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GENERATING THE ALGEBRAIC THEORY OF (C(X):
THE CASE OF PARTIALLY ORDERED COMPACT SPACES

DIRK HOFMANN, RENATO NEVES, AND PEDRO NORA

ABSTRACT. It is known since the late 1960’s that the dual of the category of compact Hausdorff spaces
and continuous maps is a variety — not finitary, but bounded by X;. In this note we show that the dual of
the category of partially ordered compact spaces and monotone continuous maps is a Xj-ary quasivariety,
and describe partially its algebraic theory. Based on this description, we extend these results to categories
of Vietoris coalgebras and homomorphisms. We also characterise the Xi-copresentable partially ordered

compact spaces.

1. INTRODUCTION

The motivation for this paper stems from two very different sources. Firstly, it is known since the end
of the 1960’s that the dual of the category CompHaus of compact Hausdorff spaces and continuous maps

is a variety — not finitary, but bounded by X;. More in detail,

e in [Dus69] it is proved that the representable functor hom(—,[0,1]): CompHaus®® — Set is
monadic,

e the unit interval [0, 1] is shown to be a Rg-copresentable compact Hausdorff space in [GUTI],

e a presentation of the algebra operations of CompHaus®® is given in [[sb82], and

e a complete description of the algebraic theory of CompHaus®® is obtained in [MRI17].

It is also worth mentioning that, by the famous Gelfand duality theorem [Gel41], CompHaus is dually
equivalent to the category of commutative C*-algebras and homomorphisms; the algebraic theory of
(commutative) C*-algebras is extensively studied in [PRI3]. Our second source of inspi-
ration is the theory of coalgebras. In [KKV04] the authors argue that the category BooSp of Boolean
spaces and continuous maps “is an interesting base category for coalgebras”; among other reasons, due to
the connection with modal logic. A similar study based on the Vietoris functor on the category Priest of
Priestley spaces and monotone continuous maps can be found in BKROT]. Arguably, the
categories BooSp and Priest are very suitable in this context because they are duals of finitary varieties
(due to the famous Stone dualities [Sto36, [Sto38al, [Sto38D]), a property which extends to categories of
coalgebras and therefore guarantees for instance good completeness properties.

In this note we go a step further and study the category PosComp of partially ordered compact spaces
and monotone continuous maps, which was introduced in [Nac50] and constitutes a natural extension of
both the category CompHaus and the category Priest. It remains open to us whether PosComp®? is also a
variety; however, based on the duality results of [HN16] and inspired by [Ish82], we are able to prove that
PosComp®? is a Wj-ary quasivariety and give a partial description of its algebraic theory. This description
turns out to be sufficient to identify also the dual of the category of coalgebras for the Vietoris functor
V. PosComp — PosComp as a Nj-ary quasivariety. Finally, we characterise the R;-copresentable objects

of PosComp as precisely the metrisable ones.
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2. PRELIMINARIES

In this section we recall the notion of partially ordered compact space introduced in [Nach(] together

with some fundamental properties of these spaces.

Definition 2.1. A partially ordered compact space (X, <,T) consists of a set X, a partial order <

on X and a compact topology 7 on X so that
{(z,y) e X x X |z <y}

is closed in X x X with respect to the product topology.

We will often simply write X instead of (X, <, 7). For every partially ordered compact space X, also
the subset
{(zy) e X x X |z >y}

is closed in X x X since the mapping X x X — X x X, (x,y) — (y,z) is a homeomorphism. Therefore
the diagonal

Ax ={(z,y) e X x X |z<y}n{(z,y) e X x X |z >y}
is closed in X x X, which tells us that the topology of a partially ordered compact space is Hausdorff. We

denote the category of partially ordered compact spaces and monotone continuous maps by PosComp.

Example 2.2. The unit interval [0,1] with the usual Euclidean topology and the “greater or equal”
relation > is a partially ordered compact space; via the mapping z — 1 — z, this space is isomorphic in

PosComp to the space with the same topology and the “less or equal” relation <.

Clearly, there is a canonical forgetful functor PosComp — Pos from PosComp to the category Pos
of partially ordered sets and monotone maps. By the observation above, forgetting the order relation
defines a functor PosComp — CompHaus from PosComp to the category CompHaus of compact Hausdorff
spaces and continuous maps. For more information regarding properties of PosComp we refer to [Nac65,
GHK™80, [Jun04, [Tho09]; however, we recall here:

Theorem 2.3. The category PosComp is complete and cocomplete, and both canonical forgetful functors
PosComp — CompHaus and PosComp — Pos preserve limits.

Proof. This follows from the construction of limits and colimits in PosComp described in [Tho(9]. O

We call an injective monotone continuous map m: X — Y between partially ordered compact spaces

an embedding in PosComp whenever m is an order embedding, that is,
<y <= m(x) <m(y)

for all z,y € X. Note that the embeddings in PosComp are, up to isomorphism, the closed subspace
inclusions with the induced order. More generally, a cone (f;: X — Y;);cr in PosComp is called initial
whenever, for all g, z; € X,

rg <xp = Viel. fi(xo) < fi(xr).
In fact, this condition is equivalent to affirm that the cone (f;: X — Y;);es is initial with respect to the
forgetful functor PosComp — CompHaus (see [Tho09]). The following result of Nachbin is crucial for our

work.

