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Symbolic Data Analysis (SDA) provides a framework for the representation and
analysis of data that comprehends inherent variability. While in Data Mining and
classical Statistics the data to be analyzed usually presents one single value for
each variable, that is no longer the case when the entities under analysis are not
single elements, but groups gathered on the basis of some given criteria. Then, for
each variable, variability inherent to each group should be taken into account. Also,
when analysing concepts, such as botanic species, disease descriptions, car models,
and so on, data entail intrinsic variability, which should be explicitly considered. To
this purpose, new variable types have been introduced, whose realizations are not
single real values or categories, but sets, intervals, or, more generally, distributions
over a given domain. SDA provides methods for the (multivariate) analysis of
such data, where the variability expressed in the data representation is taken into
account, using various approaches. © 2014 John Wiley & Sons, Ltd.
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INTRODUCTION

In Data Mining, Multivariate Data Analysis, and
Classical Statistics, the data to be analyzed is usu-

ally represented in a n× p data array where each row
represents an entity (a ‘case’ or an ‘individual’), each
column pertains to a variable (also called ‘attribute’),
which may be numerical or categorical, and one single
value is recorded for each variable and for each of the
n entities. This representation model is however some-
how restricted when the data to be analyzed entail
variability. This is the case when the entities under
analysis are not single elements, but rather groups
formed on the basis of some given common proper-
ties. Then, for each descriptive variable, the observed
variability inherent to each group should be taken into
account to avoid a too important loss of pertinent
information. This is also the case when analysing con-
cepts as such—a botanical species, and not a given
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specimen; a car model, and not a specific vehicle,
and so on—then again variability is intrinsic to the
data and ought to be explicitly considered. As an
example, suppose that a study on airport activity is
being pursued, for which data are collected for each
flight arriving at different airports, e.g., number of pas-
sengers, delay of arrival, aircraft company(ies), and so
forth. As the statistical units of interest are the air-
ports and not each individual flight, data concerning
flights arriving on a same airport should be some-
how aggregated. Another such situation arises when
a study is performed for comparing different schools,
and data are collected for individual students—age,
gender, marks at different exams, and so on. Again,
data of individual students must be aggregated for
the corresponding school, so that descriptions of each
school may be obtained and subsequently analyzed
and compared. In situations of such kind, where the
statistical units of interest are at a higher level of that
at which data have been collected, aggregation of the
observed values must be carried out prior to data
analysis. The standard approach is to compute sum-
mary indicators—such as means, medians, or mode
values—so that data fit into the usual n× p data array
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model, and classical methods may be applied. This
procedure, however, obviously entails an important
loss of information.

Symbolic data analysis (SDA; see, e.g., Ref 1)
provides a framework for the representation and anal-
ysis of data with inherent variability. To this purpose,
new variable types have been introduced, whose real-
izations are not single real values or categories, but
sets, intervals, or, more generally, distributions over
a given domain. Naturally, the analysis of such data
raises new issues, because most concepts and meth-
ods have primarily been designed for single-valued
observations. Until now, nevertheless, many methods
for the (multivariate) analysis of symbolic data have
been developed, following different approaches and
using distinct criteria, which allow taking the variabil-
ity expressed in the data representation into account.

Another approach where data are treated at
aggregated level is Granular Computing—see, e.g.,
Ref 2. Information granules are defined as groups of
individual observations, which capture the semantics
of the abstract entities of interest in the problem
at hand. Generally, given a dataset D, granulation
results in a set of granules, formed on the basis of
similarity or closeness, which may be accomplished,
e.g., by clustering algorithms. When the data at
hand are numerical, granules often take the form
of hyper-rectangles. Information granules are then
generally represented within the theory of fuzzy sets,
i.e., by means of a membership function.

Surely, there are common points of view between
the two approaches, in pursuing the aggregation of the
original data into more general entities and proceeding
with an analysis of elements at an higher order. Never-
theless, clear differences may be pointed out. In SDA,
the original individual and the aggregated data are
represented within a same framework of a n×p data
array, where new variable types describe the formed
groups, expressing explicitly their within variability
and with no link to fuzzy set representations. As a
direct consequence, the analysis methods designed for
symbolic data, although possibly aiming at the same
objectives (e.g., clustering, classification, etc.), rely on
different measures and properties.

This being said, the two approaches do deserve
a comparative study with some depth, both at theoret-
ical and applied levels, so as to highlight their respec-
tive advantages and complementarities. This extends
however beyond the scope of this study.

In the next section, we present and motivate the
emergence of SDA into some more detail, and discuss
different sources of symbolic data. In section Vari-
able Types, we formalize the different variable types.
Section From Classical to Symbolic Data discusses

issues raised in the statistical analysis of symbolic
data. Methods for the multivariate analysis of differ-
ent types of symbolic data are recalled and overviewed
in section Methods for the Analysis of Symbolic Data.
Section Conclusion concludes the study with a gen-
eral overview, and points out directions of current and
future research.

SYMBOLIC DATA

Symbolic data, i.e., data which contain intrinsic vari-
ability, arise in distinct multiple contexts. The most
common is, however, from the aggregation of individ-
ual observations—the so-called microdata.

