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a b s t r a c t

The consequences of regulatory T cell (Treg) inhibition of interleukine 2 secretion are
examined by mathematical modelling. We determine the analytic formula that describes
the fine balance between Regulatory T cells and T cells at controlled and immune response
equilibrium states. We demonstrate that cytokine dependent growth exhibits a quorum T
cell population threshold that determines if immune responses develop on activation. We
determine the analytic formulas of T cell proliferation thresholds that allow us to study the
sensibility of the quorum growth thresholds controlling immune responses.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Regulatory T cells, or Tregs, have emerged over the last decade as a fundamental component of the T cell repertoire,
being generated in the thymus under positive selection by self-peptides [1].

In [2], it is proposed a dynamical model to explain how the delicate balance between appropriate immune activation and
immune response suppression is achieved. In [3] we present analytic formulas that are used to study the biological effect of
each parameter in the model. In this paper, we prove the above-mentioned results. The analytic formula describing the fine
balance between Regulatory T cells and T cells at controlled and immune response equilibrium states allows us to study
geometrically the sensitivity of the equilibria with the parameters. When the antigenic stimulation b of T cells rises above
the threshold bH control is lost and autoimmunity arises. After an autoimmune response, the control state is recoveredwhen
the stimulation falls below a lower threshold bL. This phenomenon is due to the equilibria manifold being a hysteresis. The
transition between one state and the other results from a sudden change of the dynamics. The antigenic thresholds bL and
bH of T cells bound the biphasic behavior of our immune response model. This means that we have two stable regions.
Connecting the two stability regions there is an unstable manifold. A cross section of the equilibria manifold is an s shaped
curve (see Fig. 3) usually designated hysteresis. Some parameters unfold the hysteresis of the antigenic stimulation of T
cells at a cusp. Here, we present an explicit condition for the appearance of a cusp bifurcation. This is a biologically relevant
property of themodel because the number of stable and unstable equilibria changes when the hysteresis unfolds with those
parameters.
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Fig. 1. Model schematic showing growth, death and phenotype transitions of the Treg populations R, R∗ , and autoimmune T cell T , T ∗ populations.
Cytokine dynamics are not shown: IL-2 (denoted I) is secreted by activated T cells T ∗ , adsorbed by all the T cell populations equally, cytokine J is produced
from a tissue source and adsorbed by Tregs only.
Source: Reproduced from [2].

2. Theory

The model in [2] uses a population of Tregs and conventional T cells with processes shown schematically in Fig. 1. Both
populations require antigenic stimulation for activation. Levels of antigenic stimulation are denoted a and b for Tregs and
conventional T cells respectively. Tregs are activated by self-antigens from an inactive state, denoted R, to an active state
R∗. The IL-2 secreting T cells are denoted T ∗ and the non-secreting T cells are denoted T . On activation conventional T cells
secrete IL-2 and acquire proliferative capacity in the presence of IL-2. Tregs also proliferate in the presence of IL-2 although
less efficiently than normal T cells [4], and they do not secrete IL-2. The model uses a generic mechanism that utilizes a
cytokine (denoted J), analogous to interleukine 7 which is known to homeostatically regulate memory T cells [5]. Finally,
we include an influx of (auto) immune T cells into the tissue (Tinput), which can represent T cell circulation or naive T cell
input from the thymus.

Themodel consists of a set of ordinary differential equations that is employed to study the dynamics, with a compartment
for each T cell population (inactive Tregs R, active Tregs R∗, non-secreting T cells T , secreting activated T cells T ∗),
interleukine 2 density I and the homeostatic Treg cytokine J:

dR
dt

= (ϵρ(I + J) − β(R + R∗
+ T + T ∗) − d̂)R + k̂(R∗

− aR),

dR∗

dt
= (ϵρ(I + J) − β(R + R∗

+ T + T ∗) − d̂)R∗
− k̂(R∗

− aR),

dJ
dt

= σ̂ (S − (α̂(R + R∗) + δ̂)J),

dT
dt

= (ρI − β(R + R∗
+ T + T ∗) − d)T + k(T ∗

− bT + γ R∗T ∗) + Tinput,

dT ∗

dt
= (ρI − β(R + R∗

+ T + T ∗) − d)T ∗
− k(T ∗

− bT + γ R∗T ∗),

dI
dt

= σ(T ∗
− (α(R + R∗

+ T + T ∗) + δ)I). (1)

Parameters are defined in Table 1. Our model has components that have been used in previous models, for instance
cytokine dependent growth [11,12], cytokine kinetics [13], Fas–FasL mediated death [14], and positive feedback of T cells
on Tregs [15,16], in model [2] this is explicitly through IL-2. The important aspects of this model are a mechanism to sustain
a population of Tregs, secretion inhibition of T cells with a rate that correlates with Treg population size, and growth and
competition for IL-2 with a higher growth rate of T cells relative to Tregs.