Theorem 2.4. The unit interval [0, 1] is injective in PosComp with respect to embeddings.

Proof. See [Nac65, Theorem 6]. O
As we have shown in [HN16], the theorem above has the following important consequences.

Theorem 2.5. The regular monomorphisms in PosComp are, up to isomorphism, the closed subspaces
with the induced order. Consequently, PosComp has (Epi,Regular mono)-factorisations and the unit

interval [0,1] is a reqular injective regular cogenerator of PosComp.
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Proof. Based on Theorem[2.4] the characterisation of regular monomorphisms as precisely the embeddings

can be found in [HNT6], as well as a proof for the fact that [0, 1] is a regular cogenerator of PosComp. O

We close this section with the following characterisation of cofiltered limits in CompHaus which goes
back to [Bou66l Proposition 8, page 89] (see also [Hof02, Proposition 4.6] and [HNN16]).

Theorem 2.6. Let D: I — CompHaus be a cofiltered diagram and (p;: L — D(i))ier a cone for D. The
following conditions are equivalent:
(i) The cone (p;: L — D(i))ier is a limit of D.
(ii) The cone (p;: L — D(i))icr is mono and, for every i € I, the image of p; is equal to the
intersection of the images of all D(k: j — i) with codomain i:
imp; = ﬂ im D(j LN 7).
j—i
We emphasise that this intrinsic characterisation of cofiltered limits in CompHaus is formally dual to
the following well-known description of filtered colimits in Set (see [AR94]).

Theorem 2.7. Let D : I — Set be a filtered diagram and (c¢;: D(i) — C)ier a compatible cocone
(c;: D(i) = C)ier for D. The following conditions are equivalent:
(i) The cocone (¢;: D(i) = C)icr is a colimit of D.
(i) The cocone (c;: D(i) = C)icr is epi and, for all i € I, the coimage of ¢; is equal to the cointer-
section of the coimages of all D(k: i — j) with domain i:

cix) = eily) = 3(i % j) € I.D(k)(z) = D(K)(y),

and z,y € D(7).
3. THE QUASIVARIETY PosComp®P

The principal aim of this section is to identify PosComp®? as a Ni-ary quasivariety; moreover, we give
a more concrete presentation of the algebra structure of PosComp®P. To achieve this goal, we built on
[HN16] where PosComp®P is shown to be equivalent to the category of certain [0, 1]-enriched categories,
for various quantale structures on the complete lattice [0,1]. Arguably, the most convenient quantale
structure is the Lukasiewicz tensor given by u ® v = max(0,u + v — 1), for u,v € [0,1]. For this

quantale, a [0, 1]-category is a set X equipped with a mapping a: X x X — [0, 1] so that
1 <a(z,z) and a(z,y) © aly, z) < a(z, 2),

for all z,y € X. Each [0, 1]-category (X,a) induces the order relation (that is, reflexive and transitive
relation)

x <y whenever 1 < a(z,y) (x,y € X)
on X. A [0, 1]-category is called separated whenever this order relation is anti-symmetric. As we explain
in Section B categories enriched in this quantale can be also thought of as metric spaces.

To state the duality result of [HN16], we need to impose certain (co)completeness conditions on [0, 1]-
categories. Since these conditions will not be used explicitly in this paper, we simply refer to [HN16| for
their definitions. Eventually, we consider the category A with objects all separated finitely cocomplete
[0, 1]-categories with a monoid structure that, moreover, admit [0, 1]-powers; the morphisms of A are the
finitely cocontinuous [0, 1]-functors preserving the monoid structure and the [0, 1]-powers. Alternatively,
these structures can be described algebraically as sup-semilattices with actions of [0, 1]; therefore we
simply refer to [Kel82| [Stuld] for information about enriched categories and proceed by describing A as

a category of algebras.

Remark 3.1. The category A together with its canonical forgetful functor A — Set is a N;i-ary quasivariety;
we recall now the presentation given in [HN16]. For more information on varieties and quasivarieties we

refer to [AR94]. Firstly, the set of operation symbols consists of
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e the nullary operation symbols | and T;
e the unary operation symbols — ® v and — th u, for each u € [0, 1];

e the binary operation symbols V and ®.

Secondly, the algebras for this theory should be sup-semilattices with a supremum-preserving action of

[0,1]; writing = < y as an abbreviation for the equation y = x V y, this translates to the equations and

implications
Vo =uz, xV(yVz)=(xVy)V z, zV 1L =u, zVy=yVaz,
rO1=uz, (zoOu)Ov=20 (udwv), lou=1, (zVy)ou=(x0u)V(yOu),

rOu<zOv and /\(z@ugy):>(:c®v§y) (S C [0, 1] countable and v = sup 5).
u€sS

The algebras defined by the operations L, V and —®wu (u € [0,1]) and the equations above are precisely
the separated [0, 1]-categories with finite weighted colimits. Such a [0, 1]-category (X, a) has all powers
xMhu (x € X,u e [0,1]) if and only if, for all u € [0,1], — ® u has a right adjoint — rh v with respect to

the underlying order. Therefore we add to our theory the implications
rOu<y < z<ynu,

for all w € [0, 1]. Finally, regarding ®, we impose the commutative monoid axioms with neutral element

the top-element:
TE@Y=y0Oz, xe(Yez)=(r0yY) O 2, QT =ux, T < .