We may distinguish two different types of
aggregation:

• Temporal aggregation: when data are recorded
at different time moments for the same
entities—e.g., subsequent purchases made by
the same individuals at a given store—but time
is not an issue (i.e., we are not interested in the
chronological order of observations). Records
must then be aggregated so that the whole set of
values (or their distribution) is considered, and
not just a mean, median, or mode value is kept.
In this situation, observations are made along
time, and the statistical units under analysis (the
‘cases’, i.e., the customers in the given example)
are still the same before and after aggregation.

• Contemporary aggregation: this concerns the sit-
uation when data are recorded at the same point
in time, but we are interested in analysing enti-
ties at a higher level than that at which data were
originally collected, e.g., when data are collected
for students and we are interested in comparing
classes or schools as a whole. In this case, the sta-
tistical units that will be analyzed are not those
for which data were originally recorded, but con-
stitute specific groups of those. Notice that this
case also comprises the situation of spatial aggre-
gation, when data are collected at a same point in
time for statistical units—e.g., individual citizens,
as in official statistics surveys—across different
regions, and then data are aggregated at region
level, for a chosen granularity, such as parish, dis-
trict, and so forth, so that the regions become the
units of interest.

Let us consider examples of both situations.
As an illustration of temporal aggregation, con-

sider three people, Albert, Barbara, and Caroline, who
are characterized by the amount of time (in min) they
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TABLE 1 Interval Data: Time to Go to Work

Person Time (min)

Albert [15,20]

Barbara [25,30]

Caroline [10,20]

need to go to work. This varies from day to day, and
the observed variation may be expressed by intervals
as in Table 1.

Other such situations are, for instance:

• Blood pressure repeatedly measured for different
patients;

• Some technical quantity for which measures are
taken at different points of given structures.

In all these cases, the statistical units are the same
before and after data aggregation.

Now suppose, as mentioned above, that a study
is being conducted on different schools, and that data
are collected for students attending these schools, e.g.,
age, gender, marks at different exams, and so on. The
statistical units of interest are the schools and not
the individual students, and therefore data concerning
students attending a same school must be aggregated.
Table 2 represents an example of data collected for
some students, and Table 3 the same data, aggregated
by school.

TABLE 2 Student’s Data

Student’s Name School Age Gender Math’s Mark

Albert A 12 M 12

Bertha B 11 F 14

Charles A 12 M 15

Deborah A 13 F 16

Emily B 13 F 13

Felicity B 12 F 11

George A 14 M 10

… … … … …

TABLE 3 Data for Schools

School Age Gender Math’s Mark

A [12,14] {F, M} {< 10, (0.2); [10− 15],
(0.6);> 15, (0.2)}

B [11,13] {F} {< 10, (0.3); [10− 15],
(0.3);> 15, (0.4)}

In this small example, data for variable Age have
been aggregated as intervals, for Gender in the form
of sets, and for Math’s marks as distributions.

Other examples of similar situations may be
mentioned: when data are collected for individual
players, but the units to be studied and compared are
the teams as a whole; when data are collected for
individual citizens (as in official statistics surveys), but
studies are to be made on parishes, cities, of special
sociographic groups of interest, and so forth.

This is particularly interesting in Data Mining
applications where huge sets of data are collected,
and data should be analyzed at a higher level. Con-
sider the case of super markets or large department
stores, which record data on each purchase made, e.g.,
the amount spent, items purchased, quantity of each
item, and so on. Generally, administrations and mar-
keting researchers are not particularly interested in
each purchase by itself, but rather on consumer behav-
ior. That is, they wish to have information about the
overall purchases of each client, or specific groups of
clients. To obtain such information, data collected for
the individual purchases must be aggregated. Other
such examples, addressed in Data Mining studies, con-
cern: data about individual phone calls, which the
communications’ operator wishes to analyze aggre-
gated at the client level; data about web logs, to
be aggregated by user or website; and data about
medical prescriptions—and the units of interest for
the study are the doctors and/or the patients. The
SDA framework provides the possibility to aggregate
the individual ‘microdata’ keeping variability across
records.

In recent years, the term ‘Big Data’ emerged,
referring to data sets so large and complex that
they become difficult to process with traditional data
analysis applications and in a reasonable amount
of time. SDA, offering the possibility of aggregating
data at the user’s chosen degree of granularity while
keeping the information on the intrinsic variability,
and then analyze the resulting (symbolic) data arrays,
may play an important role in this context. Steps in
this direction appear to being taken, see e.g., Ref 3 for
the aggregation of data streams.

Giordano and Brito4 use SDA for the study
and comparison of social networks. In this work,
a network symbolic description is defined accord-
ing to the statistical characterization of the network
topological properties and suitable network measures
are represented by their distributions for each net-
work. Multidimensional data analysis then allows for
the synthetic representation of a network as a point
onto a metric space and subsequent analysis (e.g.,
clustering).
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SDA may also be of interest in (large) survey
analysis, when the observed sample is partitioned into
specific groups which are the focus of interest. This
may be the case, e.g., in sociological or marketing
surveys, when groups defined e.g., by age, gender,
education level, and/or professional status should
be compared and analyzed together. Moreover, SDA
makes it possible to merge independent surveys made
on a same population, at a macro level. In this case,
the ‘microdata’ may not be analyzed together, as the
observed individuals in the different surveys are not
the same. By aggregating the concerned surveys using
the same criteria (i.e., forming the same ‘groups’), we
obtain data which may be compiled together, by just
juxtaposing the columns referring to the (symbolic)
variables formed in each case.

