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ABSTRACT. For the quadratic Hotelling model, we study the optimal localiza-
tion and price strategies under incomplete information on the production costs
of the firms. We compute explicitly the pure Bayesian-Nash price duopoly
equilibrium and we prove that it does not depend upon the distributions of
the production costs of the firms, except on their first moments. We find when
the maximal differentiation is a local optimum for the localization strategy of
both firms.

1. Introduction. Since the seminal work of Hotelling [14], the model of spatial
competition has been seen by many researchers as an attractive framework for an-
alyzing oligopoly markets (see [13, 16, 20, 19, 21, 22]). In his model, Hotelling
presents a city represented by a line segment where a uniformly distributed contin-
uum of consumers have to buy a homogeneous good. Consumers have to support
linear transportation costs when buying the good in one of the two firms of the
city. The firms compete in a two-staged location-price game, where simultaneously
choose their location and afterwards set their prices in order to maximize their prof-
its. Hotelling concluded that firms would agglomerate at the center of the line, an
observation referred as the “Principle of Minimum Differentiation”.

In 1979, D’Aspremont et al. [1] show that the “Principle of Minimum Differ-
entiation” is invalid, since there was no price equilibrium solution for all possible
locations of the firms, in particular when they are not far enough from each other.
Moreover, in the same article, D’Aspremont et al.[l] introduce a modification in
the Hotelling model, considering quadratic transportation costs instead of linear.
The introduction of this feature removed the discontinuities verified in the profit
and demand functions, which was a problem in Hotelling model and they show that,
under quadratic transportation costs, a price equilibrium exists for all locations and
a location equilibrium exists and involves maximum product differentiation, i.e. the
firms opt to locate at the extremes of the line.

Hotelling and D’Aspremont et al. consider that the production costs of both firms
are equal to zero. Ziss [23] introduced a modification in the model of D’Aspremont
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et al. [1] allowing for different production costs between the two firms and examines
the effect of heterogeneous production technologies on the location problem. Ziss
showed that a price equilibrium exists for all locations and concluded that when
the difference between the production costs is small, a price and location equilib-
rium exists in which the firms prefer to be located at the opposite extremes of the
line. However, if the difference between the production costs is sufficiently large, a
location equilibrium does not exist.

Boyer et al. [4] and Biscaia and Sarmento [2] extended the work of Ziss consid-
ering that the uncertainty on the productions costs only during the first subgame
in location strategies. Then the production costs are revealed to the firms before
the firms have to choose their optimal price strategies and so the second subgame
has complete information.

In this paper, we study the quadratic Hotelling model with incomplete informa-
tion in the production costs of both firms. The incomplete information consists in
each firm to know its production cost but to be uncertain about the competitor
cost as usual in oligopoly theory (see [5, 6, 7, 8, 9, 10, 11, 12, 17, 18]). However,
in contrast with Boyer et al. [4], the production costs are not revealed to the firms
before the firms have to choose their price strategy. Furthermore, our results are
universal, in the incomplete information scenario, in the sense that they apply to
all probability distributions in the production costs.

We say that the Bayesian-Nash price strategy has the duopoly property if both
firms have non-empty market for every pair of production costs. We introduce the
bounded uncertain costs and location BUC'L1 condition that defines a bound for the
production costs in terms only of the exogenous variables that are the transportation
cost; the road length of the segment line; and the localization of both firms (see
section 6). We prove that there is a local optimum price strategy with the duopoly
property if and only if the bounded uncertain costs and location BUCL1 condition
holds. We compute explicitly the formula for the local optimum price strategy
that is simple and leaves clear the influence of the relevance economic exogenous
quantities in the price formation. In particular, we observe that the local optimum
price strategy do not depend on the distributions of the production costs of the
firms, except on their first moments.

We introduce two mild additional bounded uncertain costs and location BUC'L2
and BUC L3 conditions. Under the BUCL1 and BUC L2 conditions, we prove that
the local optimum price strategy is a Bayesian-Nash price strategy. Assuming that
the firms choose the Bayesian-Nash price strategy, under the BUC L3 condition,
we prove that the maximal differentiation is a local optimum for the localization
strategy of both firms.

2. Local optimum price strategy under complete information. The buyers
of a commodity will be supposed uniformly distributed along a line with length I,
where two firms A and B located at respective distances a and b from the endpoints
of the line sell the same commodity with unitary production costs ca and cg. We
assume without loss of generality that a > 0, b>0and [ —a — b > 0. No customer
has any preference for either seller except on the ground of price plus transportation
cost t.

Denote A’s price by pa and B’s price by pg. The point of division z = x(pa,ps) €
10, {[ between the regions served by the two entrepreneurs is determined by the con-
dition that at this place it is a matter of indifference whether one buys from A or
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FiGURE 1. Hotelling’s linear city with quadratic transportation costs

from B (see Figure 1). The point z is the location of the indifferent consumer to
buy from firm A or firm B, if

pA+t(x—a)2:pB+t(l—b—x)2

Let
m=1Il—a—b and A;=a—b.

Solving for z, we obtain

- I+ A
2tm 2
Both firms have a non-empty market share if, and only if, = €]0,{[ . Hence, the
prices will have to satisfy

|pa —pp —tmA)| <tml (1)

Assuming inequality (1), both firms A and B have a non-empty demand (x and
I — z) and the profits of the two firms are defined respectively by

- I+ A
Ps—Pa z)

(2)

A= (pa—ca)x = (pa —ca) (

2tm 2
and
— I-A
78 = (p —cB) (I — =) = (pB — cB) (p’zmlzBJr 5 l). (3)

Two of the fundamental economic quantities in oligopoly theory are the consumer
surplus C'S and the welfare W. The consumer surplus is the gain of the consumers
community for given price strategies of both firms. The welfare is the gain of the
state that includes the gains of the consumers community and the gains of the firms
for given price strategies of both firms.