Moreover, we require this multiplication to preserve suprema and the action — ®u (for u € [0, 1]) in each

variable:
x@@yVz)=(xoy) V(e :z2), @ L =1, zO(you)=(xoy) O u.

Remark 3.2. The unit interval [0, 1] becomes an algebra for the theory above with ® = ® and v hu =

min(l,1 —u+v) =1 — max(0,u — v), and the usual interpretation of all other symbols.
The following result is in [HNI16].
Theorem 3.3. The functor
C': PosComp®® — A

sending f: X =Y to Cf: CY — CX, v —= - f is fully faithful, here the structure on
CX ={f: X = 1[0,1] | f is monotone and continuous}
is defined pointwise.

Remark 3.4. The theorem above remains valid if we augment the algebraic theory of A by further operation
symbols corresponding to monotone continuous functions [0,1]7 — [0,1]. More precisely, let X be a
cardinal and h: [0,1]® — [0,1] be a monotone continuous map. If we add to the algebraic theory of A a
operation symbol of arity N, then C': PosComp®® — A lifts to a fully faithful functor from PosComp®? to
the category of algebras for this theory by interpreting the new operation symbol in C'X point-wise by
h. Note that all A-morphisms of type CY — CX preserves this new operation automatically.

Remark 3.5. Note that 1 —u = 0 h u, for every u € [0,1]. Therefore we can express truncated minus

v©u=max(0,v —u) in [0, 1] with the operations of A:
vou=0rm(urhwv).

In particular, every subalgebra M C C'X of CX is also closed under truncated minus.
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Since we have chosen the Lukasiewicz tensor, the categorical closure on CX (see [HT10]) coincides
with the usual topology induced by the “sup-metric” on CX; in the sequel we consider this topology
on C(X). One important step towards the identification of the image of C': PosComp®® — A is the
following adaption of the classical “Stone—Weierstrafl theorem” (see [HN16]).

Theorem 3.6. Let X be a partially ordered compact space and m: A — CX be a subobject of CX in A so
that the cone (m(a): X — [0,1]) is point-separating and initial. Then m is dense in CX. In particular,

if A is Cauchy complete, then m is an isomorphism.
One important consequence of Theorem is the following proposition.
Proposition 3.7. The unit interval [0, 1] is Ry -copresentable in PosComp.

Proof. This can be shown with the same argument as in [GUTI, 6.5.(c)]. Firstly, by Theorem [B.6]
hom(—, [0, 1]) sends every Ni-codirected limit to a jointly surjective cocone. Secondly, using Theorem 2.7
this cocone is a colimit since [0, 1] is Ny-copresentable in CompHaus. (]

Theorem 3.8. The functor C: PosComp® — A corestricts to an equivalence between PosComp®® and
the full subcategory of A defined by those objects A which are Cauchy complete and where the cone of all

A-morphisms from A to [0,1] is point-separating.
Proof. See [HN16]. O

Instead of working with Cauchy completeness, we wish to add an operation to the algebraic theory of
A so that, if M is closed in CX under this operation, then M is closed with respect to the topology of
the [0, 1]-category CX. In the case of CompHaus, this is achieved in [[sb82] using the operation

— 1
[0, 1]]N — [0,1], (tn)new — Z Wun

n=0
on [0, 1]; since the limit of a convergent sequence (¢, )nen can be calculated as

lim ¢, = o + (p1 — o) +....

n—o0

However, this argument cannot be transported directly into the ordered setting since the difference ¢ — g
of two monotone maps g, ¢1: X — [0, 1] is not necessarily monotone. To circumvent this problem, we
look for a monotone and continuous function [0, 1]N — [0, 1] which calculates the limit of “sufficiently

many sequences”. We make now the meaning of “sufficiently many” more precise.

Lemma 3.9. Let M C CX be a subalgebra in A and v € CX with ) € M. Then there exists a sequence
(Vn)nen in M converging to 1 so that

(1) (Yn)nen is increasing, and
(2) for alln € N and all v € X : pi1(z) — Py (x) < 5.

Proof. We can find (¢, )nen so that, for all n € N, |¢,(z) — ¥(z)| < %_H Then the sequence (¢, ©

n+r1)"€]N converges to ¥ too; moreover, since M C CX is a subalgebra, also ¢, © n+r1 € M, for alln € IN.
Therefore we can assume that we have a sequence (¢, )nen in M with (¢, )new — % and 9, < 9, for all
n € IN. Then the sequence (¢)g V -+ V 1, )nen has all its members in M, is increasing and converges to

1. Finally, there is a subsequence of this sequence which satisfies the second condition above. (I

Lemma 3.10. Every increasing sequence (un)nen in [0,1] satisfying un+1 — un < 5, for alln € N, is
Cauchy. Let

1
C = {(tun)nen € [0, 11N | (up)nen is monotone and uny1 — tp < o0 for all n € IN}.

Then every sequence in C is Cauchy and lim: C — [0, 1] is monotone and continuous.
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Motivated by the two lemmas above, we are looking for a monotone continuous map [0, 1]N — [0, 1]
which sends every sequence in C to its limit. Such a map can be obtained by combining lim: C — [0, 1]

with a monotone continuous retraction of the inclusion map C < [0, 1].
Lemma 3.11. The map p: [0, 1]N — [0, 1IN, (un)nen = (U0 V- Vn)nen is monotone and continuous.