VARIABLE TYPES

To represent data variability, new variable types have
been introduced in SDA, whose realizations are now
not restricted to real values (in the numerical case) or
individual categories (in the qualitative case). The dif-
ferent considered variable types, including the classical
ones—which may be considered special cases of the
symbolic types (see Ref 1)—are defined below.

As in classical Statistics, we distinguish numeri-
cal and categorical variables. A numerical (or quan-
titative) variable is single valued (real or integer),
as in the classical framework, if it takes one sin-
gle value of an underlying domain for each entity. It
is multi-valued if its values are finite subsets of the
domain and is an interval-valued variable if its val-
ues are intervals of ℝ. When a distribution over a
set of subintervals is given, the variable is called a
histogram-valued variable. A categorical (or qualita-
tive) variable is single-valued (ordinal or nominal),
when it takes one category from a given finite category
set O= {m1, … , mk} for each entity; multi-valued, if
its values are finite subsets of O. A categorical modal
variable Y with a finite domain O= {m1, … , mk} is
a multi-valued variable, where for each element we
are given a category set and, for each category m𝓁,
a frequency or probability which indicates how fre-
quent or likely that category is for this element.5

Let Y1, … , Yp be the set of variables, Oj the under-
lying domain of Yj, and Bj the set where Yj takes
its value for each entity, for j= 1, … , p. A descrip-
tion d is defined as a p-tuple d= (d1, … , dp) with
dj ∈Bj, j= 1, … , p. Let S= {s1, … , sn} be the set of
entities (the statistical units) under analysis, then
Yj(si)∈Bj for j=1, … , p, i= 1, … , n. The data array
to be analyzed consists of n descriptions, one for each
si ∈ S : di = (Y1(si), … , Yp(si)), i=1, … , n.

Classical Variables
Quantitative Single-Valued Variables
Given the set of n entities S= {s1, … , sn}, a quantitative
single-valued variable Y is defined by an application
Y : S→O such that si →Y(si)= c∈O⊆ℝ. This is the
classical numerical case, and B is identical to the
underlying set O, B≡O.

Categorical Single-Valued Variables
A categorical single-valued variable is a standard
categorical variable. Given S= {s1, … , sn} and a
finite set of categories, O= {m1, … , mk} a categorical
single-valued variable is defined by an application
Y : S→O such that si →Y(si)=m𝓁 (i.e., in this case,
again B≡O). If the categories of O are naturally
ordered, the variable is called ordinal, otherwise it
is nominal. Such a categorical variable may be used
to build new concepts or entities by aggregating the
cases sharing the same category.

New Variable Types
Quantitative Multi-Valued Variables
Given the set S, a quantitative multi-valued variable
Y is defined by an application Y : S→B such that si →
Y
(
si

)
=
{

ci1, … , cini

}
. Here B is the power set of an

underlying set O⊆ℝ (excepting the empty set ∅). Y(si)
is now a finite nonempty set of real numbers.

Interval-Valued Variables
Given S= {s1, … , sn}, an interval-valued variable
is defined by an application Y : S→B such that
si →Y(si)= [li, ui], B is the set of intervals of an
underlying set O⊆ℝ. Let I be an n× p matrix rep-
resenting the values of p interval-valued variables
on S. Each si ∈ S is represented by a p-tuple of inter-
vals, Ii = (Ii1, … , Iip), i= 1, … , n, with Iij = [lij, uij],
j= 1, … , p (see Table 4).

The value of an interval-valued variable Yj for
each si ∈ S is usually defined by the lower and upper
bounds lij and uij of Iij =Yj(si). For modeling purposes,
however, it may be useful to represent Yj(si) by the
midpoint cij = (lij + uij)/2 and range rij =uij − lij of Iij.

TABLE 4 Matrix I of Interval Data

Y 1 … Y j … Y p

s1 [l11, u11] … [l1j , u1j ] … [l1p, u1p]

… … … …
si [li1, ui1] … [lij , uij ] … [lip, uip]

… … … …
sn [ln1, un1] … [lnj , unj ] … [lnp, unp]
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TABLE 5 Data for Airports (1)

Airport No. Passengers No. Companies

A [150,200] {1, 2}

B [180,300] {1, 2, 3}

C [200,400] {1, 3}

Example: Consider a dataset containing infor-
mation about arriving flights at some airports; Table 5
presents data of three airports. In airport A, for
instance, the number of passengers in arriving flights
ranges from 150 to 200, and the number of companies
involved is 1 or 2. Here, the number of passengers is
an interval variable, whereas the number of compa-
nies involved is a multi-valued quantitative variable.
A similar description may be obtained for the remain-
ing airports. It should be stressed that in this example
the entities under analysis are the airports, for each of
which we have aggregated information and NOT the
individual flights.

