
An Empirical Methodology to Analyze

the Behavior of Bagging
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Abstract. In this paper we propose and apply a methodology to study
the relationship between the performance of bagging and the charac-
teristics of the bootstrap samples. The methodology consists of 1) an
extensive set of experiments to estimate the empirical distribution of
performance of the population of all possible ensembles that can be cre-
ated with those bootstraps and 2) a metalearning approach to analyze
that distribution based on characteristics of the bootstrap samples and
their relationship with the complete training set. Given the large size of
the population of all ensembles, we empirically show that it is possible
to apply the methodology to a sample. We applied the methodology to
53 classification datasets for ensembles of 20 and 100 models. Our results
show that diversity is crucial for an important bootstrap and we show
evidence of a metric that can measure diversity without any learning
process involved. We also found evidence that the best bootstraps have
a predictive power very similar to the one presented by the training set
using naive models.
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1 Introduction

Bagging is an ensemble learning technique that allows to generate multiple pre-
dictive models and aggregate their output to provide a final prediction [1]. Typ-
ically, the aggregation function is the mean (if the outcome is a quantitative
variable) or the mode (if the outcome is a qualitative variable). The models are
built by applying a learning algorithm to bootstrap replicates of the learning
set. Empirical studies show that bagging is able to reduce the error in compar-
ison with single models and is very competitive with other ensemble learning
techniques [2].

In this paper, we propose and apply a methodology to study the performance
of the bagging algorithm. We investigate the reasons that affect the influence of a
bootstrap (and corresponding model) in the space of sub-ensembles. For that, we
compute specific bootstrap characteristics. These measures are then compared
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with the importance of a bootstrap1 on the predictive performance of ensembles
that include the model generated by applying a learning algorithm to it.

Our study is based on Metalearning (MtL) techniques. MtL is the study of
principled methods that exploit metaknowledge to obtain efficient models and
solutions by adapting machine learning and data mining processes [3]. We aim
to gain knowledge about the performance and intrinsic behavior of the bagging
algorithm. So, we use MtL in a descriptive approach instead of the more typical
predictive framework. For that, we adapted several metafeatures already pro-
posed in the literature [4, 5] and we also introduce some new ones that are very
specific of our problem domain.

We tested our proposed methodology empirically by executing experiments
with 53 classification datasets collected from the UCI repository [6]. For each
dataset, we generated bagged ensembles of decision trees with 20 and 100 models.
We were able to generate and test all possible combinations of the ensembles with
20 models. However, for computational reasons, we were forced to sample the
number of combinations tested for ensembles with 100 models. We present results
that indicate the validity of this sampling procedure. All the insights collected
from the metadata describing ensembles with 100 models are compared with the
20 models case. This allowed a validation of our sampling procedure.

Given the descriptive aim of our work, we used standard exploratory data
analysis procedures to extract knowledge from the metadata that we generated.
The main contributions of this paper are: 1) a methodology based on an extensive
experimental procedure and on MtL for empirically studying the performance of
bagging; 2) new metafeatures that characterize the relationship between boot-
strap samples and the complete training data; 3) an exploratory MtL approach
using visualization and a statistical method applied to UCI datasets, yielding
interesting observations concerning the relationship between the characteristics
of the bootstrap sample and the performance of the bagging ensemble.

This paper is organized as follows. Section 2 describes the related work in the
field of ensemble learning particularly focused on the bagging algorithm. Sec-
tion 3 presents the empirical methodology for studying ensembles and a study
of the representativeness of the results obtained by sampling from all the pos-
sible ensembles with 100 models. Section 4 describes the MtL approach used in
this work as well as the metafeatures. In Section 5, we present the descriptive
study on the characteristics of a bootstrap and its importance on the predictive
performance of an ensemble. Finally, Section 6 concludes the paper with some
final remarks and future work.

2 Related Work

Several papers propose theoretical frameworks that provide important insights
on the effectiveness and reasons behind the success of bagging. Breiman [1]
argued that aggregating can transform good predictors into nearly optimal ones,

1 We define an important bootstrap as a bootstrap which its correspondent model
belongs to the best combinations of tested ensembles in terms of performance.
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highlighting however the importance of using unstable learners (small variations
in the training set must generate very distinct models [7]).