Clearly, 1 sends a sequence to an increasing sequence, and ((ty)nen) = (Un)nen for every increasing

sequence (Uy)neN-

Lemma 3.12. The map v: [0,1]N — [0,1]N sending a sequence (u,)new to the sequence (v, )new defined

recursively by

2n

is monotone and continuous. Furthermore, v sends an increasing sequence to an increasing sequence.

. 1
Vo = Ug and Up41 = min (un+1, Up + —

Proof. Tt is easy to see that « is monotone. In order to verify continuity, we consider IN as a discrete
topological space, this way [0,1]N is an exponential in Top. We show that v corresponds via the expo-

071]].\')

nential law to a (necessarily continuous) map f: IN — [0, 1]([ . The recursion data above translates

to the conditions

f(0) = mo and f(n+ 1)((um)men) = min (Un+1, F() ((Um)men) + 2%) ,

that is, f is defined by the recursion data o € [0, 1]([0’1]N> and

1
[0, 1]([0,1]IN) — [0, 1]([0,1]W)7 ¢ — min <7rn+1,<p + 2—n> .
Note that with ¢: [0,1]N — [0,1] also min (741, + 5=) : [0,1]N — [0,1] is continuous. Finally, if

(Un)nen is increasing, then so is (vp)nen- O

We conclude that the map v - p: [0,1]N — C is a retraction for the inclusion map C — [0,1]N in

PosComp. Therefore we define now:

Definition 3.13. Let A be the Xj-ary quasivariety obtained by adding one X;-ary operation symbol
to the theory of A (see Remark [B1)). Then [0, 1] becomes an object of A by interpreting this operation
symbol by
§ =lim-y-p: [0,1]N = [0,1].
The (accordingly modified) functor C': PosComp — A is fully faithful (see Remark B.4]); moreover, by
Proposition B7] C sends Ni-codirected limits to Ny-directed colimits in A.

Definition 3.14. Let Ay be the subcategory of A defined by those objects A where the cone of all

morphisms from A to [0, 1] is point-separating.
Hence, Ay is a regular epireflective full subcategory of A and therefore also a quasivariety. Moreover:

Theorem 3.15. The embedding C': PosComp®® — A corestricts to an equivalence C': PosComp®® — Ag.

Hence, Ay is closed in A under Xy -directed colimits and therefore also a Ry-ary quasivariety (see [AR94,
Remark 3.32]).

4. VIETORIS COALGEBRAS

In this section we consider the Vietoris functor V: PosComp — PosComp and the associated category
CoAlg(V) of coalgebras and homomorphisms. We show that CoAlg(V') as well as certain full subcategories
are also Ni-ary quasivarieties.

Recall from [Sch93] (see also [HN16l Proposition 3.28]) that, for a partially ordered compact space X,
the elements of VX are the closed upper subsets of X, the order on V' X is containment O, and the sets

{AeVX|ANnU #@} (UC X open lower) and {AeVX|ANK =0} (K CX closed lower)
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generate the compact Hausdorff topology on VX. Furthermore, for f: X — Y in PosComp, the map
Vf: VX — VY sends A to the up-closure 1f[A] of f[A]. A coalgebra (X, «) for V consists of a partially
ordered compact space X and a monotone continuous map «: X — VX. For coalgebras (X, «) and
(Y, 8), a homomorphism of coalgebras f: (X,a) — (Y, ) is a monotone continuous map f: X — Y so
that the diagram

VX — VY
V¥

commutes. The coalgebras for the Vietoris functor and their homomorphisms form the category CoAlg(V),
and forgetting the coalgebra structure gives rise to the canonical forgetful functor CoAlg(V) — PosComp
that sends (X, «) to X and leaves the maps unchanged. For the general theory of coalgebras we refer to
[Ad&05].

As it is well-known, V is part of a monad V = (V,;m, e) on PosComp; here ex: X — VX sends z to Tz
and mx: VVX — VX is given by A+ |JA. Clearly, a coalgebra structure X — VX for V can be also
interpreted as an endomorphism X -e» X in the Kleisli category PosCompy,. In the sequel we will use
this perspective together with the duality result for PosCompy, of [HN16] to show that also CoAlg(V)°P
is a Ng-ary quasivariety.

Let B denote the category with the same objects as A and morphisms those maps p: A — A’ that

preserve finite suprema and the action — ® u, for all u € [0, 1], and satisfy

pr@y) < o) ©p(y),

for all 2,35 € A. The functor C': PosComp®® — A extends to a fully faithful functor C': PosCompy, — B

making the diagram

PosComp¥ —~ =B

]

PosComp®? — Ao

commutative, where the vertical arrows denote the canonical inclusion functors. Therefore the category
CoAlg(V) is dually equivalent to the category with objects all pairs (A4,a) consisting of an Ay object A
and a B-morphism a: A — A, and a morphism between such pairs (A, a) and (A4’,a’) is an Ag-morphism

A — A’ commuting in the obvious sense with a and a'.

Theorem 4.1. The category CoAlg(V) of coalgebras and homomorphisms for the Vietoris functor

V': PosComp — PosComp is dually equivalent to a Ny-ary quasivariety.