In the study by Brito and Duarte Silva,6 para-
metric models for interval data are proposed, which
consider Multivariate Normal or Skew-Normal dis-
tributions for the MidPoints and Log-Ranges of the
interval-valued variables. The Gaussian model has the
advantage of allowing for the application of classi-
cal inference methods, the Skew-Normal setup allows
for some more flexibility. In either case, it is impor-
tant to keep in mind that the MidPoint cij and the
Range rij of the value of an interval-valued variable
Iij =Yj(si) are two quantities related to one same vari-
able and must be considered together. Therefore, the
global covariance matrix should take into account the
link that may exist between MidPoints and Ranges of
the same or different variables. Intermediate param-
eterizations between the nonrestricted and the non-
correlation setup considered for real-valued data are
relevant for the specific case of interval data. The fol-
lowing cases are of particular interest and have been
addressed:

1. Nonrestricted case: allowing for nonzero corre-
lations among all MidPoints and Log-Ranges;

2. Interval-valued variables Yj are uncorrelated,
but for each variable, the MidPoint may be
correlated with its Log-Range;

3. MidPoints (Log-Ranges) of different variables
may be correlated, but no correlation between
MidPoints and Log-Ranges is allowed;

4. All MidPoints and Log-Ranges are uncorrelated,
both among themselves and between each other.

The referred modeling, for the Gaussian case,
has been implemented in the R-package MAINT.
Data,7 available on CRAN. MAINT.Data introduces
a data class for representing interval data and includes
functions for modeling and analysing these data.
In particular, maximum likelihood estimation and
statistical tests for the considered configurations are
addressed. Methods for (M)ANOVA and Linear and
Quadratic Discriminant Analysis of this data class are
also provided.

Histogram-Valued Variables
When real-valued data are aggregated by means
of intervals, the information on the distribution
inside the intervals is not taken into account. One
way to keep more detailed information is to define
subintervals between the global lower (LB) and
upper (UB) bounds and compute frequencies for
these intervals. We obtain for each case a histogram
with k classes (and k frequencies) where k is the
number of the considered subintervals. Naturally,
to aggregate numerical microdata by means of a
histogram implies that a reasonably large number of
observations are available at the micro level. Given
S= {s1, … , sn}, a histogram-valued variable is defined
by an application Y : S→B such that si → Y

(
si

)
={[

Ii1, Ii1

]
,pi1;

[
Ii2, Ii2

]
,pi2; … ;

[
Iiki

, Iiki

]
,piki

}
where

Ii𝓁 =
[
Ii𝓁 , Ii𝓁

]
, 𝓁 = 1, … , ki are the subintervals con-

sidered for observation si, pi1 + · · · + piki
= 1; B is now

the set of frequency distributions in
{

Ii1, … , Iiki

}
. It

is assumed that for each entity si values are uniformly
distributed within each subinterval. For different
observations, the number and length of subintervals
of the histograms may naturally be different.

Example: Consider again the airports example,
with a new variable which records the delay (in min)
of each arriving flight. In this case, information is
recorded for three time lengths (0 to 10 min, 10 to
30 min, 30 min to 1 h), the corresponding variable is
therefore a histogram-valued variable (see Table 6).

TABLE 6 Data for Airports (2)

Airport

No.

Passengers

No.

Companies Delay (min)

A [150,200] {1, 2} {[0, 10[, 0.25; [10, 30[, 0.65;
[30, 60[, 0.10}

B [180,300] {1, 2, 3} {[0, 10[, 0.45; [10, 30[, 0.30;
[30, 60[, 0.25}

C [200,400] {1, 3} {[0, 10[, 0.75; [10, 30[, 0.20;
[30, 60[, 0.05}
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The values of a histogram-valued variable
may equivalently be represented by the empiri-
cal distribution function F or by its inverse, the
quantile function Ψ. This latter option is often
used, given that all quantile functions are defined
in the same domain [0,1], which is convenient
for comparisons. The quantile function associ-
ated with a histogram-valued observation Y

(
si

)
={[

Ii1, Ii1

]
,pi1;

[
Ii2, Ii2

]
,pi2; … ;

[
Iiki

, Iiki

]
,piki

}
is

given by:

Ψ (t) = F−1 (t) =

⎧⎪⎪⎨⎪⎪⎩

Ii1 +
t

wi1
rIi1

if 0 ≤ t < wi1

IIi2
+ t−wi1

wi2−wi1
ri2 if wi1 ≤ t < wi2

⋮

Iiki
+

t−wiki−1

1−wiki−1
riki

if wiki−1 ≤ t ≤ 1

where wil =0 if l= 0 and wil =
∑l

𝓁=1 pi𝓁 if l=1, … , ki

and ri𝓁 = Ii𝓁 − Ii𝓁 with 𝓁 ∈ {1, … , ki}; ki is the number
of subintervals in Y(si).

When k=1 a histogram reduces to an interval:
interval-valued variables may therefore be considered
special cases of histogram-valued variables.

Categorical Multi-Valued Variables
A categorical multi-valued variable is defined by an
application Y : S→B where B is the set of nonempty
subsets of O= {m1, … , mk}. The ‘values’ of Y(si) are
now finite sets of categories.

Categorical modal variables
A categorical modal variable Y with a finite domain
O= {m1, … , mk} is a multi-valued variable where, for
each element, we are given a category set and, for each
category m𝓁, a weight, frequency, or probability p𝓁
which indicates how frequent or likely that category
is for this element. It may be imposed that the
sum adds up to 1, although this is not compulsory
from the definition. In this case, B is the set of
distributions (probability, frequency, or other) on O,
and its elements are denoted {m1(p1), … , mk(pk)}.