3. The fine balance between Tregs and T cells

We study the equilibria of the immune system in a neighbourhood of the default values for the parameters and variables.
The concentration of T cells varies between a minimum and a maximum value. The minimum value corresponds to the
homeostasis concentration of T cells Thom, i.e. when there is no antigenic stimulation of T cells (b = 0). The maximum value
is called the capacity of T cells Tcap, and is obtained for high levels of antigenic stimulation of T cells (b = +∞). Using
Theorem 2, the values Thom and Tcap are implicitly determined as zeros of a polynomial. In particular, for the default values
of the parameters, these values are given by Thom = 9.6 × 102 cells/ml and Tcap = 9.7 × 106 cells/ml. When the system
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Table 1
Model parameters.
Source: Reproduced from [2].

Parameter Symbol Range Value

T cell T , T ∗

T cell maximum growth ratea ρ/α <6 day−1 4 day−1

Death rate of T cells d = d̂ 0.1–0.01 day−1 0.1 day−1

[6]
Capacity of T cellsb ρ/(αβ) 106–107 cells/ml 107 cells/ml

[7]
Input rate Tinput 0–104 cells/ml/day 0, 100 cells/ml/day
Secretion reversion (constant)c k hours–days 0.1 h−1

Antigen stimulation level bk 0.001–200 × ak̂ Bifurcation parameter

Tregs R, R∗

Growth rate ratio Treg : T ϵ <1 0.6
Homeostatic capacity Rhom (ϵρS/d̂ − δ̂)/α̂ 10–105 cells/ml 104 cells/ml
Relaxation rate k̂ hours–days 0.1 h−1

Death rate ratio Treg : T d̂/d 1
Treg antigen stimulation level ak̂ 0–10 per day 1 per day
Secretion inhibitiond γ 0.1–100 ×R−1

hom 10 R−1
hom

Cytokines

Max. cytokine concentratione 1/α 100–500 pM 200 pM
IL-2 secretion rate σ f0.07, 2 fgrms h−1 106 molecules s−1 cell−1

[8]
Relative adsorbance J to IL-2 σ̂ α̂/σα <1 0.1
Relative secretion rate of J σ̂ /σ <1 0.01
Cytokine decay rate σδ = σ̂ δ̂ hours–days 1.5 h−1

[9]
a Minimum duration of SG2M phase αρ−1

≈ 3 h.
b Maximum T cell density for severe infections (based on LCMV).
c This is in absence of Tregs.
d This is in terms of the homeostatic Treg level Rhom which we set to 104 cells/ml..
e This is taken as 20 times the receptor affinity (10 pM [10]).
f Naive and memory cells respectively. This corresponds to 3000–105 molecules per h, IL-2 mass 15–18 kDa.

is at equilibrium, we present, in Theorem 1, the relation between the concentration of T cells and the concentration of the
Tregs for values of the concentration of T cells between Thom and Tcap (see Fig. 2).

Let Y1, Y2, Y3 be the following polynomials

Y1(x) = −α̂C(x) − βδ̂B(x)
Y2(x) = 2α̂βB(x)
Y3(x) = Y 2

1 (x) − 2(δC(x) − ϵρSx)Y2(x),

where B(x) = (1 − ϵ)x and C(x) = ϵTinput + B(x)(βx + d).
Let X1, X2, X3 be the following polynomials

X1(y) = B̂Ĉ(y)D̂(y) − ϵρS

X2(y) = −2βB̂Ĉ(y)

X3(y) = X2
1 (y) − 2ϵTinputĈ(y)X2(y),

where B̂ = 1 − ϵ and Ĉ(y) = α̂y + δ̂, and D̂(y) = βy + d.
Let x = T + T ∗ be the total concentration of T cells and y = R + R∗ be the total concentration of Tregs.