Proof. Just consider the algebraic theory of Ay augmented by one unary operation symbol and by those

equations which express that the corresponding operation is a B-morphism. ([

In particular, CoAlg(V) is complete and the forgetful functor CoAlg(V) — PosComp preserves N;-
codirected limits. In fact, slightly more is shown in [HNNT6]:

Proposition 4.2. The forgetful functor CoAlg(V) — PosComp preserves codirected limits.

We finish this section by pointing out some further consequences of our approach and consider certain
full subcategories of CoAlg(V'). For instance, still thinking of a coalgebra structure a: X — VX as an
endomorphism a: X -e» X in PosCompy;, we say that « is reflexive whenever 1x < « in PosCompy;, and
a is called transitive whenever avo o < o in PosCompy,. Passing now to the corresponding B-morphism

a: A — A, these inequalities can be expressed as equations in A, and we conclude:
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Proposition 4.3. The full subcategory of CoAlg(V) defined by all reflexive (transitive, reflexive and tran-
sitive) coalgebras is dually equivalent to an Wy-ary quasivariety. Moreover, this subcategory is coreflective

in CoAlg(V) and closed under Ny-ary limits.
Proof. This follows from the discussion above and from [AR94, Theorem 1.66]. O

Another way of specifying full subcategories of CoAlg(V') uses coequations (see [Ad405], Definition 4.18]).
More generally, for a class M of monomorphisms in CoAlg(V'), a coalgebra X for V is called coorthog-
onal whenever, for all m: A — B in M and all homomorphisms f: X — B there exists a (necessarily
unique) homomorphism g: X — A with m - g = f (see [AR94] Definition 1.32] for the dual notion). We
write M T for the full subcategory of CoAlg(V) defined by those coalgebras which are coorthogonal to
M. From the dual of [AR94 Theorem 1.39] we obtain:

Proposition 4.4. For every set M of monomorphisms in CoAlg(V), the inclusion functor MT —
CoAlg(V) has a right adjoint. Moreover, if A denotes a regular cardinal larger or equal to Ny so that, for
every arrow m € M, the domain and codomain of m is \-copresentable, then M — CoAlg(V) is closed

under A-codirected limits.

Corollary 4.5. For every set of coequations in CoAlg(V), the full subcategory of CoAlg(V) defined by
these coequations is coreflective.
5. N{-COPRESENTABLE SPACES

It is shown in [GUTI] that the the Ri-copresentable objects in CompHaus are precisely the metrisable
compact Hausdorff spaces. We end this paper with a characterisation of the N;-copresentable objects in
PosComp which resembles the one for compact Hausdorff spaces; to do so, we consider generalised metric
spaces in the sense of Lawvere [Law73].

More precisely, we think of metric spaces as categories enriched in the quantale [0, 1], ordered by the

“greater or equal” relation >, with tensor product & given by truncated addition:
u® v =min(l,u + v),
for all u,v € [0,1]. We note that the right adjoint hom(u, —) of u @ —: [0,1] — [0,1] is defined by
hom(u,v) = v & u = max(0,v — u),
for all u,v € [0,1].

Remark 5.1. Via the isomorhism [0,1] — [0,1], u — 1 — u, the quantale described above is isomorphic
to the quantale [0, 1] equipped with the Lukasiewicz tensor used in Section Bl However, we decided to

switch so that categories enriched in [0, 1] look more like metric spaces.

Definition 5.2. A metric space is a pair (X, a) consisting of a set X and a map a: X x X — [0,1]
satisfying

0> a(z,x) and a(e,y) @ aly, =) > ala, 2),

for all z,y,z2 € X. A map f: X — Y between metric spaces (X,a), (Y,b) is called non-expansive

whenever
a(z,2') > b(f(z), f(2")),

for all z, 2’ € X. Metric spaces and non-expansive maps form the category Met.
Example 5.3. The unit interval [0, 1] is a metric space with metric hom(u,v) = v © .

Our definition of metric space is not the classical one. Firstly, we consider only metrics bounded by

1; however, since we are interested in the induced topology and the induced order, “large” distances are
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irrelevant. Secondly, we allow distance zero for different points, which, besides topology, also allows us

to treat order theory. Every metric a on a set X defines the order relation
x <y whenever 0 > a(z,y),
for all z,y € X; this construction defines a functor
O: Met — Ord
commuting with the canonical forgetful functors to Set.
Lemma 5.4. The functor O: Met — Ord preserves limits and initial cones.

A metric space is called separated whenever the underlying order is anti-symmetric. Element-wise, a

metric space (X, a) is separated whenever
(0>a(z,y) & 02aly,2) = ==y,

for all z,y € X.

Thirdly, we are not insisting on symmetry. However, every metric space (X, a) can be symmetrised by

as(z,y) = max(a(z,y),a(y, ).

For every metric space (X,a), we consider the topology induced by the symmetrisation as of a. This
construction defines the faithful functor

T: Met — Top.

We note that (X, a) is separated if and only if the underlying topology is Hausdorff. Furthermore, we

recall:

Lemma 5.5. The functor T: Met — Top preserves finite limits. In particular, T sends subspace embed-

dings to subspace embeddings.

Lemma 5.6. Let (X,a) be a separated compact metric space. Then X equipped with the order and the

topology induced by the metric a becomes a partially ordered compact space.
Proof. See [Nac65, Chapter II]. O

Example 5.7. The metric space [0, 1] of Example induces the partially ordered compact Hausdorff

space [0, 1] with the usual Euclidean topology and the “greater or equal” relation >.