Example: Consider again the airports example
and the information on the main airline companies.
We then have a categorical modal variable as shown
in Table 7.

In fact, the weights may be something else rather
than probabilities or frequencies, such as capacities,8

necessities, possibilities, or credibilities.9,10 In these
cases, their sum does not necessarily add up to 1. For
a more general discussion of these cases, see Ref 11
where the author shows how probabilist, possibilist,
and belief theories may be extended to the analysis of
symbolic data.

TABLE 7 Data for Airports (3)

Airport Main Companies

A {British (0.25), Lufthansa (0.4), Air France (0.35)}

B {British (0.10), Lufthansa (0.15), Air France (0.6),
Iberia (0.15)}

C {Lufthansa (0.3), Air France (0.5), Iberia (0.2)}

Example: Suppose that in the previous example
it is wished to generalize the description of airports A
and B from the aggregated descriptions (the original
microdata are no longer available). If we generalize
by taking the maximum of the weights corresponding
to each category, we obtain

A&B ∶
{

British (0.25) , Lufthansa (0.4) ,

Air France (0.6) , Iberia (0.15)
}

which should be interpreted as ‘in airports A and B, at
most 25% of the flights are from British Airways, 40%
are Lufthansa flights, 60% are from Air France, and
15% are Iberia flights’. In this case, the set of the two
airports are described by a possibilitic distribution on
the airline categories.

Generalization of descriptions involving
histogram-valued or categorical modal variables by
the maximum or the minimum operators leads to dis-
tributions where the sum of the values for each class/
category may not equal one. Those have been used in
conceptual clustering of symbolic data, in e.g., Ref 12,
see also Ref 13.

Categorical modal variables are similar to
histogram-valued variables for the quantitative case,
in that their values are both characterized by classes
or categories and weights. Henceforth in this text,
by ‘distributional data’ we refer to both types, as
opposed to ‘set-valued’ variables, when no distribu-
tion is given. Nevertheless, from a mathematical point
of view, they are of different nature.

Quantile Representation
Quantile representation14,15 provides a common
framework to represent symbolic data described by
variables of different types. It is based on the fact
that a monotone property of symbolic descriptions is
characterized by the nesting structure of the Cartesian
join regions. On a discrete approach, the principle
is to express the observed variable values by some
predefined quantiles of the underlying distribution;
however, variable values may be represented by
the quantile function of the underlying distribu-
tion, therefore considering a continuous setup. For

286 © 2014 John Wiley & Sons, Ltd. Volume 4, Ju ly/August 2014
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TABLE 8 Symbolic Data Array for Airport Data

Airport Number Passengers Delay Time on Arrival (min) Distance Category

A [150,200] {[0, 10[, 0.25; [10, 30[, 0.65; [30, 60], 0.10} {1 (0.40) ; 2 (0.40) ; 3 (0.2)}

B [180,300] {[0, 10[, 0.45; [10, 30[, 0.30; [30, 60], 0.25} {1 (0.10) ; 2 (0.30) ; 3 (0.30); 4 (0.20); 5 (0.10)}

C [200,400] {[0, 10[, 0.75; [10, 30[, 0.20; [30, 60], 0.05} {1 (0.05) ; 2 (0.10) ; 3 (0.15); 4 (0.40); 5 (0.30)}

TABLE 9 Quartile Representation of Airport Data in Table 8.

Airport Number Passengers Delay Time on Arrival (min) Distance Category

A (150, 162.5, 175, 187.5, 200) (0, 10, 17.7, 25.4, 60) (1, 1, 2, 2, 3)

B (180, 210, 240, 270, 300) (0, 10.6, 13.4, 30, 60) (1, 2, 3, 4, 5)

C (200, 250, 300, 350, 400) (0, 3.3, 6.7, 10, 60) (1, 3, 4, 5, 5)

interval-valued variables, a distribution is assumed
within each observed interval, e.g., uniform or other;
for a histogram-valued variable, quantiles of any
histogram may be obtained by simply interpolation,
assuming uniformity within each class; for categorical
nominal multi-valued variables, quantiles are deter-
mined from a ranking defined on the categories based,
e.g., on their frequencies, whereas in the ordinal
case the ranking is given a priori. Having a common
representation setup then allows for a unified analysis
of the data set by simultaneously taking into account
variables of different types.

Example: Consider again data for arrival flights
at three airports, and that for each flight, the num-
ber of passengers, the delay time (in min), and the
distance category (say, from 1 domestic flight to 5
very long-distance intercontinental flight) has been
recorded. Data for each flight have then been aggre-
gated by airport leading to the symbolic data array in
Table 8.

To obtain a homogeneous data array, a quartile
representation may be considered for each observa-
tion; here we assume a uniform distribution within
each observed interval of variable ‘Number of passen-
gers’ and within each subinterval of variable ‘Delay
time’. Table 9 displays the obtained quantile represen-
tation for the three airports.