Let us denote by v the total amount that consumers are willing to pay for
the commodity. The total amount v(y) that a consumer located at y pays for the
commodity is given by

oly) = pa+t(y—a) if0<y<ua
YW=\ pp+tl—b—y)? ifa<y<l

The consumer surplus CS is the difference between the total amount that a con-
sumer is willing to pay vy and the total amount that the consumer pays v(y)

1
CcS = /0 vr — v(y)dy. (4)

The welfare W is given by adding the profits of firms A and B with the consumer
surplus
W=CS+m4q+7p. (5)
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Definition 2.1. A price strategy (BA’BB) for both firms is a local optimum price
strategy if (i) for every small deviation of the price p 4 the profit m4 of firm A
decreases, and for every small deviation of the price pp the profit mp of firm B
decreases (local optimum property); and (ii) the indifferent consumer exists, i.e.
0 < z < [ (duopoly property).

Let us compute the local optimum price strategy (p P B). Differentiating 74

with respect to p4 and wp with respect to pp and equalizing to zero, we obtain the
first order conditions (FOC). The FOC imply that

A 1
p,=tm <l+3)+3(2cA+cB) (6)
and
AN 1
py=tm <Z—3>+3(CA+2CB). (7)

We note that the first order conditions refer to jointly optimizing the profit function
(2) with respect to the price p4 and the profit function (3) with respect to the price
PB-

Since the profit functions (2) and (3) are concave, the second-order conditions
for this maximization problem are satisfied and so the prices (6) and (7) are indeed
maxima for the functions (2) and (3), respectively. The corresponding equilibrium
profits are given by

(mBl+A)t+cp —ca)?

Ta= 18tm (8)
and ,
- (m(3lfAl)t+CAch)

I = 18tm ' )

Furthermore, the indifferent consumer location corresponding to the maximizers p ,
and Pp of the profit functions 74 and wg is
l Al CB — Cp

=576 T Toim

Finally, for the pair of prices (p P B) to be a local optimum price strategy, we need
assumption (1) to be satisfied with respect to these pair of prices. We observe that
assumption (1) is satisfied with respect to the pair of prices (p,,p) if and only if
the following condition with respect to the production costs is satisfied.

Definition 2.2. The Hotelling model satisfies the bounded costs and location (BC'L)
condition, if
lca —ep —tm A <3tml.

We note that under the BC'L condition the prices are higher than the production
costs p, > caq and p, > cp. Hence, there is a local optimum price strategy if and
only if the BC'L condition holds. Furthermore, under the BC'L condition, the pair
of prices (p " BB) is the local optimum price strategy.

A strong restriction that the BCL condition imposes is that Ac converges to 0
when m tends to 0, i.e. when the differentiation in the localization tends to vanish.

Throughout this paper, consider

X1:le—§l3+tlb(l—b)—tml (z_Agl>
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and
m

~ 36
By equation (4), the consumer surplus C\S with respect to the local optimum price
strategy (p ,,p,) is given by

X, (4512 + 614, +5A7).

T l
CS= [or—p,—t-aPdy+ [vop,—t-b-p
0 T

t
:UTZ+£2(l—a—b)t—|—(b(l—b)t—pB)l—513

Hence,
ca+2cp (tm(3l+Al)+CB—CA)2
=X - l ) 1
g5=% 3 * 36tm (10)
Adding (8), (9) and (10), we obtain the welfare
cA+cp 5(ca —cB) 5(ca —cp)?
=X; — l— A Xo. 11
W=2% 2 18 T e, T (11)

3. Nash price strategy under complete information. We note that, if a Nash
price equilibrium satisfies the duopoly property then it is a local optimum price
strategy. However, a local optimum price strategy is only a local strategic maximum.
Hence, the local optimum price strategy to be a Nash equilibrium must also be global
strategic maximum. In this section, we are going to show that this is the case.

Following D’Aspremont et al. [1], we note that the profits of the two firms, valued
at local optimum price strategy are globally optimal if they are at least as great as
the payoffs that firms would earn by undercutting the rivals’ price and supplying
the whole market.

Let (pa,pr) be the local optimum price strategy. Firm A may gain the whole
market, undercutting its rival by setting

! =Py —tm(l—A)).
In this case the profit amounts to

2
all = 3 (cg—ca+tmA)l

A similar argument is valid for store B. Undercutting this rival, setting
pgl :BA _tm(l+Al)7
it would earn
M _ 2

T3 g(cA—cB—thl) l.

The conditions for such undercutting not to be profitable are m, > ﬂ% and Tp >
ng . Hence, proving that
(mBl+A)t+cp —ca)? < 2
18tm -3
is sufficient to prove that w4 > 73, Similarly, proving that
(m (3l — Al)t+CA — CB)2
18tm
is sufficient to prove that 75 > 71'1]\3/1.
However, conditions (12) and (13) are satisfied because they are equivalent to

(m (31 —A)t+ca—cp)*>>0

(thl — Ac) l (12)

> % (Ac—tmA) 1 (13)
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and

(m(3L+A))t+cp —ca)* > 0.
Therefore, if (p AP B) is a local optimum price strategy then (p P B) is a Nash price
equilibrium.

4. Optimum localization equilibrium under complete information. We are
going to find when the maximal differentiation is a local optimum strategy assuming
that the firms in second subgame choose the Nash price equilibrium strategy. For
a complete discussion see Ziss [23].