Theorem 1. When the system is at equilibrium, the concentration of Tregs y = R + R∗ is given by the Treg curve

y = Y (x) =
Y1(x) +

√
Y3(x)

Y2(x)
, (2)

where x = T + T ∗ is the total concentration of T cells. Conversely, the concentration of T cells x(y) is either determined by

x = X−(y) =
X1(y) −

√
X3(y)

X2(y)
or (3)

x = X+(y) =
X1(y) +

√
X3(y)

X2(y)
. (4)
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Fig. 2. A: The equilibria manifold for Thymic inputs Tinput ∈ [1, 10 000]. Low values of b are darker and higher values are lighter. B: Cross section of the
equilibria manifold for Tinput = 100. It illustrates Theorem 1, showing the total concentration of Tregs y(x) = R+R∗ as a function of the total concentration
of T cells x = T + T ∗ . The parameters are at their default values.

See proof of Theorem 1 in Appendix. For simplicity of notation we write y(x) instead of y = Y (x). We also write x(y)
when either x = X−(y) or x = X+(y) should be used.

The maximum concentration Rmax of Tregs is a zero of a fourth order polynomial X3(y) and, so, Rmax has an explicit
solution. In particular, for the default values of the parameters, the maximum concentration Rmax of Tregs is given by
Rmax = 2.1 × 104 cells per ml, and the corresponding concentration of T cells is given by x(Rmax) = 1.9 × 104 cells per ml.
The minimum concentration Rmin of Tregs is given by Rmin = 156 cells per ml, and the corresponding concentration of T
cells is given by Tcap = 9.7 × 106 cells per ml.

4. The equilibria manifold

When the system is at equilibrium, we obtain the level of the antigenic stimulation b(x, y(x)) of T cells from the
concentration x of the T cells, using the auxiliary Treg curve y(x) (see Theorem 1 and Fig. 3). Let the antigen function b(x, y)
be given by

b(x, y) =
ϕ(x, y)(kx(1 + γ Ay) + Tinput)

k(1 − ϵ)ρx3(α̂y + δ̂) − kxϕ(x, y)
, (5)

where A = a/(1 + a) and ϕ(x, y) = (ϵρSx − Tinput(α̂y + δ̂))(α(x + y) + δ).

Theorem 2. Let b(x, y) be the antigen function, and let x(y) and y(x) be as in Theorem 1. The level of the antigenic stimulation
of T cells is given by b(x, y(x)), or, equivalently, by b(x(y), y), when the system is at equilibrium (stable or unstable). Conversely,
given an antigenic stimulation level b of T cells, the concentration x of T cells and the concentration y of Tregs are zeros of the
twelfth order polynomials that can be explicit constructed.

See proof of Theorem 2 in Appendix.
In Theorem 3, we obtain the level of the antigenic stimulation of T cells from the concentration x of the T cells, for the

simplified model without Tregs (see Fig. 3D). Let b̃(x) be the antigen function in the absence of Tregs given by

b̃(x) =
(αx + δ)(kx + Tinput)(βx2 + dx − Tinput)
kx(ρx2 + (Tinput − βx2 − dx)(αx + δ))

. (6)

Theorem 3. Let us consider the simplified model with the concentration of Tregs equal to zero (i.e. y = 0). The level of the
antigenic stimulation of T cells is given by b̃(x), when the system is at equilibrium (stable or unstable). Conversely, given an
antigenic stimulation level b, the concentration x of T cells is a zero of the fourth order polynomial that can be explicit constructed.

See proof of Theorem 3 in Appendix.

5. Sensibility of the antigenic thresholds

When the system is at equilibrium, the threshold values of antigen stimulation bL and bH of T cells are determined using
zeros of a polynomial. The antigen threshold function V (x, y, z) is equal to V6(y, z)x6 + · · · + V0(y, z), where the functions
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Fig. 3. The hysteresis of the equilibria manifold for Thymic inputs Tinput ∈ [1, 10 000], with the other parameters at their default values. These figures
show the relation between the antigenic stimulation level b, the concentration of T cells x = T + T ∗ , and the concentration of Tregs y = R + R∗ . The
hysteresis unfolds for high values of the parameter Tinput . A: Low values of y = R+ R∗ are darker and higher values are lighter. B: Low values of x = T + T ∗

are darker and higher values are lighter. C: Cross section of the equilibria manifold for Tinput = 100, illustrating Theorem 2, with the concentration of T
cells x (black solid line) and the concentration of Tregs y (red dashes). D: Cross section of the equilibria manifold for Tinput = 100, illustrating Theorem 3,
with the concentration of T cells x (blue dashes) for the simplified model without Tregs. We also show the concentration of T cells x (black solid line) from
Theorem 2.