Other Types of Symbolic Data
Taxonomic Variables
A variable Y →O is a taxonomic variable if O has a
tree structure. Taxonomies may be taken into account
in obtaining descriptions of aggregated data: first,
values are recorded as in the case of categorical
multi-valued variables and then each set of values of
O is replaced by the lowest value h in the taxonomy
covering the values of the given set. Generally, when

at least two successors of a given level h are present,
they may be replaced by h.

Constrained Variables
A variable Y′ is hierarchically dependent from a
variable Y if its application is constrained by the
values taken by Y : Y′ cannot be applied if Y takes
values within a given set C. In other words, a variable
Y′ is hierarchically dependent on a variable Y if Y′

makes no sense for some of the values Y may take,
and hence becomes ‘nonapplicable’. For instance, if
a survey contains an item on the unemployment time
of a person, the variable does not apply for a person
who has never been unemployed. Descriptions that do
not comply with a rule are called ‘noncoherent’. The
consideration of hierarchical rules in SDA has been
widely studied in Refs 16–18.

FROM CLASSICAL TO SYMBOLIC
DATA: HOW LARGE IS THE STEP?

SDA developed from the need to consider data that go
beyond the classical model, where each ‘individual’
takes exactly one value per variable. To represent data
taking into account the variability intrinsic to each
observation, variables have been defined whose values
assume new forms. The question then arises whether
we are in the same data analysis framework when
we allow for the variables to take multiple values. As
expected, definitions of basic statistical notions do not
apply automatically, and well-established properties
are no longer straightforward. To apply statistical and
multivariate data analysis techniques to symbolic data
requires proper consideration and often the design of
appropriate tools.

Consider the case of numerical variables, where
the evaluation of dispersion is a central question,
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and the consequences of different possible choices
in the design of multivariate methods have to be
addressed. Dispersion is important, e.g., in cluster-
ing, as the result of any clustering method depends
heavily on the scales used for the variables; there-
fore usually data standardization must be performed
prior to a clustering method. Also, many multivari-
ate methodologies are defined by linear combinations
of the descriptive variables and on the properties of
dispersion measures under linear transformations. The
question then arises of how should a linear combina-
tion of symbolic numerical variables be defined and
which properties remain valid.

Different approaches have been considered by
various authors to address these and other questions
and to propose symbolic extensions of statistical
multivariate data analysis methods. Most existing
methods for the analysis of such data still rely on
nonparametric descriptive approaches. However,
recently, probabilistic approaches are being studied
and developed (see, e.g., Refs 6, 19, 20) opening new
paths: statistical modeling of symbolic variables then
allows for estimation and hypothesis testing.

METHODS FOR THE ANALYSIS OF
SYMBOLIC DATA

In recent years, different approaches have been
investigated and many methods have been proposed
for the analysis of symbolic data. This, however,
has not happened uniformly across data types and
analysis methods: interval data are by far the most
considered case and for which more methods have
been developed. Cluster analysis has received con-
siderably more attention than other multivariate
methodologies.

Next, we present a nonexhaustive survey on
different analysis methodologies, referring to the most
important—or the first proposed—methods in each
case. In a new and dynamical field of research as SDA,
much work is currently being developed, so that the
reader is invited to search for alternative methods in
any particular field of his interest.

Evaluating Dissimilarity with Symbolic Data
Many multivariate methods rely on dissimilarities
between the entities under analysis. Several measures
for different types of symbolic data, adopting different
points of view on how to measure dissimilarity in this
new context, have been proposed and investigated.
Those, of course, differ according to the type of
variables.

When the entities under analysis are described
by interval-valued variables, specific distance mea-
sures for comparing interval-valued observations may
be used. The most common are Minkowski-type dis-
tances, which result from embedding intervals in ℝ2,
where one dimension is used for the lower and the
other for the upper bound of the intervals, and the
Hausdorff distance, which evaluates the maximum
distance of a set to the nearest point in the other set,
i.e., two sets are close in terms of the Hausdorff dis-
tance if every point of either set is close to some point
of the other set. The Mahalanobis distance between
two entities si1

, si2
described by vectors of intervals

is defined in Ref 21 on the basis of the vectors of
observed lower and upper bounds.

In Ref 22, a study is presented of different mea-
sures for comparing probability distributions, e.g.,
Discrepancy, Hellinger distance, Relative entropy (or
Kullback–Leibler divergence), Kolmogorov (or Uni-
form) metric, Lévy metric, Prokhorov metric, sepa-
ration distance, total variation distance, Wasserstein
(or Kantorovich) metric, and 𝜒2 distance. Among
these, the Wasserstein distance and its ‘L2’ counter-
part, the Mallows distance, are the most widely used
for histogram-valued data.

For an overview and discussion on different
alternatives, the reader may also refer to Refs 17,
23–29.