We note that from (6) and (8), we can write the profit of firm A as

— (BA_CA)2
AT 2t(l—a—b)

Since
O,y _ 2,

da 3

I+ a),

we obtain that

on P, —c¢ca

5; _ 76t(7lA—a—b)2 (ca—ce+t(l—a—=0b({+3a+0)).
Similarly, we obtain that

aﬂ-B pB — CB
—= = —cg—t(l—a—=>)( 3b)).
b 610 —a D) (ca—cg—t(l—a—=b)(l+a+3D))
Therefore, the maximal differentiation (a,b) = (0,0) is a local optimum strategy if
and only if

85,4 Py,—ca 2
—=(0,0) = —=—— — tl©) <0
aa(3 ) 6tl2 (CA CB+ )
and o
Tp Pp—CB 2
— == - —tl
m (0,0) e (ca—cB ) <0
Since
P, —ca Py —CB
B >0 and 61z >0

the maximal differentiation (a,b) = (0,0) is a local optimum strategy if and only if

lca —cp| < I

5. Incomplete information on the production costs. The incomplete infor-
mation consists in each firm to know its production cost but to be uncertain about
the competitor’s cost. In this section, we introduce a simple notation that is fun-
damental for the elegance and understanding of the results presented in this paper.

Let the triples (14,9Q4,q4) and (Ip,Q5,qp) represent (finite, countable or un-
countable) sets of types I4 and Ip with o-algebras Q4 and Qp and probability
measures g4 and qp, over I4 and I, respectively.

We define the expected values E4(f), Ep(f) and E(f) with respect to the prob-
ability measures g4 and gp as follows:

Ea(f) = ’ f(z,w)dga(2); Ep(f) = ’ f(z,w) dgp(w)
and

B(f) = / [ few)dapw)dan ).
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Let cq : I4 — ]Ra' and cg : Ip — RS’ be measurable functions where ¢% = ca(z)
denotes the production cost of firm A when the type of firm A is z € I4 and
c% = cp(w) denotes the production cost of firm B when the type of firm B is
w € Ig. Furthermore, we assume that the expected values of ¢4 and cp are finite

Ben) = Balea) = [ cdan(z) < o

E(cg) = Ep(cp) = /I c% dgp(w) < oco.
B
We assume that dga(z) denotes the probability of the belief of the firm B on the
production costs of the firm A to be ¢%. Similarly, we assume that dgp(w) denotes
the probability of the belief of the firm A on the production costs of the firm B to
be c%.
The simplicity of the following cost deviation formulas is crucial to express the

main results of this paper in a clear and understandable way. The cost deviations
of firm A and firm B

AA:IA—HRS' andAB:IB—HRa'
are given respectively by A4(z) = ¢ — E(ca) and Ap(w) = ¢ — E(cp). The cost
deviation between the firms
AC Ipax I — Rar
is given by Ac(z,w) = ¢ — ¢§. Since the meaning is clear, we will use through the
paper the following simplified notation:
Ag=A4(2); Ap=Ap(w) and Ac = Ac(z,w).

The expected cost deviation Ag between the firms is given by Ag = E(ca) — E(cp).
Hence,

Ac — A=A, — Ap.
Let V4 and Vg be the variances of the production costs c4 and cp, respectively.
We observe that

E(Ac) = Ap; E(AY) = Ea(A)) = Va; E(A%) = Ep(A3) =Vs.  (14)
Furthermore,

EA(AL) =A% +Vi+ A (A —2Ap); (15)

(A%) A2 + Ve + Ag (AE—FQAA) (16)

E(AL) =A%+ V4 + Vg. (17)

6. Local optimal price strategy under incomplete information. In this sec-
tion, we introduce incomplete information in the classical Hotelling game and we
find the local optimal price strategy. We introduce the bounded uncertain costs
condition that allows us to find the local optimum price strategy.

A price strategy (pa,pp) is given by a pair of functions pa : T4 — R and
pp : Ip — R where p% = pa(z) denotes the price of firm A when the type of firm
Ais z € I4 and p% = pp(w) denotes the price of firm B when the type of firm B
is w € Ig. We note that E(ps) = Ea(pa) and E(pp) = Ep(pp). The indifferent
consumer x : I4 x Ip — (0,1) is given by

RV p% _pf4+tm(l+Al)
2tm '

x (18)
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The ex-post profit of the firms is the effective profit of the firms given a realization
of the production costs for both firm. Hence, it is the main economic information
for both firms. However, the incomplete information prevents the firms to have
access to their ex-post profits except after the firms have already decided their
price strategies. The ex-post profits WEP 2 IaxIpg — ]RS' and ng IaxIg — Rg
are given by

WEP(Z,UJ) = WA(va) = (pzzﬁl - CZ)JJ

zZ,w

and

5 (z,w) = wp(z,w) = (pj — cj) (I - 2**).

The ex-ante profit of the firms is the expected profit of the firm that knows its

production cost but are uncertain about the production cost of the competitor
firm. The ez-ante profits 754 : In — Ry and 754 : Iz — R are given by

7hA(2) = Bp(nhP) and 54 (w) = Ea(rEP). (19)

We note that, the exzpected profit E(m%T) of firm A is equal to E4(754) and the
expected profit E(rET) of firm B is equal to Eg(r54).

The incomplete information forces the firms to have to choose their price strate-
gies using their knowledge of their ex-ante profits, to which they have access, instead
of the ex-post profits, to which they do not have access except after the price strate-
gies are decided.

Definition 6.1. A price strategy (BA’BB) for both firms is a local optimum price

strategy if (i) for every 2z € I, and for every small deviation of the price p* the

ex-ante profit 754 (2) of firm A decreases, and for every w € I and for every

small deviation of the price p}; the ex-ante profit 7EA(w) of firm B decreases (local
optimum property); and (ii) for every z € I4 and w € Ip the indifferent consumer
exists, i.e. 0 < z®" <[ (duopoly property).

We introduce the BUCL1 condition that has the crucial economical information
that can be extracted from the exogenous variables. The BUCLI1 condition allow
us to know if there is, or not, a local optimum price strategy in the presence of
uncertainty for the production costs of both firms.