Definition 5.8. A partially ordered compact space X is called metrisable whenever there is a metric
on X which induces the order and the topology of X. We denote the full subcategory of PosComp defined

by all metrisable spaces by PosComp,,, -
Proposition 5.9. PosComp,, .. is closed under countable limits in PosComp.

Proof. By Lemma[5.3], PosComp,,is closed under finite limits in PosComp. The argument for countable
products is the same as in the classical case: for a family (X,,)nen of metrisable partially ordered compact
Hausdorff spaces, with the metric a,, on X, (n € IN), the structure of the product space X = HnelN Xn
is induced by the metric a defined by

o0

a((xn)nele (yn)nG]N) = Z ﬁan(zn; yn)7

n=0

for (xn)nelNa (yn)nelN c X. 0

For classical metric spaces it is known that the compact spaces are subspaces of countable powers of
the unit interval; this fact carries over without any trouble to our case. Before we present the argument,
let us recall that, for every metric space (X, a), the cone (a(z,—): X — [0,1]),ex is initial with respect
to the forgetful functor Met — Set; this is a consequence of the Yoneda Lemma for [0, 1]g-categories (see

[Law73]). Moreover, (X, a) is separated if and only if this cone is point-separating.
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Lemma 5.10. Let (X, a) be a compact metric space. Then there exists a countable subset S C X so that
the cone

(a2, —): X = [0, 1])zes
is initial with respect to the forgetful functor Met — Set.

Proof. Since X is compact, for every natural number n > 1, there is a finite set S, so that the open balls
1 1
{ye X Ja(z,y) <— and a(y,z) < -}
n n
with z € S, cover X. Let S =J,,~, Sn. We have to show that, for all 2,y € X,
V azy) e az,2) > a(x,y).
zeS
To see that, let ¢ = %, for some n > 1. By construction, there is some z € S so that a(x,z) < € and
a(z,x) < e. Hence,
(a(z,y) © a(z, @) + 22 = a(z,y) + a(z, 2) = a(z,y);

and the assertion follows. O

Proposition 5.11. Every partially ordered compact space is a N -cofiltered limit in PosComp of metrisable

spaces.

Proof. For a separated metric space X = (X, a), the initial cone (a(x,—): X — [0,1])zes of Lemma B0
is automatically point-separating, therefore there is an embedding X < [0, 1] in Met. This proofs that
the full subcategory PosComp,,.. of PosComp is small. Let X be a partially ordered compact space. By

Proposition [1.9] the canonical diagram
D: X | PosComp,,,, — PosComp

is Ny-cofiltered. Moreover, the canonical cone

(5.) (f: X = Y)se(xPosComp,,.,)
is initial since (G.d) includes the cone (f: X — [0,1])¢. Finally, to see that (5d) is a limit cone, we use
Theorem [Z8 for every f: X — Y with Y metrisable, im f < Y actually belongs to PosComp,,.;, which
proves
im f = N im D(k). 0
k: g—fe(XPosComp,. )

Corollary 5.12. FEvery Xy-copresentable object in PosComp is metrisable.

Proof. Also here the argument is the same as for CompHaus. Let X be a Nj-copresentable object in
PosComp. By Proposition 51T}, we can present X as a limit (p;: X — X;)ier of a Xj-codirected diagram
D: I — PosComp where all D(i) are metrisable. Since X is Nj-copresentable, the identity 1x: X — X
factorises as

X 2 ox, M ox,

for some 7 € I. Hence, being a subspace of a metrisable space, X is metrisable. [

To prove that every metrisable partially ordered compact space X is Nj-copresentable, we will show
that every closed subspace A < [0, 1] with I countable is an equaliser of a pair of arrows
[0’ 1]1 —_— [0’ 1]J
with also J being countable. For a symmetric metric on X, one can simply consider
a(Avi)
[0’ 1]1 —_— [Oa 1])
0

but in our non-symmetric setting this argument does not work. We start with an auxiliary result which
follows from Theorem 24l Our argument here is a slight modification of the one used in the characteri-

sation of regular monomorphisms in PosComp obtained in [HN16].
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Lemma 5.13. Let X be a partially ordered compact space, A, B C X closed subsets so that AN B = Q&
and B = [BN1TB. Then there is a family (fu: X — [0,1])uejo,1) of monotone continuous maps which all
coincide on A and, moreover, satisfy fu(y) = u, for all w € [0,1] and y € B.

Proof. Put Ag = ANTB and A3 = ANJ|B. Then Ag and A; are closed subsets of X and
AgNAi=AnNtBN]|B=ANB=g.

Moreover, for every xg € Ap and z1 € Ay, zg £ z1. In fact, if 29 > yo € B and 1 < y; € B, then
ro < x1 implies

Yo < zo <1 < W,
hence xy € B which contradicts A N B = @. We define now the monotone continuous map

g: AgUA — [0,1]

0 ifSCEAo,
1 ifxe Ay

T +—

By [Nac65, Theorem 6], g extends to a monotone continuous map g: A — [0, 1]. Let now u € [0,1]. We
define

fui AUB —[0,1]

g(z) ifxeA,
T —>
U ifx e B.
Using again [Nac65, Theorem 6], f, extends to a monotone continuous map f,: X — [0, 1]. O

Corollary 5.14. Let n € N and A C [0,1]" be a closed subset. Then there exist countable set J and

monotone continuous maps

h
[Oa 1]n —_— [Oa 1]']
k

so that A < [0,1]™ is the equaliser of h and k. In particular, A is Ry-copresentable.