Clustering
A wide variety of methods have been proposed
for clustering symbolic data, mostly relying on dis-
tances appropriate for the data type at hand. These
include partitioning k-means based approaches—see,
e.g., Refs 18, 21, 30–35—and the corresponding
fuzzy extensions—Refs 36–40, and/or using adaptive
distances—Refs 41–44. In Ref 45, the authors use
the Mahalanobis–Wasserstein distance to define a
new k-means-type method for histogram-valued data.
Hierarchical clustering based on classical aggregation
indices has been addressed in Ref 46 and, in Ref
47, the authors propose an extension of the Ward
method. Irpino and Verde48 successfully used the
Mahalanobis–Wasserstein distance for hierarchical
clustering. Brito49 proposed a conceptual clustering
approach, using the hierarchical and pyramidal mod-
els; this approach has been extended to distributional
variables in Ref 12 and to constrained symbolic
data in Ref 50; more recently, Brito and Polaillon51

further developed the method using interval-based
generalisation. In Ref 52, a divisive hierarchical clus-
tering method is proposed for interval and categorical
modal variables that produces ‘monothetic’ clusters,
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i.e., each cluster formed is associated with a con-
junction of properties on the descriptive variables,
constituting a necessary and sufficient condition for
cluster membership. Brito and Chavent54 extend
the divisive algorithm proposed in Refs 52, 53 to
data described by interval and/or histogram-valued
variables. Brito and Ichino,55,56 are developing
hierarchical clustering methods based on quantile
representations of the data.14,15 Having a common
representation setup based on a quantile-vector rep-
resentation (for a pre-chosen set of quantiles) allows
for a unified analysis of the data set by taking simul-
taneously into account variables of different types.
Self-Organizing Maps methodologies have been
developed by Bock,57,58; in Ref 59 the authors intro-
duce a batch self-organizing map algorithm based on
adaptive distances; in Ref 60 an adaptive batch SOM
method for Multiple Dissimilarity Data Tables is pro-
posed; other approaches are investigated by Hajjar
and Hamdan (see e.g., Refs 61, 62) and Yang et al.63

Recently, a model-based approach for clustering inter-
val data has been developed,64 extending the Gaussian
models proposed in Ref 6 to the model-based cluster-
ing context. For this purpose, the EM algorithm has
been adapted for different covariance configurations.

Classification
In Ref 65, different approaches to discriminant anal-
ysis of interval data are compared and classifica-
tion is performed using distance-based methods. More
recently, these authors have developed parametric dis-
criminant rules, based on the models proposed in
Ref 6. A thorough comparison based on an extensive
simulation study is carried out in Ref 66, conclud-
ing that, in general, parametric methods outperform
distance-based ones.

A method—named ‘TREE’—for building a deci-
sion tree on distributional data is developed in Ref 67;
it may also apply to other variable types (interval or
multi-valued) variables by transforming them to distri-
butional variables with uniform probability functions
(for this methodology, see also Ref 68).

In Ref 27, the authors study the performance of
the k nearest neighbor method using different distance
measures and for different types of symbolic data;
data sets with set-valued variables (of different types),
distributional-valued variables, or both, are analyzed.
The proposed method is quite adaptive; it has more-
over the advantage of allowing estimating the target
class locally and differently for each element to be
classified. Finally, the method provides a distribution
of class labels for each element rather than a single
value.

For the particular case of interval-valued data,
different classification approaches have been inves-
tigated by several authors. Ishibuchi, Tanaka and
Noriko Fukuoka69 determine interval representations
in a discriminant space using a mathematical program-
ming formulation; the proposed method is applied to
a chemical sensing problem. Jahanshahlooa et al.70

develop a data envelopment analysis–discriminant
analysis methodology for interval data, using math-
ematical programming and goal programming.
Approaches of discriminant analysis of interval data
based on imprecise probability theory may be found
in Refs 71, 72. In Ref 73, a generalization of classical
Factorial Discriminant Analysis to symbolic data
is proposed. The method is based on a numerical
analysis of the transformed symbolic data array,
followed by a symbolic interpretation of the results;
it allows considering numerical, categorical nominal,
or distributional variables; classification rules are
based on proximities in the factorial plane (see also
Ref 74). Bayesian decision trees for the case when
predictors are interval variables are presented in Ref
75. Discriminant analysis of interval data has also
been addressed using Support Vector Machines—see
Refs 76–78—and Artificial Neural Networks, in Refs
79–82.

Factorial Analysis
Principal Component Analysis (PCA) of interval data
has first been addressed in Refs 83 and 84. represent-
ing the observed intervals by their centers—‘centers
method’—or by considering all the vertices of the
hypercube representing each of the n entities in
a p-dimensional space—the ‘vertices method’. In
Ref 85, a different approach is followed, where
each variable is represented by the midpoints and
ranges of its interval values. Three methods for Prin-
cipal Component Analysis of fuzzy interval data
are discussed in Ref 86. Zuccolotto87 uses a sym-
bolic data approach for PCA of data described by
the estimated means of a p-dimensional variable.
Rodriguez and collaborators,88,89 have extended PCA
to histogram-valued variables by representing each
observation by a succession of k interval nested enti-
ties (k being the maximum number of categories).
Ichino15 has developed a method for Symbolic PCA of
histogram-valued data based on a quantile representa-
tion where the degree of similarity between variables
is evaluated by the Kendall or the Spearman’s rank
correlation coefficient, and then a traditional PCA
is executed. Makosso-Kallyth and Diday90 proposed
an adaptation of interval PCA to symbolic histogram
variables. In Ref 91, Generalized Canonical Analysis
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is investigated, which allows for the factorial anal-
ysis of different variable types (interval, categorical
multi-valued, modal).