Definition 6.2. The Hotelling model satisfies the bounded uncertain costs and
location (BUCL1) condition 1, if

|AE—3A0+2Altm| <6tml.
for all z € I4 and for all w € Ig.

A strong restriction that the BUCL1 condition imposes is that A. converges to 0
when m tends to 0, i.e. when the differentiation in the localization tends to vanish.
For i € {A, B}, we define

m : z M z
= gréllrzl{cz} and ¢;" = I‘Zrlezg})l({cZ 1.
Let

A= max {cM-— cj'}
i.j€{A,B}

Thus, the bounded uncertain costs and location BUCL1 is implied by the following
stronger SBUCL1 condition.
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Definition 6.3. The Hotelling model satisfies the bounded uncertain costs and
location (SBUCL1) condition, if

A< tim. (20)

The following theorem is a key economical result in oligopoly theory. First,
it tell us about the existence, or not, of a local optimum price strategy only by
accessing a simple inequality in the exogenous variables and so available to both
firms. Secondly, give us explicit and simple formulas that allow the firms to know
the relevance of the exogenous variables in their price strategies and corresponding
profits.

Theorem 6.4. There is a local optimum price strategy (BA’BB) if and only if the
BUCLI1 condition holds. Under the BUCL1 condition, the expected prices of the
local optimum price strategy are given by

A Ap
A Ag

E(p,)=tm (l—3> +E(CB)+?. (22)

Furthermore, the local optimum price strategy (BA’BB) s unique and it is given by
- Aa Ap

Py =Bp,) + = vy = Blpg) + — (23)

We observe that the difference between the expected prices of both firms has
a very useful and clear economical interpretation in terms of the localization and
expected cost deviations.

2tm A+ A
Blp,) - B(p,) = 2 EE 2L

Furthermore, for different production costs, the differences between the optimal
prices of a firm are proportional to the differences of the production costs

zZ1 ¥4
21 _ 22 CA B CA
e e
and
w1 wa
w1 _ W2 _ CB — CB
BB BB 2 :

for all z1,20 € I4 and wy,we € Ig. Hence, half of the production costs value is
incorporated in the price.

The ex-post profit of the firms is the effective profit of the firms given a realization
of the production costs for both firms. Hence it is the main economic information
for both firms. By equation (23), the ex-post profit of firm A is

(2tm(3l—|—Al) —3A4 —QAE) (2tm(3l+Al) + Ag —3Ac)
72tm

oiF (z,w) =

and the ex-post profit of firm B is

. w) _ (2tm(3l—Al) —3Ap+2Ag) (2tm(3l—Al) —AE+3A0)
T 2tm '

P
x5 (
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The ex-ante profit of a firm is the expected profit of the firm that knows its produc-
tion cost but is uncertain about the production costs of the competitor firm. Since
P (z,w) is given by
2tmBl+A) —3A4—2Ar)2tm 31+ A)) + Ag +3(0% — CZA))
72tm ’
the ex-ante profit of firm A, 754 (2), is

2tm(Bl+A) —3A4—2A5) 2tm 31+ A) + Ap +3(E(cg) — ¢4))

72tm
Hence,
EA (2tm(3l+Al)73AA72AE)2
= . 24
x54(2) L (24)
Similarly, the ex-ante profit of firm B is
2tm (31— A)) —3Ap +2Ag)?

2tm
Let a4 and ap be given by

ap =max{FE(cg) —ch:w € I} and ap =max{E(ca) —c%:2z € Is}.

The following corollary gives us the information of the market size of both firms by
giving the explicit localization of the indifferent consumer with respect to the local
optimum price strategy.

Corollary 1. Under the BUCL1 condition, the indifferent consumer z*% is given

by
1 A Ag —3Ac
zw _ = [ 26 f —— 2
= 2<+3>+ 12tm (26)
The pair of prices (BA’BB) satisfies
pi —Ca = aa/2; pp—cg > ap/2. (27)

Proof of Theorem 6.4 and Corollary 1. Under incomplete information, each firm
seeks to maximize its ex-ante profit. From (19), the ex-ante profit for firm A is
given by

. . pU)_pZ Z+Al
w0 = [ on-e (B PR dmw)
. (Eps)—p3  [+A
= - (P ). (29)

From the first order condition FOC applied to the ex-ante profit of firm A we obtain

. A+Epp)+tm(+A

Similarly,

w s [ Ea)—pE 1—A
T w) = (o - o) (D 2B ISR,

and, by the FOC, we obtain

w ChRTEMDa)+tm(l-24A
pY = B ( )2 ( ) (30)
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Then, from (29) and (30),

E(ca) + E(pp) +tm (1 +A)
2 )

E(pp) = E(cp) + E(pA;—F tm(l— Al).

Solving the system of two equations, we obtain that

E(pa) =

E(pa)=tm <l+ A31> I E(cg) 22E(CA);
E(pp)=tm (l _ A31> i E(ca) ‘;2E(CB).

Hence, equalities (21) and (22) are satisfied. Replacing (22) in (29) and replacing
(21) in (30) we obtain that

Al Ci E(CA)+2E(CB)
=t |+ — A .

A v 2K E
Py =tm (l—gl>+cf+ (CA)6+ (¢5)

Hence, equation (23) is satisfied.
Replacing in equation (18) the values of p , and p, given by the equation (23)
we obtain that the indifferent consumer x*" is given by

e L () A (el = ch) + Blea) — Elep)
2 3 12tm

Hence, equation (26) is satisfied. Therefore, (p A’BB> satisfies property (ii) if and
only if the BUCL1 condition holds.

Since the ex-ante profit functions (28) and (6) are concave, the second-order
conditions for this maximization problem are satisfied and so the prices I and Q]‘g
are indeed maxima for the functions (28) and (6), respectively. Therefore, the pair
(BZ’BZ) satisfies property (i) and so (BZ,BE) is a local optimum price strategy.