Friedman [8] related bagging with the bias and variance decomposition of the
error. Shortly, the error is split into two components: bias, associated with the
intrinsic error of the learner generalization ability; and variance, associated with
the error assigned to the variation in the model from one bootstrap to another.
In the context of bagging, Friedman claimed that the variance component is
reduced (because of the bootstrapping procedure) without changing the bias.

Domingos [9] presented two alternative hypotheses for the success of bagging:
although rejecting the possibility of approximation to the optimal procedure of
Bayesian model averaging with an appropriate implicit prior probability distri-
bution, he proved that bagging works effectively because it shifts the prior to
a more appropriate region of model space. However, Domingos recognized one
important fact: none of the above frameworks relate the success of bagging with
the domain characteristics.

Friedman and Hall [10] confirmed Breiman’s claim by showing that bagging is
most successful when used with highly nonlinear estimators such as decision trees
and neural networks. In this study they also found evidence that sub-sampling
is virtually equivalent to traditional bootstrap sampling. Bühlmann and Yu [11]
provided theoretical explanations of the same claim.

Grandvalet [12] provided an interesting study in which he found that bagging
equalizes the influence of examples in a predictor. Bootstrapping a dataset im-
plies that fewer examples have a small influence, while the highly influential ones
are down-weighted. The author claims that bagging is useless when all examples
have the same influence on the original estimate, is harmful when high impact
examples improve accuracy, and is otherwise beneficial.

For the ensemble learning literature, it is important to gain understanding of
ensembles performance. One way to understand the behavior of learning pro-
cesses is MtL. Some papers use MtL in a more descriptive manner with the
intention of extracting interesting and useful knowledge of a specific domain.
Kalousis et al. [13] used MtL for a meta-descriptive symmetrical study in which
they found similarities among classification algorithms and datasets. In another
domain, Wang et al. [14] published a paper that focuses on rule induction for
forecasting method selection by understanding the nature of historical forecast-
ing data. They provide useful rules that rely on metafeatures for suggesting a
specific method. Our application of MtL in this paper resembles more these two
papers.

3 Empirical Methodology to Characterize Bagging
Performance

Formally, an ensemble F gathers a set of predictors of a function f denoted as
f̂i. Therefore, F = {f̂i, i = 1, ..., k} where the ensemble predictor is defined as

f̂f .
We propose a methodology to empirically analyze the behavior of bagging.

Given a set of k bootstrap samples (also referred to in this paper as bootstraps,
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for simplicity), we estimate the empirical distribution of performance of the
bagging ensembles that can be generated from all elements of its power set. In
other words, we estimate the empirical distribution of performance of all possible
ensembles of size 2, 3, ... k that can be generated from those k bootstraps.

This distribution can be used to study the role of a given bootstrap (and

respective predictive model f̂i) in the performance of 2k − 1 possible ensembles,
as done in this paper. Additionally, the distribution can be used to analyze
the joint relationship between the bootstrap samples in each ensemble and its
performance.

It is easy to understand that is impossible to execute the complete set of
experiments for ensembles with a realistically large size, such as k=100, given
that the number of combinations to test is 2k−1. Therefore, the only possibility
is to estimate the distribution of the performance of all ensembles that can
be generated with the set of k bootstraps by sampling from its power set. To
investigate the validity of this approach, we carried out the following study.

3.1 Estimating the Distribution of Performance by Sampling from
the Power Set of Bootstraps

To validate our methodology based on sampling, we executed the full method-
ology with k=20 and then we studied the impact of sampling. Based on these
results, we extrapolate our findings for k=100. We used the Kullback-Leibler
Divergence [15] (KLD) to measure the difference between the probability dis-

tributions P and Q, defined as DKL(P ||Q) =
∑

n Pnlog2

(
Pn

Qn

)
where P is the

results obtained by testing 2k − 1 combinations of k models and Q a sample of
those results. Since the KLD measure is not symmetric, we averaged the diver-

gences, thenDKL = DKL(P ||Q)+DKL(Q||P )
2 . Given that this experiment implies a

large component of randomness, we executed each sampling procedure 100 times
and we averaged the values obtained.