V0(y, z), . . . , V6(y, z) are given by the polynomials
V0(y, z) = kC2F 2T 3

input

V1(y, z) = 2kCFT 2
inputH

V2(y, z) = kTinput(H2
+ CFTinput(3ρCE − γ ACFkz − 2αG))

V3(y, z) = kTinput(2FG(αG − ρCE + γ BCFkz) + 2ρCEFk(1 + γ Ay) − αCTinput(2γ AFkz + ρEz − 2ρE + 2αG))

V4(y, z) = k(C(−G(ρE(αTinput(1 − z) + kF(1 + γ Ay)) − 4kzαγ AFTinput) − kCTinput(αρE(z − 1)(1 + γ Ay)
+ zγ A(ρEF + α2Tinput))) + G(−kzγ BF 2G + α2GTinput − ρzα̂EFTinput))

V5(y, z) = ρGk(γ BFk(δ̂ρE − 2αG) + ρE(kαC(1 + γ Ay) − kα̂F − αα̂Tinput))z

V6(y, z) = αGk2(−αγ AG + Eρ(γ δ̂A − α̂))z,

where A = a/(1 + a), B = βδ − αd, C(y) = α̂y + δ̂,D(y) = βy + d, E = 1 − ϵ, F(y) = αy + δ,G = ϵρS and
H(y) = αC(y)Tinput − F(y)G.

Theorem 4. When the system is at equilibrium, a threshold of the antigenic stimulation bM of T cells exists, if and only if, there is
a zero xM ∈ [Thom, Tcap] of the antigen threshold function V (x, y(x), y′(x)). This zero is such that bM = b(xM , y(xM)), where M ∈

{L,H}. The equality V (x, y(x), y′(x)) = 0 is equivalent to Ṽ (x) = 0, where Ṽ (x) is a polynomial that can be explicit constructed.

See proof of Theorem 4 in Appendix.
For the parameters that unfold the hysteresis, the antigenic thresholds bL and bH form a cusp. The cusp bifurcation at the

antigenic stimulation bC of T cells is an origin of the unfold of the hysteresis, with respect to a parameter, and, so, biologically
relevant. The concentration xC of the T cells corresponding to levels of the antigenic stimulation bC = b(xC , y(xC )) satisfies
the following equalities

V (x, y(x), y′(x)) = 0 and

W (x, y(x), y′(x), y′′(x)) = 0, (7)
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A B C

Fig. 4. Dependence of the thresholds with the Thymic input parameter Tinput ∈ [1, 650] with the other parameters at their default values. The model with
Tregs is with bold lines and the simplified model without Tregs is with dotted lines. A: The thresholds of the antigenic stimulation bL (dark blue) and bH
(light green). B: The concentration x(bL) (dark blue) of T cells and the concentration x(bH ) (light green) of T cells. C: The concentration y(bL) (dark blue) of
Tregs and the concentration y(bH ) (light green) of Tregs. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

where

W (x, y, z, v) =

n−
i=1

Vi(y, z)
xi−1

i
+

n−
i=0

∂Vi(y, z)
∂y

xiz +
∂Vi(y, z)

∂z
xiv.

In Fig. 4, the antigenic thresholds bH and bL and the ratio bH/bL decrease with Tinput. The cusp bC occurs at Tinput ≈

650 cells per ml, unfolding the hysteresis. When Tinput gets close to the value 10.34 cells per ml the threshold bH tends
to infinity. The concentration x(bL) of T cells decreases and the concentration x(bH) of T cells increases with Tinput. The con-
centration y(bL) of Tregs increaseswith Tinput and the concentration y(bH) of Tregs has amaxima for Tinput ≈ 500 cells perml.

6. Discussion

In this paper, we examined a mechanism proposed in [2] of Treg control of immune responses through regulation of
cytokine dependent T cell proliferation. In Theorem 1, we determine the analytic formula that describes the fine balance
between Regulatory T cells and T cells at controlled and immune response equilibrium states. In Theorem 4, we determine
the explicit formula of these threshold mechanism.

If antigenic stimulation rises above the threshold bH , control is lost and autoimmunity arises. Note that even if the
antigenic stimulation level b falls to the original value, at which control was originally achieved, control may not be
reacquired. Control is only attained if stimulation falls below the second threshold bL. This phenomena, termed hysteresis, is
common in many physical and biological systems. In Theorems 2 and 3, we exhibit the unfolding of the equilibria manifold
using the explicit formula for the antigenic stimulation b(x, y(x)) presented here.