Proof. We denote by d the usual Euclidean metric on [0,1]™. For every z € [0,1]™ with x € A, there is
some € > 0 so that the closed ball

B(x,e) ={y € [0,1]" | d(z,y) < €}
does not intersect A. Furthermore, B = 1B N |B. Put
1
J=A(k,x1,...2,) |k €N,k >1and x = (x1,...2,) € ([0,1] N Q)" and B(J:,E)HA: o}

clearly, J is countable. For every j = (k,21,...2,) € J, we consider the monotone continuous maps
fo, f1:[0,1]™ — [0, 1] obtained in Lemma [5.I3 and put h; = fo and k; = fi1. Then A — [0,1]™ is the
equaliser of
h=(h;)
[0,1]" —= [0,1]/ O
k=(k;)
Theorem 5.15. Every metrisable partially ordered compact space is Vi-copresentable in PosComp.

Proof. Let X be a metrisable partially ordered compact space. By Lemma [E.10 there is an embedding
m: X < [0,1]N in PosComp. Moreover, with

J={F CNN|F is finite},
(mp: [0,1]N = [0,1]F) res is a limit cone of the codirected diagram

JP — PosComp
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sending F to [0,1]F and G D F to the canonical projection 7: [0,1]% — [0,1]F. For every F € J, we
consider the (Epi,Regular mono)-factorisation

X 25 Xp 25 00,107
of mp - m: X — [0,1]F. Then, using again Bourbaki’s criterion (see Theorem 6],

(pr: X = Ap)res

is a limit cone of the codirect diagram

JP — PosComp

sending F' to Xp and G 2O F to the diagonal of the factorisation. By Corollary B.I4 each Xp is
Ni-copresentable, hence also X is Nj-copresentable since X is a countable limit of Nj-copresentable
objects. O

ACKNOWLEDGEMENTS

This work is financed by the ERDF — European Regional Development Fund through the Operational
Programme for Competitiveness and Internationalisation - COMPETE 2020 Programme and by National
Funds through the Portuguese funding agency, FCT — Fundacao para a Ciéncia e a Tecnologia within
project POCI-01-0145-FEDER-016692. We also gratefully acknowledge partial financial assistance by
Portuguese funds through CIDMA (Center for Research and Development in Mathematics and Applica-
tions), and the Portuguese Foundation for Science and Technology (“FCT — Fundagao para a Ciéncia e a
Tecnologia”), within the project UID/MAT/04106/2013. Finally, Renato Neves and Pedro Nora are also
supported by FCT grants SFRH/BD /52234 /2013 and SFRH/BD/95757 /2013, respectively.

REFERENCES

[Ad405] Jifi Addmek. Introduction to coalgebra. Theory and Applications of Categories, 14(8):157-199, 2005. [7} Bl

[AR94] Jiri Adamek and Jiti Rosicky. Locally presentable and accessible categories, volume 189 of London Mathematical
Society Lecture Note Series. Cambridge University Press, Cambridge, 1994. Bl [6] Bl

[BKRO7] Marcello M. Bonsangue, Alexander Kurz, and Ingrid M. Rewitzky. Coalgebraic representations of distributive
lattices with operators. Topology and its Applications, 154(4):778-791, February 2007. [

[Bou66] Nicolas Bourbaki. General topology, part I. Hermann, Paris and Addison-Wesley, 1966. chapters 1-4. 3

[CLP91] Roberto Cignoli, S. Lafalce, and Alejandro Petrovich. Remarks on Priestley duality for distributive lattices.
Order, 8(3):299-315, 1991. [

[Dus69] John Duskin. Variations on Beck’s tripleability criterion. In Reports of the Midwest Category Seminar III,
number 106 in Lecture Notes in Mathematics, pages 74-129. Springer Berlin Heidelberg, 1969. [

[Gel41] Izrail Gelfand. Normierte Ringe. Recueil Mathématique. Nouvelle Série, 9(1):3-24, 1941. [0

[GHK*80] Gerhard Gierz, Karl Heinrich Hofmann, Klaus Keimel, Jimmie D. Lawson, Michael W. Mislove, and Dana S.
Scott. A compendium of continuous lattices. Springer-Verlag, Berlin, 1980.

[GUT1] Peter Gabriel and Friedrich Ulmer. Lokal prdsentierbare Kategorien. Lecture Notes in Mathematics, Vol. 221.
Springer-Verlag, Berlin, 1971. [ B B

[HN16] Dirk Hofmann and Pedro Nora. Enriched Stone-type dualities. Technical report, April 2016,
arXiv:1605.00081 [math.CT1. [ BB @ [ B [ 00

[HNN16] Dirk Hofmann, Renato Neves, and Pedro Nora. Limits in Categories of Vietoris Coalgebras. Technical report,
December 2016, [arXiv:1612.03318 [cs.L0]. Bl [0

[Hof02] Dirk Hofmann. On a generalization of the Stone-Weierstrass theorem. Applied Categorical Structures, 10(6):569—
592, 2002, eprint: http://www.mat.uc.pt/preprints/ps/p9921.ps| [