Let us prove that p% and p? satisfy inequalities (27). By equation (23),

A 5 E 2E
ﬁ—ézmwuq_%+<m+ (cB).

3 2 6 ’
Al C% QE(CA) +E(CB)
pg—cﬁztm(l—3>—2+ 5 .

By the BUCL1 condition, for every w € Ig, we obtain

A
6 (pz -G —tm (l + 31>> =-3c%4 + E(ca)+2E(cp)
=3(E(cg) —cg)—3(c% —cg)+ E(ca) — E(cp)
>3(E(cg)—cp)—6tl—2A;tm.
Similarly, by the BUCL1 condition, for every z € I 4, we obtain
A
6 (p’g —cg—tm <l - ;)) = —-3cg+2E(ca)+ E(cp)

=3(E(ca) —c4) = 3(cg — i) — E(ca) + E(cp)
>3 (E(ca) —c3) —6tl+2Atm.
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Hence, inequalities (27) are satisfied. O

7. Bayesian-Nash equilibrium. We note that, if a Bayesian-Nash price equi-
librium satisfies the duopoly property then it is a local optimum price strategy.
However, a local optimum price strategy is only a local strategic maximum. Hence,
the local optimum price strategy to be a Bayesian-Nash equilibrium must also be
global strategic maximum. In this section, we are going to show that this is the
case.

Following D’Aspremont et al. [1], we note that the profits of the two firms, valued
at local optimum price strategy are globally optimal if they are at least as great as
the payoffs that firms would earn by undercutting the rivals’s price and supplying
the whole market for all admissible subsets of types I4 and Ip.

Definition 7.1. A price strategy (BA’BB) for both firms is a Bayesian-Nash, if for

every z € I4 and for every deviation of the price p the ex-ante profit 7§4(2) of
firm A decreases, and for every w € Ig and for every deviation of the price pp the
ex-ante profit 754 (w) of firm B decreases.

Let (BA’BB) be the local optimum price strategy. Given the type wq of firm B,
firm A may gain the whole market, undercutting its rival by setting
A (wo) =pp’ —tm(l—A) —¢€ with e > 0.
Hence, by BUCL1 condition p}! (wg) < p% for all z € I4. We observe that if firm A

chooses the price p}! (wp) then by equalities (18) and (23) the whole market belongs
to Firm A for all types w of firm B with ¢* > ¢*°. Let

Py —pX (wo) | 1+ 4
2tm 2 '

z(w;wp) = min {l,
Thus, the expected profit with respect to the price p (wq) for firm A is
w5 () = [ (9 () = €3) (s o) dap ).
B
Let wys € Ig such that ¢ = cg. Since ¢™ > ¢° for every wg € I, we obtain
M (wo) < (X (wo) = &) 1< (P (war) — c3)1 (31)

Given the type zg of firm A, firm B may gain the whole market, undercutting its
rival by setting

p¥ (20) =py —tm(l+A)—¢ withe>0.
Hence, by BUCL1 condition p¥ (29) < p% for all w € Iz. We observe that if firm B

chooses the price p¥ (z0) then by equalities (18) and (23) the whole market belongs
to Firm B for all types z of firm A with ¢* > c¢*°. Let

pY(z0) —p3 1+ A }

x(2; 20) zmaX{O, St 5

Thus, the expected profit with respect to the price p¥ (29) of firm B is
TEY (o) = [ (0 (o) = ) (1= a(zi20)) daa (o)
Ia

Let zp € I4 such that 3 = c%. Since ¢*M > c*° for every zg € 4, we obtain

TEAM (20) < (p () — ) 1 < (0} (zr) — ). (32)
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Remark 1. Under the BUCLI condition, the strategic equilibrium (p " BB) is
the unique pure Bayesian Nash equilibrium with the duopoly property if for every
z € I4 and every w € Ip,

i M (w) <7k and wptM () < mpt(w). (33)
Definition 7.2. The Hotelling model satisfies the bounded uncertain costs and
location (BUCL2) condition, if

M —
Ap+3 (M +cM—2cm)+ Ar(3cl — B(ca) —2B(cp)) _

31 =
tm (31— A2 (3cM — E(ca) —2E(cp))”
= (34)
31 12tml
and
A3 —FE - 2F
~Ap+3 (A +c¥ —208) - CL ;CIB) (ca))
tm (31 + Ay)? (36%—E(CB)—2E(CA))2
= : (35)
31 12tml

Thus, the bounded uncertain costs condition BUC'L2 is implied by the following
stronger SBUC'L2 condition.

Definition 7.3. The Hotelling model satisfies the strong bounded uncertain costs
and location (SBUCL2) condition, if

6A <ltm

We observe that the SBUCL2 condition implies SBUCL1 condition and so
implies the BUCL1 condition.

Theorem 7.4. If the Hotelling model satisfies the BUCL1 and BUCL2 conditions
the local optimum price strategy (BA’BB) is a Bayesian Nash equilibrium.

Corollary 2. If the Hotelling model satisfies SBUCL2 condition the local optimum
price strategy (EA,BB) is a Bayesian Nash equilibrium.

Proof. By equalities (24) and (25), we obtain that 754 (z5s) < 754(2) and 754 (wa)
< B4 (w) for all z € I4 and for all w € Ig. Hence, putting conditions (31), (32)
and (33) together, we obtain the following sufficient condition for the local optimal
strategic prices (p P B) to be a Bayesian Nash equilibrium:

(P (war) = )L < A (zn) and (p (2mr) — ¢B) 1 < g (war).  (36)
By equalities (24) and (25) we obtain that
(2tm (314 A)) + E(ca) + 2 E(cp) — 3c)?

i (en) = 72tm
and
T4 (way) = (2tm (31— A}) +2E(ca) + E(cp) — 3cM)?
SB AT 2tm '
Also, from (23), we know that
P (wy) — 3 = ppM —tm(l—Ay) —e—cy

1

o (4tm A+ 3cy +2E(ca) + Blep) = 6¢i) — e
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and
Pl (zm) — ¢ = p —tm(l+A) —e—cp
1
= 3 (—4tm A+ 3N + E(ca) +2E(cg) —6cE) —e.