In [3], we observed that the hysteresis is unfold for low values of the secretion rate of cytokine J (parameter S), for low
values of the growth rate ratio between Tregs and T cells (parameter ϵ), for low growth rates (parameter ρ), and for high
thymic inputs (parameter Tinput). These results are proven using Theorem 4 and Eq. (7) of this paper. As we change the
parameters towards the point where a cusp bifurcation occurs and the hysteresis is unfold, we observe that the thresholds
bL and bH decrease. Hence, there is a drastic change in the dynamical behavior, resulting in an immune response occurring
at lower antigenic stimulation of T cells. Therefore, the likelihood of autoimmunity is increased.

We observe two distinct causes for the unfold of the hysteresis: low homeostatic concentrations of Tregs or high
homeostatic concentration of T cells. A consequence of low values of the secretion rate of cytokine J (parameter S) or low
values of the growth rate ratio between Tregs and T cells (parameter ϵ) is the presence of Tregs in low numbers (or even
absent). This leads to different characteristics of the equilibria manifold (see Fig. 3D). For low growth rates (parameter ρ)
we observe that the Tregs are more affected since they proliferate at a lower rate than T cells. Hence, the T cells dominate
the dynamic behavior and, for the values of the parameters we are using, the hysteresis is unfold. High values of the thymic
input (parameter Tinput) result in higher homeostatic values of the concentration of T cells, blurring the distinction between
controlled state and immune response state.

The presence of a cusp bifurcation allows another way of switching between a controlled state and an immune response
state. If we consider that the parameter values slowly change in time (for example during puberty), a parametermay achieve
a value that unfolds the hysteresis and be changed back to a value near its initial value. As a result, we would observe a
controlled state being driven to (or from) an (auto)immune state.
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Appendix

Proof of Theorem 1. At equilibrium we have that:

σ̂ (S − (α̂y + δ̂)J) = 0, (8)

σ(T ∗
− (α(x + y) + δ)I) = 0 (9)

(ϵρ(I + J) − β(x + y) − d)R + k̂(R∗
− aR) = 0, (10)

(ϵρ(I + J) − β(x + y) − d)R∗
− k̂(R∗

− aR) = 0, (11)

(ρI − β(x + y) − d)T + k(T ∗
− bT + γ R∗T ∗) + Tinput = 0 (12)

(ρI − β(x + y) − d)T ∗
− k(T ∗

− bT + γ R∗T ∗) = 0. (13)

From (8), we get

J =
S

α̂y + δ̂
. (14)

From (9), we have

T ∗
= I(α(x + y) + δ). (15)

Adding (10) and (11), we obtain

ϵρ(I + J) − β(x + y) − d = 0 (16)

(or y = 0).
Subtracting (11) from (10), we get

(ϵρ(I + J) − β(x + y) − d)(R − R∗) + 2k̂(R∗
− aR) = 0. (17)

From (16) and (17), we have

R∗
= aR. (18)

Let A = a/(a + 1). From (18), we get

R∗
= Ay. (19)

Adding (12) and (13), we obtain

ρI − β(x + y) − d +
Tinput
x

= 0 (20)

(or x = 0).
Subtracting (20) from (16), we get

ϵρJ − (1 − ϵ)ρI −
Tinput
x

= 0. (21)

Subtracting (13) from (12), we have

(ρI − β(x + y) − d)(T − T ∗) + 2k(T ∗
− bT + γ R∗T ∗) + Tinput = 0. (22)

From (20) and (22), we have

T ∗(kx(1 + γ R∗) + Tinput) = kxbT . (23)
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From (23), we get

T ∗
=

kbx2

kx(1 + b + γ R∗) + Tinput
. (24)

From (19) and (24), we obtain

T ∗
=

kbx2

kx(1 + b + γ Ay) + Tinput
. (25)

From (15) and (25), we get

I(α(x + y) + δ) =
kbx2

kx(1 + b + γ Ay) + Tinput
. (26)

Replacing (14) and (26) in (21), we have

ϵρS

α̂y + δ̂
−

(1 − ϵ)ρkbx2

(α(x + y) + δ)(kx(1 + b + γ Ay) + Tinput)
−

Tinput
x

= 0. (27)

Replacing (26) in (20), we obtain

ρkbx2

(α(x + y) + δ)(kx(1 + b + γ Ay) + Tinput)
− β(x + y) − d +

Tinput
x

= 0. (28)