In the first experiment, for each dataset, we progressively increased the sam-
pling proportion and systematically computed the KLD between the sample and
the population with k=20. Figure 1 shows, as expected, that as the sampling
proportion increases, the divergence between the samples and respective popu-
lation decreases. One can see that for most of the datasets the fall of the curve
is rather fast. Figure 2 shows the same result but the values for the 53 datasets
are averaged for each sampling proportion. Again, as expected, the standard
deviation and the mean KLD decreases as the proportion of sampling increases.

To assess the hypothesis that increasing the number of models in an ensemble
changes the sampling results, we repeated the experiment for ensembles with
different k values, from 10 to 19. Figure 3 shows a slight increase in the diver-
gence between the samples of equal proportion and respective populations as k
increases. This result is expected given that the introduction of a new model can
possibly change the inter-relations between the models and therefore affect the
performance of some subsets of models. However, all the curves2 present a very

2 Estimated using a Local Polynomial Regression (LOESS).
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Fig. 1. KLD between % of sample and
population. Each line represents a dif-
ferent dataset.
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Fig. 2. Mean KLD (and standard de-
viation, through vertical lines) between
% of sample and population

similar pattern. This is indicative that a similar curve could be assumed for an
ensemble with k=100.

Fig. 3. Sampling and Kullback-Leibler Divergence, averaged for all datasets

3.2 Discussion

Although the evidence showed previously gives us confidence in the sampling
variant of our methodology, we still lack sensitivity on the KLD measure to be
able to interpret the values of this experiment more reliably. It is difficult by
just looking to the graphs if we are actually losing significative information by
sampling.

Figures 4 and 5 show two density graphs for a 10% sample and the correspond-
ing complete population. The first concerns the dis dataset. One can see that



204 F. Pinto, C. Soares, and J. Mendes-Moreira

even for a very large divergence (30.89), the distribution of the sample is very
similar to the population distribution. The second graph concerns the acetylation
dataset, which has a lower divergence (0.23). Most of the datasets show similar
values of divergence between their samples and respective populations. This is
indicative that we can sample the performance of an ensemble with k=100 and
proceed our study.

0

2000

4000

0.976 0.980 0.984
Density

Va
lu
es

type
population
sample10%

Fig. 4. Density plot for a 10 % sample
and population of the dis dataset. The
KLD between this sample and popula-
tion is 30.89.
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Fig. 5. Density plot for a 10 % sam-
ple and population of the acetylation
dataset. The KLD between this sample
and population is 0.23.

The shape of the density graphs is also an interesting result. Both graphs
presented a very peculiar pattern of multiple peaks. This is explained by the
fact that the bagging performance is a discrete variable. The number of accuracy
values that is possible to achieve with all the combinations of a finite set models
is limited.

4 Metalearning to Understand Bagging

The methodology presented in Section 3 can be used to provide insights on the
types of bootstraps, in terms of how they contribute to the performance of the
ensemble. Additionally, it can be combined with a MtL approach to analyze
the relationship between the characteristics of the bootstrap sample and the
performance of the ensemble.

The main issue in MtL is defining the metafeatures. The most used ones are
simple, statistical and information-theoretic metafeatures [3]. In this group we
can find the number of examples of the dataset, correlation between numeric
attributes or class entropy, to name a few. The use of these kinds of metafea-
tures provides not only informative data characteristics but also interpretable
knowledge about the problems. Other kinds of metafeature are model-based [16].
These capture some characteristic of a model generated by applying a learning
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algorithm to a dataset, i.e., the number of leaf nodes of a decision tree. Finally,
a metafeature can also be a landmarker [5]. These are generated by making a
quick performance estimate of a learning algorithm on a particular dataset.

