually less
than 0.1%) for these heuristics. Also, these procedures provide an
optimum solution for over 90% (and in some cases nearly all) of the
test instances. The GA_IN, GA and RBS algorithms also provide good
results, although inferior to those of the MA_IN and MA heuristics.
The EQTP dispatching rule, on the other hand, is clearly outperformed
by the other heuristic procedures.

The heuristics perform better when the processing time vari-
ability is low. This is particularly clear for the worst-performing
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heuristics (EQTP, RBS, GA and GA_IN). In fact, for low variability in-
stances, the RBS procedure provides objective function values that
are less than 0.2% above the optimum, and also generates an opti-
mum solution for over 70% of the instances. Even the EQTP dispatch-
ing rule is only about 2% above the optimum. For instances with high
variability, however, the performance deteriorates somewhat for the
RBS algorithm, and quite considerably for the EQTP rule.

These results are in line with those presented in the previous
section for the relative improvement provided by the genetic algo-
rithms. Indeed, the relative improvement was lower (higher) for the
instances with low (high) variability. This is in accordance with the
results given in Table 7, since there is more room for improvement
over the existing heuristics when the variability is high.

In Table 8, we present the effect of the T and R parameters on
the relative deviation from the optimum, for instances with 20 jobs.
The heuristics are closer to the optimum when most jobs are early
(T=0.0), and when a larger number of jobs are completed after their
due dates (T�0.6). Indeed, when most jobs are tardy (T = 1.0), all
the heuristic procedures are usually optimal or nearly optimal.

The relative deviation from the optimum is larger for the in-
stances with T =0.2 or 0.4. The performance improvement provided
by the MA_IN and MA heuristics is much clearer for these instances.
In fact, for these instances, the relative deviation from the optimum
for the RBS algorithm can be as high as about 4% (2%) for the in-
stances with high (low) variability. For the MA_IN procedure, the
relative deviation does not exceed 0.5% and 0.06% for the high and
low variability instances, respectively. Again, these results are in line
with those previously presented in Table 5.

4. Conclusion

In this paper, we presented a genetic approach for the single ma-
chine scheduling problem with linear earliness and quadratic tar-
diness costs, and no machine idle time. Several genetic algorithms
based on this approach were presented. These versions differ on the
generation of the initial population, as well as on the use of local
search.

Initial experiments were first performed, in order to determine
appropriate values for the parameters required by the genetic algo-
rithms. The proposed procedures were then compared with existing
heuristics, as well as with optimal solutions for the smaller instance
sizes.

TheMA_IN andMA genetic versions provided the best results, and
are clearly superior to the existing procedures. These heuristics are
also quite close to the optimum, and provided an optimal solution
for over 90% (and in some cases nearly all) of the test instances. The
improvement in performance provided by the genetic algorithms is
larger for the more difficult instances, i.e. instances with high vari-
ability and/or a tardiness factor of 0.2 or 0.4. Also, the improvement
over the best existing procedure increases with the instance size.

The performance of the proposed genetic approach was improved
by both the initialization of the first population, and the addition of
a local search procedure. Indeed, the MA_IN, MA and GA_IN versions
not only providedmuch better results than the GA heuristic, but were
also much faster. The additional time required by the population ini-
tialization and/or the local search procedure is more than offset by
the fact that the more sophisticated versions require smaller popu-
lations and/or a lower number of iterations without improvement.

The MA_IN genetic algorithm is then recommended for small and
medium instance sizes. Indeed, this procedure provided the best re-
sults, and can solve medium size problems within reasonable com-
putation times. The RBS procedure can be applied to slightly larger
instances than the genetic algorithms, but for the quite large prob-
lems only a dispatching heuristic, such as the EQTP rule, can provide
results in reasonable computation times.
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