Hence, condition (36) holds if
12tmi(dtmA;+3c¥ +2E(ca) + E(ep) —6c7) <

< (2tm 31+ A) + E(ca) +2E(cp) —3c)? (37)
and
12tmi(—4tmA; + 3 + E(ca) +2E(cp) —6c3) <
(2tm (31— A}) +2E(ca) + E(cg) — 3cM)2. (38)
Finally, we note that inequality (37) is equivalent to inequality (34) and that in-
equality (38) is equivalent to inequality (35). O

8. Optimum localization equilibrium under incomplete information. We
note that from (23) and (24), we can write the profit of firm A as

(pz _ CA>2
EA/\ _  \Ea
T ) = T e
Since 5

P 2

—4 = ——t(l

da 3 (I+a)
we have

onkA p,—ca

b0 = iy (20 am D (430 —3A - 2Ap).

Similarly, we obtain that
onEA Py —CB
— = —= —2t(l—a—0b)(1+3b —3Ap+2Ag).
b 12t(—a—pe (2tl-a=b){+3bta) B+2488)
Therefore, the maximal differentiation (a,b) = (0,0) is a local optimum strategy if
and only if

onA Py—ca 9
—A_(0,0) = —= 212 +3A4+2A5) <0
a0 lore (21E+384+4245) <
and A
orgp Py —CB 9
= 0,0) = —=—— (2tl 3Ap —2A 0
o (00 o (21F 4348 5) <
Since
p,—ca Py —CB
d 28~
6112 >0 an 6112 >0

the maximal differentiation (a,b) = (0,0) is a local optimum strategy if and only if
the following condition holds.

Definition 8.1. The Hotelling model satisfies the bounded uncertain costs and
location (BUCL3) condition, if

2t12+3A4+2A5 >0

for all z € I4 and
2t1°+3Ap —2Ap >0
for all w € Ip.
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9. Comparative profit analysis. From now on, we assume that the BUCL1
condition holds and that the price strategy (p A@B) is the local optimum price
strategy determined in Theorem 6.4.

Let A1 = A+ Apg and Ay = Ay — Ap. We observe that the difference between
the ex-post profits of both firms, =57 (z,w) — 5P (2, w), has a very useful and clear

economical interpretation in terms of the expected cost deviations and is given by
16 ¢2 mQIAl —|—2tm(3lA2 — A\ Al) + (AE — SAc) (Stlm — Al)
24tm '
Furthermore, for different production costs, the differences between the ex-post
profit of firm A, 75 (21, w) — 7&F (22, w), is given by
(€ —c)AtmBl+A) —Ap+3(ch + E(ca) — i — )
24tm
and, similarly, 757 (z,w1) — 7EF (2, wy) is given by
(g —cp')(4tm(Bl—A)+Arp+3(ch + E(cg) —cpt —cp?))
24tm
for all z, 21,20 € I4 and w, wy,ws € Ip.
We observe that the difference between the ex-ante profits of both firms has a very
useful and clear economical interpretation in terms of the expected cost deviations.

EA _ _EA _(4tml—A1)(4(thl—AE)—SAQ)
Furthermore, for different production costs, the differences between the ex-ante

profit of firm A, m54(2) — 754 (2,), is given by
(cZ—c})AtmBl+A) —4A+3(2E(ca) — i —c2))
24tm
and, similarly, 754 (w;) — 754 (ws) is given by
(cp?—cp')(4tmBl—A)+4Ag +3(2E(cg) — cg' —cp?))
24tm
for all z, z1, 20 € I4 and w,wy,wy € Ip.

The difference between the ex-post and the ex-ante profit for a firm is the real
deviation from the realized gain of the firm and the expected gain of the firm
knowing its own production cost but being uncertain about the production cost of
the other firm. It is the best measure of the risk involved for the firm given the
uncertainty in the production costs of the other firm. The difference between the
ex-post profit and the ex-ante profit for firm A is

A
5P (z,w) — 752 (2) = 24th (2tm(3l+A) —2A5 —3A,).
The difference between the ex-post profit and the ex-ante profit for firm B is
A
7EP (2, w) — 7EA(w) = —2— (2tm (31— A)) +2A5 — 3Ap).

 24tm

Definition 9.1. The Hotelling model satisfies the A-bounded uncertain costs and
location (A — BUCL) condition, if for all z € I4

3AA+2AE <2tm(3l—|—Al).

The Hotelling model satisfies the B-bounded uncertain costs and location (B —
BUCL) condition, if for all w € Ig

3Ap —2Ag< 2tm(3l—Al)
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The following corollary tells us that the sign of the risk of a firm has the opposite
sign of the deviation of the competitor firm realized production cost from its average.
Hence, under incomplete information the sign of the risk of a firm is not accessible
to the firm. However, the probability of the sign of the risk of a firm to be positive
or negative is accessible to the firm.

Corollary 3. Under the A-bounded uncertain costs (A — BUCL) condition,

7hP(z,w) < 754(2) if and only if Ap < 0. (39)
Under the B-bounded uncertain costs (B — BUCL) condition,
75 (z,w) < 754 (w) if and only if Aa < 0. (40)

The proof of the above corollary follows from a simple manipulation of the pre-
vious formulas for the ex-post and ex-ante profits.