For this work, we relied on simple, statistical, information-theoretic and land-
marker metafeatures. For the first group, we selected several metafeatures al-
ready present in the literature which were first used for MtL in the METAL
and Statlog projects [3]. We also introduce a new metafeature based on the
Jensen-Shannon distance [17] between a bootstrap and the training set. This
metafeature aims to measure how different is the bootstrap from the original
dataset. It can also be seen as a diversity measure that focuses directly on the
bootstrap sample and not on the predictions made by the generated model.

We used two landmarkers: a decision stump and a Naive Bayes classifier. Given
the different bias of the algorithms, it is expected that the metafeatures can
help capture different patterns. We also used two diversity measures proposed
in the ensemble learning literature: the Q-Statistic [18] and Classifier Output
Difference [19] (COD) measures. Kuncheva et al. [18] state that the Q-Statistic
is the diversity measure with greater potential for providing useful information
about ensemble performance. We adapted the Q-Statistic to the specificities of
our problem. Kuncheva et al. present it as a metric to measure the diversity
of an ensemble. We use it to measure the diversity between the predictions of
two models: one generated by applying a learning algorithm to a bootstrap (b)
and the other to the original dataset (d). Using such a measure in this study
gives a different perspective on its usefulness. Formally, our adapted Q-Statistic

is Qb,d = NbbNdd−NdbNbd

NbbNdd+NdbNbd where each element is formed as in Table 1.

Table 1. Relationship between a pair of classifiers

f bcorrect f dcorrect

f bcorrect Nbb Nbd

f dcorrect Ndb Ndd

The COD metric has been proposed as a measure to estimate the potential
of combining classifiers

ˆCODT (f̂b, f̂d) =

∑
x∈Ts

{
1, if f̂b(x) = f̂d(x)

0, otherwise

|Ts|
in which Ts is test or validation set.
Lee and Giraud-Carrier [20] published a paper on unsupervised MtL in which

they study the application of several diversity measures for ensemble learning as
a distance function for clustering learning algorithms. In their experiments, only
one measure, COD, presents results that indicate that it can be a good measure
for this kind of task. This is indicative that the metric can also be useful in our
problem.
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In summary, the metafeatures used for this work are: number of examples of
a bootstrap, number of attributes, proportion of symbolic attributes, proportion
of missing values, proportion of numeric attributes with outliers, class entropy,
average entropy between symbolic attributes, average mutual information between
symbolic attributes and the class, average mutual information between pairs of
symbolic attributes, average absolute correlation between numeric attributes, av-
erage absolute skewness between numeric attributes, average kurtosis between
numeric attributes, canonical correlation of the most discriminating single linear
combination of numeric attributes and the class distribution, Jensen-Shannon
distance between the dataset and bootstrap, decision stump landmarker, Naive
Bayes landmarker, Q-Statistic and COD.

The experiments that we carried with the UCI datasets allowed to collect
results from the performance of the bagging algorithm in very distinct learning
problems. Given that our goal is to understand the importance of each model
(and respective bootstrap) in the ensemble space, we need to aggregate the
results obtained for each one of them and compute an estimate of importance.

We adapted the measure NDCG [21] (Normalized Discounted Cumulative
Gain) to form our metatarget. We consider the performance of the ensembles
(in decreasing order) to which the bootstrap k belongs, for each dataset, as acc1,d,
acc1,d, ..., accn,d where n represents an ensemble and d a dataset. Therefore, for
each bootstrap k of the dataset d, we calculate the respective DCG

DCGk,d =
100∑

n=1

accn,d +
n∑

101

accn,d
log100n

and we normalize it by an ideal ranking (IDCGd) in which the best ensembles
(testing all bootstraps) for each dataset are selected. Then,

NDCGk,d =
DCGk,d

IDCGd

In order to allow a more concise exploratory analysis of the metadata, we
discretized the metatarget. This process is done using the Fisher-Jenks [22] al-
gorithm. The method was chosen since it is well suited to find the optimal
partition into different classes of a continuous variable.