[HT10] Dirk Hofmann and Walter Tholen. Lawvere completion and separation via closure. Applied Categorical Struc-
tures, 18(3):259-287, November 2010, |arXiv:0801.0199 [math.CT]l

[Isb82] John R. Isbell. Generating the algebraic theory of C(X). Algebra Universalis, 15(2):153-155, December 1982.
m

[Jun04] Achim Jung. Stably compact spaces and the probabilistic powerspace construction. In J. Desharnais and
P. Panangaden, editors, Domain-theoretic Methods in Probabilistic Processes, volume 87 of entcs, pages 5—
20. Elsevier, November 2004. 15pp.


http://arxiv.org/abs/1605.00081
http://arxiv.org/abs/1612.03318
http://www.mat.uc.pt/preprints/ps/p9921.ps
http://arxiv.org/abs/0801.0199

[Kel82]

[KKV04]

[Law73]

[MR17]

[Nac50]
[Nac65]

[NegT1]
[Pet96]

[PR89)

[PR93]
[Sch93]
[Sto36]
[Sto38al
[Sto38b]

[Stuld]

[Tho09]

GENERATING THE ALGEBRAIC THEORY OF C(X) 13

G. Max Kelly. Basic concepts of enriched category theory, volume 64 of London Mathematical Society Lecture
Note Series. Cambridge University Press, Cambridge, 1982. Republished in: Reprints in Theory and Applica-
tions of Categories. No. 10 (2005), 1-136. Bl

Clemens Kupke, Alexander Kurz, and Yde Venema. Stone coalgebras. Theoretical Computer Science, 327(1-
2):109-134, October 2004. [1]

F. William Lawvere. Metric spaces, generalized logic, and closed categories. Rendiconti del Seminario
Matemadtico e Fisico di Milano, 43(1):135-166, December 1973. Republished in: Reprints in Theory and Appli-
cations of Categories, No. 1 (2002), 1-37.[8]

Vincenzo Marra and Luca Reggio. Stone duality above dimension zero: Axiomatising the algebraic theory of
C(X). Advances in Mathematics, 307:253-287, February 2017, [arXiv:1508.07750 [math.LO].[Il

Leopoldo Nachbin. Topologia e Ordem. Univ. of Chicago Press, 1950. [

Leopoldo Nachbin. Topology and order. Translated from the Portuguese by Lulu Bechtolsheim. Van Nostrand
Mathematical Studies, No. 4. D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London, 1965. 2] [@ [Tl
Joan Wick Negrepontis. Duality in analysis from the point of view of triples. Journal of Algebra, 19(2):228-253,
October 1971. [0

Alejandro Petrovich. Distributive lattices with an operator. Studia Logica, 56(1-2):205-224, 1996. Special issue
on Priestley duality. [l

Joan Wick Pelletier and Jifi Rosicky. Generating the equational theory of C*-algebras and related categories.
In Categorical topology and its relation to analysis, algebra and combinatorics (Prague, 1988), pages 163-180.
World Scientific, 1989. Proc. Conf. Categorical Topology, Prague 1988. [

Joan Wick Pelletier and Jifi Rosicky. On the equational theory of C*-algebras. Algebra Universalis, 30(2):275—
284, June 1993. [

Andrea Schalk. Algebras for Generalized Power Constructions. PhD thesis, Technische Hochschule Darmstadt,
1993.

Marshall Harvey Stone. The theory of representations for Boolean algebras. Transactions of the American
Mathematical Society, 40(1):37-111, July 1936. [

Marshall Harvey Stone. The representation of boolean algebras. Bulletin of the American Mathematical Society,
44(12):807-816, December 1938. [

Marshall Harvey Stone. Topological representations of distributive lattices and Brouwerian logics. Casopis pro
péstovdni matematiky a fysiky, 67(1):1-25, 1938, eprint: http://dml.cz/handle/10338.dmlcz/124080! [

Isar Stubbe. An introduction to quantaloid-enriched categories. Fuzzy Sets and Systems, 256:95-116, December
2014. Special Issue on Enriched Category Theory and Related Topics (Selected papers from the 33™d Linz
Seminar on Fuzzy Set Theory, 2012). [3

Walter Tholen. Ordered topological structures. Topology and its Applications, 156(12):2148-2157, July 2009.

CENTER FOR RESEARCH AND DEVELOPMENT IN MATHEMATICS AND APPLICATIONS, DEPARTMENT OF MATHEMATICS, UNI-

VERSITY OF AVEIRO, 3810-193 AVEIRO, PORTUGAL

E-mail address: dirk@ua.pt

INESC TEC (HASLAB) & UNIVERSIDADE DO MINHO, PORTUGAL

E-mail address: nevrenato@di.uminho.pt

CENTER FOR RESEARCH AND DEVELOPMENT IN MATHEMATICS AND APPLICATIONS, DEPARTMENT OF MATHEMATICS, UNI-

VERSITY OF AVEIRO, 3810-193 AVEIRO, PORTUGAL
E-mail address: a28224@ua.pt


http://arxiv.org/abs/1508.07750
http://dml.cz/handle/10338.dmlcz/124080

	1. Introduction
	2. Preliminaries
	3. The quasivariety PosCompop
	4. Vietoris coalgebras
	5. 1-copresentable spaces
	Acknowledgements
	References