Multiple Regression
Linear Regression in SDA has firstly been addressed
for the case of interval variables. Billard and Diday92

proposed the first linear regression model for
interval-valued variables, using the empirical covari-
ance obtained assuming uniformity in each observed
interval; the estimated coefficients are then applied
to the lower and upper bounds of the independent
variables to estimate lower and upper bounds of the
dependent variable. Neto and De Carvalho93 have
proposed a different model, estimating the midpoint
and half-range of the dependent variable from sep-
arate classical linear regressions on the independent
variables’ intervals’ midpoints and half-ranges; later
in Ref 94, the same authors proposed a new model
with non-negativity constraints on the midranges
regression coefficients.

As concerns histogram-valued variables, the
model in Ref 95, an extension of the authors’ first
model, uses the obtained covariance values for the esti-
mation of the regression coefficients.

Irpino and Verde96 have developed a simple lin-
ear regression model for histogram-valued data, which
minimizes the Mallows’ distance between the observed
quantile function of the dependent variable and the
one derived from the linear model. The proposed
method lies in the exploitation of the properties of a
decomposition of the Wasserstein distance obtained by
Irpino and Romano97; this is used to measure the sum
of squared errors and rewrite the model splitting the
contribution of the predictors in a part depending on
the averages of the distributions and another depend-
ing on the centered quantile distributions.

Dias and Brito98 proposed the Distribution and
Symmetric Distribution Linear Regression model. The
distributions taken by the histogram-valued variables
are represented by their quantile function, as this is
the representation used by the error measure, i.e.,
the Mallows distance. The model includes both the
quantile functions that represent the distributions that
the independent histogram-valued variables take, and
the quantile functions that represent the distributions
that the respective symmetric histogram-valued vari-
ables take. Therefore, although non-negativity con-
straints on the parameters are imposed, this does not
imply a direct linear relationship. Determination of
the model requires solving a quadratic optimization
problem, subject to non-negativity constraints on the
unknowns.

Time Series Analysis
The first work to consider interval-valued time series
data used an approach based on fitting univariate
ARIMA processes to the interval bounds.99 Maia
et al.100 proposed fitting univariate ARIMA processes
to the midpoint and radius and using them to fore-
cast the interval bounds, as well as an approach based
on an artificial neural network model and a com-
bination of the two. In Refs 101–105, the authors
define interval stochastic processes, interval-valued
time series, weak stationarity for interval processes
and, based on the sample moments previously pro-
posed, define the empirical autocovariance and auto-
correlation functions for interval time series data. In
Refs 101–103, forecasting is mainly based on Vec-
tor Autoregressive models (VAR models), Vector Error
Correction models (VEC), and smoothing filters; in
Ref 102, VAR and interval Multilayer Perceptrons are
compared.

More recently, Teles and Brito106 proposed mod-
eling interval-time series with Space-Time Autoregres-
sive models.

Forecasting when data are described by
histogram-valued variables has been addressed in
Ref 101, see also Ref 107; in Refs 103, 104 financial
applications are presented. The Mallows or Wasser-
stein distances are used to obtain the mean error
between observed and forecast histogram values.

Formal Concept Analysis
The importance of Galois lattices for data analysis has
been widely recognized, and their use in Data Mining
applications is nowadays quite frequent. The defini-
tion and use of Galois connections and Galois lat-
tices for symbolic data has been addressed in Ref 49,
developing appropriate operators for the new variable
types; this has then been further developed in Refs
108, 109. Brito and Polaillon110 define two Galois
connections on a set of distributional data and the cor-
responding concept lattices, which use, respectively,
the Maximum and the Minimum operators for gener-
alization. Recently, the same authors111 have proposed
a novel approach, which determines intents by inter-
vals, thereby producing more homogeneous concepts,
which are easier to interpret.

CONCLUSION

SDA extends classical Statistics, Multivariate Data
Analysis and Data Mining to more complex data, in a
framework which allows taking into account variabil-
ity inherent to the data. The newly defined variables
assume new types of realizations, which appropriately
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model these type of data, thereby avoiding unnec-
essary loss of information. In recent years, different
approaches have been investigated and many methods
proposed for the analysis of symbolic data. Applica-
tions in different domains have shown the usefulness
of the proposed approaches. Much remains however
to be done. We have just rather briefly mentioned
some of the issues that arise when we leave the clas-
sical data framework and allow for more complex
variable types. Usual properties may not be taken for
granted, and often new concepts must be designed.
Schweizer wrote, back in 1984, that ‘Distributions
are the numbers of the future’—and perhaps this
summarizes the approach presented here. For sure, a
broad world of problems remains open, waiting to be
explored.

SOFTWARE
To aggregate ‘microdata’ in a convenient way
and analyze symbolic data, different software
packages exist today.

• SODAS—a free package, although regis-
tration required and a code needed for instal-
lation, see: http://www.info.fundp.ac.be/asso/
sodaslink.htm

• SYR—a commercial software, see: http://
syrokko.com/

• R packages are available on CRAN, these
are increasing, but so far mainly (though not
only) for interval data. A nonexhaustive list
includes: RSDA (R to SDA), MAINT.Data (Model
and Analyze Interval Data), ISDA.R (interval sym-
bolic data analysis for R), iRegression (Regression
methods for interval-valued variables).
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