5 What Makes a Good Bootstrap?

Most of the metafeatures described characterize the bootstrap in isolation. For
instance, the class entropy metafeature focuses on the bootstrap and does not
relate it with the original dataset. One exception is the diversity measure that
characterizes the difference between a set of predictions from a model learned
on a bootstrap and another model learned in the original training set. Further-
more, some metafeatures computed for bootstraps of the same dataset show very
similar values. For instance, it is not expected that the class entropy varies signif-
icantly across bootstrap samples of the same training set. Additionally, the range
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of values of a metafeature for different datasets is expected to be quite different.
However, we need metafeatures with values in comparable ranges across datasets
to be able to extract useful insights with our MtL approach. In summary, we
need to transform the metafeatures in order for them to 1) discriminate between
bootstrap samples from the same dataset and 2) be comparable across datasets.

So, we applied one of two simple transformations to each meta-variable: 1) pro-
portional difference of the metafeature computed for the bootstrap in relation to
themetafeature computed for the original training set (metafeatured−metafeatureb

metafeatured
)

2) proportional difference of the metafeature computed for the bootstrap in rela-
tion to themaximum value computed for all the bootstraps of the dataset. Then, it
is rescaled in order to keep the natural interpretation of the variables by subtract-

ing (1− Max(metafeatureb)−metafeatureb
Max(metafeatureb)

). The first transformation was applied to

all the metafeatures except the Jensen-Shannon distance, Q-Statistic and COD.
To these metafeatures, since we could not compute them in original training set,
we applied the second transformation.

The results of the discretization of the metatarget can be verified in Figures 6
and 7. One can see that the discretized values are grouped in a descending order
of the value of the metatarget, as it is desirable. Through the analysis of the
results we will mention the concept of importance. We consider that bootstraps
of class A are more important than bootstraps of class B or C, therefore, we are
interested in understanding the characteristics of important bootstraps.
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Fig. 6. Boxplot of numeric metatarget
(k=100) vs classes found by Fisher-
Jenks algorithm
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Fig. 7. Boxplot of numeric metatar-
get (k=20) vs classes found by Fisher-
Jenks algorithm

However, some classes group very few observations. It can become problem-
atic to analyze those groups. We decided to merge these classes and reduce the
sparsity of the discretization. The graphs at the bottom of Figures 6 and 7 show
the boxplots of the metatarget variable after that rearrangement.
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5.1 Exploratory Analysis

To assist our analysis, we used Kruskal-Wallis one-way analysis of variance with
Wilcoxon pairwise rank sum test as post hoc procedure (0.95 confidence interval)
with Holm adjustment method. This analysis was carried to check for significant
different medians of the metafeatures among the classes of the metatarget. Fig-
ures 8 and 9 show the results of Wilcoxon test for the metafeatures that the
Kruskal-Wallis test showed a p-value below 0.05. One can see that the metafea-
tures avg.symb.pair.mutual.information, nb.landmarker and q.statistic are the
most discriminative ones. We will focus on metafeatures that are more inter-
esting for the ensemble learning literature and withdraw the analysis of the
remaining metafeatures due to space limitations.

Fig. 8. Pairwise Wilcoxon Rank Sum
test for multiple comparison proce-
dures (k=20). Black dot represents a
significative difference between the pair
of classes.

Fig. 9. Pairwise Wilcoxon Rank Sum
test for multiple comparison proce-
dures (k=100). Black dot represents a
significative difference between the pair
of classes.

The Jensen-Shannon distance shows a very interesting pattern that can be
verified in Figure 10. One can see that the gradient of the colors associated
with each class (in descending order of importance) is reflected in the density
distribution graphs. If we compare the distribution of the most important boot-
straps (classes A, B, C...) with the less important ones it is clear that, as the
Jensen-Shannon distance decreases, the importance of the bootstraps associated
with that value also decreases. In other words, bootstraps that are very similar
with the original training dataset do not generate a useful model for a bagging
ensemble. This is not new for the ensemble learning literature, however, here we
measure diversity without any learning process involved. However, this result
can not be verified in Figure 11 which represents the metadata with k=20. This
can be explained by the fact that since the k=20 experiment generates fewer
bootstraps it is harder to find bootstraps with low importance (we can see in
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Figure 7 that the range of the metatarget in this experiment is smaller than in
the k=100 experiment). However, this remains to be confirmed, which could be
done by repeating these experiments for other values of k.
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Fig. 10. Boxplot and density distribu-
tion of the Jensen-Shannon distance
with k=100
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Fig. 11. Boxplot and density distribu-
tion of the Jensen-Shannon distance
with k=20