The expected profit of the firm is the expected gain of the firm. We observe that
the ex-ante and the ex-posts profits of both firms are strictly positive with respect
to the local optimum price strategy. Hence, the expected profits of both firms are
also strictly positive. Since the ex-ante profit 754 (2) of firm A is equal to

2EA() = 9A% —12A4 (tm(Bl+A) —Ag) +4(tm 31+ A;) — Ag)?
A 2tm ’
from (14), we obtain that the expected profit of firm A is given by

(tm(Bl+A)—Ap)®  Va

18tm + 8tm’
Similarly, the expected profit of firm B is given by
(tm (31— A)) + Ag)? n VB

18tm 8tm

The difference between the ex-ante and the expected profit of a firm is the de-

viation from the expected realized gain of the firm given the realization of its own
production cost and the expected gain in average for different realizations of its own
production cost, but being in both cases uncertain about the production costs of
the competitor firm. It is the best measure of the quality of its realized production
cost in terms of the expected profit over its own production costs.

E(x4") =

E(xp") =

Corollary 4. The difference between the ex-ante profit and the expected profit for
firm A is

Apg(dtmBl+A)—3A4—4AE)+3Vy
24tm '

The difference between the ex-ante profit and the expected profit for firm B is

_ Ap(4tm(3l—-A) -3Ap+4Ap)+3Vp

B 24tm '

E(xi") —ni' () = (41)

E(zg") — x5 (w) (42)
Proof. Let Z =2tm (31 + A;) —2Ag. Hence,

Bk - xfh(z) = ZZZ38aN, Va

2tm 8tm
AL (2Z-3A4)+3Va
N 24tm '

and so equality (41) holds. The proof of equality (42) follows similarly. O
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10. Comparative consumer surplus and welfare analysis. Consider through-
out this section that X =tm (31 + A}).

The ex-post consumer surplus is the realized gain of the consumers community for
given outcomes of the production costs of both firms. Under incomplete information,
by equation (4), the ex-post consumer surplus is

EP E(CA)+2E(CB) Ap <2tm(3l+Al)+AE—3Ac>2
g =% 3 e 144tm '
The expected value of the consumer surplus is the expected gain of the consumers
community for all possible outcomes of the production costs of both firms. The
expected value of the consumer surplus E(CS EP ) is given by

B(es™) = [ [ 8™ daa(e) dan(w)

Is JIa
E(CA) + 2E(CB) I+ 4(tm(3l +Al) — AE>2 +9(VA + VB)
3 144tm '

We note that, from equalities (14) and (17), the expected value of

:Xl_

2tm 314+ A)) + Ag —3Ac)2
144tm

is given by

(2X + Ap)? — 6 E(Ac) (2X + Ap) + 9 E(A2)

144t m
22X +Ap)?-6A(2X 4+ Ap)+9(Va+ Ve +AY)
B 144tm
_ 4(X—AE)2+9(VA+VB)
a 144t m '

The difference between the ex-post consumer surplus and the expected value of
the consumer surplus measures the difference between the gain of the consumers for
the realized outcomes of the production costs of both firms and the expected gain
of the consumers for all possible outcomes of the production costs of both firms.
Hence, it measures the risk taken by the consumers for different outcomes of the
production costs of both firms.

Corollary 5. The difference between the ex-post consumer surplus and the expected
value of the consumer surplus, CSFY — E(CSEP), is

_AA—I-ABZ_’_AE—ACAZ_’_(AE—3A0)2—4A%—9(VA+VB).

4 12 144tm

Proof.
@E‘P _ E(@EP) _

——%l—l— (2X+AE73A0)274(X*AE)279(VA+VB)

2 144tm

Ap 12X(AE7A0)+(AE*3A0)2*4A2E*9(VA+VB)
=——1[+4

2 144tm

B AE7A072ABZ+ Ap—Ac N (Ap —3A¢)2 —4A% —9(Vy + Vp)
- 4 12 ! 144tm
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Ayq+Ap Ag — Ac (AE—3A0)2—4AQE—9(VA+VB)
= — I+ Al+
4 12 144tm

O

The ex-post welfare is the realized gain of the state that includes the gains of

the consumers community and the gains of the firms for a given outcomes of the
production costs of both firms. By equation (5), the ex-post welfare is

5(AE — 3Ac) + 3(AA — AB) A — Aq+ A+ E(CA) + E(CB)

36 2
+ X1+ Xo+ X3,

wEP i

where

x.— BAc—Ap) (9Ac + Ap)
5 144tm '

The expected value of the welfare is the expected gain of the state for all possible
outcomes of the production costs of both firms. The expected value of the welfare
E(W¥*T) is given by

EW*"?) = /1 ) /I ) W*Pdga(z) dgp(w)

E FE 5A
=X+ X5 — (CA)+ (CB)Z— EA[+U2
2 18
where
U 20 A% +27(Va + Vp)
2 = .

144tm
We note that, from equalities (14) and (17), the expected value of X3 is given by

27TE(A%) — 6 E(Ac) Ap — A%
144tm
27 (A% 4+ Va+ Vg) — TA%,
144tm
20 AQE + 27 (VA + VB)
144tm ’
The difference between the ex-post welfare and the expected value of the welfare
measures the difference in the gains of the state between the realized outcomes of
the production costs of both firms and the expected gain of the state for all possible
outcomes of the production costs of both firms. Hence, it measures the risk taken by
the state for different outcomes of the production costs of both firms. The difference
between the ex-post welfare and the expected value of welfare is

:AAJFABZJFAB*AA)

Uy, =

EEP o E(EEP) Al +X4

where

X, — 9(AL —V4—Vp)—2AcAg —7A’7;.
48tm
11. Example: Symmetric Hotelling. A Hotelling game is symmetric, if (14,4,
qa) = (Ip,Qp,qp) and ¢ = c4 = cp. Hence, we observe that all the formulas of
this section hold with the following simplifications
Ag =0; E(c) = E(ca) =FE(cg) and V =V, = Vp.