From (28), we get

ρkb
(α(x + y) + δ)(kx(1 + b + γ Ay) + Tinput)

= β(x + y) + d −
Tinput
x

. (29)

Replacing (29) in (27), we have

ϵρS

α̂y + δ̂
− (1 − ϵ)


β(x + y) + d −

Tinput
x


−

Tinput
x

= 0. (30)

From (30), we obtain

xϵρS − (1 − ϵ)(β(x + y)x + dx − Tinput)(α̂y + δ̂) − Tinput(α̂y + δ̂) = 0, (31)

which, solving (31) for y and considering only the positive root, proves equality (2). �

Proof of Theorem 2. From (21), we have

I(1 − ϵ)ρx = Jϵρx − Tinput. (32)

Replacing (14) in (32), we get

I =
ϵρSx − Tinput(α̂y + δ̂)

(1 − ϵ)ρx(α̂y + δ̂)
. (33)

Replacing (33) in (26), we obtain

(ϵρSx − Tinput(α̂y + δ̂))(α(x + y) + δ) =
(1 − ϵ)ρkbx3(α̂y + δ̂)

kx(1 + b + γ Ay) + Tinput
. (34)

Hence, solving (34) for b, we prove equality (5). �

Proof of Theorem 3. At equilibrium we have that:

σ(T ∗
− (αx + δ)I) = 0, (35)

(ρI − βx − d)T + k(T ∗
− bT ) + Tinput = 0, (36)

(ρI − βx − d)T ∗
− k(T ∗

− bT ) = 0. (37)

From (35), we have

T ∗
= I(αx + δ). (38)
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Adding (36) and (37), we obtain

ρI − βx − d +
Tinput
x

= 0 (39)

(or x = 0).
Subtracting (37) from (36), we have

(ρI − βx − d)(T − T ∗) + 2k(T ∗
− bT ) + Tinput = 0. (40)

From (39) and (40), we have

T ∗(kx + Tinput) = kxbT . (41)

From (41), we obtain

T ∗
=

kbx2

kx(1 + b) + Tinput
. (42)

From (38) and (42), we get

I(αx + δ) =
kbx2

kx(1 + b) + Tinput
. (43)

From (20), we have

I =
βx2 + dx − Tinput

ρx
. (44)

Finally, from (43) and (44), we get

b̃(x) =
(αx + δ)(kx + Tinput)(βx2 + dx − Tinput)
kx(ρx2 + (Tinput − βx2 − dx)(αx + δ))

. � (45)

Proof of Theorem 4. By equality (5), we have that b(x, y) = N(x, y)/D(x, y), where N and D are the following cubic poly-
nomials in x and y

N(x, y) = (ϵρSx − Tinput(α̂y + δ̂))(α(x + y) + δ)(kx(1 + γ Ay) + Tinput)

D(x, y) = k(1 − ϵ)ρx3(α̂y + δ̂) − kx(ϵρSx − Tinput(α̂y + δ̂))(α(x + y) + δ).

If Tinput > 0, the points xL and xH exist if and only if, the function db(x, y(x))/dx have two distinct positive zeros. The
values xL and xH are these zeros. If Tinput = 0, the point xL exists if and only if, the function db(x, y(x))/dx has one posi-
tive zero. Furthermore, xL is such zero. From Eq. (5), we have that b(x, y) = N(x, y)/D(x, y), with N(x, y) and D(x, y) cubic
polynomials in x and y. Hence, db(x, y(x))/dx is equal to V (x, y(x), y′(x)) where

V (x, y, z) =
∂N(x, y)

∂x
D(x, y) − N(x, y)

∂D(x, y)
∂x

+


∂N(x, y)

∂y
D(x, y) − N(x, y)

∂D(x, y)
∂y


z.

Since

∂N(x, y(x))
∂x

= ϵρSVW + αUV + kUW (1 + γ Ay)

∂N(x, y(x))
∂y

= −α̂VWTinput + αUV + kxγ AUW

∂D(x, y(x))
∂x

= −kUW − kxϵρSW − kxαU + 3kρ(1 − ϵ)(α̂y + δ̂)x2

∂D(x, y(x))
∂y

= kxα̂WTinput − kxαU + kα̂ρ(1 − ϵ)x3

where U(x, y) = ϵρSx − Tinput(α̂y + δ̂), V (x, y) = kx(1 + γ Ay) + Tinput and W (x, y) = α(x + y) + δ, we get that the
expression V (x, y, z) for the antigen threshold function follows. �
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