Figures 12 and 13 show the density distribution of the diversity measures
along the classes of the metatarget. Concerning the Q-Statistic (the bigger, the
lesser is the diversity), the results are highly unclear. Although the Wilcoxon
test shows that this metafeature has discriminating power, that is not visible
graphically. The values of all classes are extremely biased to 1. This may seem
contradictory to existing knowledge in the ensemble learning literature, where
the Q-Statistic is known to be a good diversity indicator [18].
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Fig. 12. Density distribution of the
metafeatures Q-Statistic and COD for
the k=100 experiment
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However, we must note that the Q-Statistic is usually computed between mod-
els of bootstrap samples while in our case, it is between models of a bootstrap
sample and the training set. On the other hand, the COD metric (higher the
value, higher is the diversity) shows a very clear direct relationship between di-
versity and importance of a bootstrap in the k=100 experiment. Again, the result
is not confirmed by the k=20 graph. However, we consider this result indicative
of the effectiveness of this measure in estimating the potential of combining two
classifiers.

Finally, by analyzing the landmarker metafeatures in Figures 14 and 15 we can
see interesting patterns. The most prominent one is that important bootstraps
have a very similar predictive performance using naive algorithms (such as Naive
Bayes and Decision Stump) by comparison against the training set: since we
transformed this metafeature as explained previously, a negative value means
that the bootstrap has a greater predictive performance than the training set
and a positive value the exact opposite. Moreover, we can also see a protuberant
peak of the classes that gather the worst bootstraps in the density curves at
the left side of the graphs. This indicates that bad bootstraps have a superior
predictive performance than the training sets.
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6 Conclusions and Future Work

This paper proposes a methodology based on an extensive experimental pro-
cedure and on MtL for empirically studying the performance of an ensemble
learning algorithm, more particularly, bagging. We executed experiments with
53 UCI classification datasets using ensembles of decision trees. Initially, we
generated 20 models for each dataset and we tested all possible combinations of
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those models in the sub-ensemble space. We also executed experiments in which
we generated 100 models for each dataset but, due to computational reasons,
we were forced to sample the number of combinations tested of the individual
models. The results obtained gives us confidence about the effectiveness of the
sampling procedure, meaning that it is possible to investigate the distribution of
performance of all bagging ensembles obtained with an algorithm by sampling
the results. It would be interesting to repeat the experiments with another base
learner but we leave that for future work.

To relate the distribution of performance with the characteristics of the boot-
strap samples, we adopted an MtL approach. We used several metafeatures pro-
posed in the literature and we introduce three new ones that are very specific of
our domain. From our point of view, ensembles are a very promising application
of MtL concepts and techniques both to gain a better understanding of their
behavior as well as to develop new ensemble methods.

We focused on understanding the characteristics of bootstraps that gener-
ate models that are important for the bagging ensemble. We used exploratory
data analysis techniques for that goal. Results show interesting patterns that
are discriminative of a bootstrap predictive power 1) the bootstrapping proce-
dure should result in a bootstrap sample that is significantly different from the
training set, according to the analysis of the Jensen-Shannon distance; 2) the
predictions of a model learned from of a bootstrap should be different from the
predictions of a model learned from the training, as is known in the ensemble
learning literature. However, this observed with the COD metric but not with
the Q-Statistic metafeature; 3) the predictive power of a good bootstrap is very
similar to the one presented by the training set using naive models.

We plan to extend the work presented in this paper for a predictive MtL
approach. The knowledge obtained here can be used to prune a set of bootstraps
that can be transformed into an pruned ensemble. It would also be interesting
to extend and adapt the methodology proposed in this paper to other ensemble
learning algorithms like boosting or random forests. This would bring challenges
in the development of the metafeatures in order to deal with probabilistic and
random processes.
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