The bounded uncertain costs in the symmetric case can be written in the following
simple way.
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Definition 11.1. The symmetric Hotelling model satisfies the bounded uncertain
costs (BUCL1) condition, if

2A;tm —3Ac| < 6tml.
for all z € I4 and for all w € Ig.

The Hotelling model with incomplete symmetric information satisfies the bounded
uncertain costs (BUCL2) condition, if

Ay (M — E(e)) < tm (31— A% 3 (M~ E(c))?
l - 31 4tml

6 (cM — ™) +

and
A(M - E(0)) _ tm(B1+A)? | 3(cM — B(c))?
! = 31 4tml

Under the BUC1 condition, the expected prices of the local optimum price strat-
egy have the simple expression

E(p,) =tm <z+ A;) + E(c); Elpy,) = tm (z - A;) + E(c)

By Proposition 6.4, for the Hotelling game with incomplete symmetric information,
the local optimum price strategy (pa,pps) has the form

6 (M —cm) —

Ap

A

2
The ex-post profit of firm A and firm B are, respectively

(2tm (314 A;) —3A4) (2tm(3l+Al) —-3A¢)

EP _
T4 (mw) = 2tm
and
Egp(z,w) _ (th(gl — Al) 73AB) (2tm(3l — Al) +3Ac)

72tm
The difference between the ex-post profits, 75 (2, w) — 7EF (2, w), of both firms is
given by
162m2 1A +2tm (3lAc — A (Aa+ Ap)) —3Ac (8tlm — Ay — Ap)
24tm '
Furthermore, for different production costs, the difference between the ex-post profit

of firm A, 75 (21, w) — 7EF (22, w), is given by

(=) (AtmBl+A) +3(c+ E(ca) — ¢ —c3))
24tm
and, for different production costs, the difference between the ex-post profit of firm
B7 EEP(Za wl) - Egp(zaw2>7 is given by
(cg* —cg') (4tm (31— Ay) +3(ch + E(cp) — cp' — cp*))
24tm

for all z, 21,29 € I4 and w,wy,ws € Ig. The ex-ante profit of firm A and of firm B
are, respectively

2tm 31+ A;) —3A4)?

EEA(Z) - 2tm

and
(2tm (31— A;) —3Ap)?

EgA(w) - 72tm
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The difference between the ex-ante profits of both firms is given by
(4tml - AA — AB) (4thl - 3Ac)
24tm
Furthermore, for different production costs, the differences between the ex-ante
profits of a firm are given by
(=) AtmBl+A)+312E(c) — i —c3))
24tm

mit(z) — 15 (w) =

i (z1) — 15 () =
and

(g’ —cg") (4tm (31— A)) +3(2E(c) — cg' —cy’))
24tm

for all z, 21,20 € I4 and w, w1, wy € Ig. The difference between the ex-post profit
and the ex-ante profit for firm A is

x5 (w1) — w5 (wa) =

A
i (2 w) — 25 (2) = 5 (2tm B+ A) —3A4).

The difference between the ex-post profit and the ex-ante profit for firm B is

A
7P (z,w) — mEA (w) = 24tAm (2tm (31— A) —3Ap).

We observe that that the A— BUCL and B — BUCL conditions are implied by the
BUCLI condition. Hence, Corollary 3 can be rewritten without any restriction, i.e.

7hP(z,w) < 754(2) if and only if Ap < 0;

and

7EP (z,w) < B4 (w) if and only if Ay <O0.

The expected profit of firm A and firm B are
tm (31 + Ay)? %4
_tm@BI+A)®

E EP
(ra™) 18 8tm
and ( )2
tm (31— A 14
E EP _ )
(T5") 18 * Stm

The difference between the ex-ante profit and the expected profit for firm A is
CAA(Etm B3I+ A) -3A4)+3V

B 24tm '

The difference between the ex-ante profit and the expected profit for firm B is
_ Ap(4tm3l—-A;) —-3Ap)+3V

- 24tm '

E(x5") - o34 (2)

E(xg") — x5 (w)

The ex-post consumer surplus is

A (2tm 31+ A)) —3Ac)?
EP B ! C
=X,—F - — .
eh) ! (c)l 2 L+ 144tm

The expected value of the consumer surplus is
4t2m? (31+ A2+ 18V
144t m '

The difference between the ex-post consumer surplus and the expected value of the
consumer surplus is

E(CSFPY =X, - E(c)l +

As+ Ap Ac QAQC—ISV

EP _ EPy _ _
cs B(CS™) 4 12 + 144tm
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The ex-post welfare is

A 27 A2
EP _ _ _=c c
W=" =X; 4+ Xo— E(c)l 3 Al+144tm7
The expected value of the welfare F (EE P ) is given by
5Ag 27 (Va + Vp)
EWFPPY =X + Xo — E(c)l - A
W= 1+ Xo (¢) 13 1+ TAdtm
The difference between the ex-post welfare and the expected value of welfare is
Ag+ A Ago) 9(AZ —2V)
EP EP A B c C
_E = — A
w (W= 5 l 5 At ——

12. Conclusion. We proved that there is a local optimum price strategy with the
duopoly property if and only if the bounded uncertain costs and location BUCL1
condition holds. The explicit formulas of the local optimum price strategy determine
prices for both firms that are affine with respect to the expected costs of both firms
and to its own costs. Under the BUCL1 and BUCL2 conditions, we proved that
the local optimum price strategy is a Bayesian-Nash price strategy. Assuming that
the firms choose the Bayesian-Nash price strategy, under the BUCL3 condition,
we proved that the maximal differentiation is a local optimum for the localization
strategy of both firms.
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