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Abstract: We consider a toral Anosov automorphism G, : T, — T, given by
Gy(x,y) = (ax +y,x) in the < v, w > base, where a € N\{l}, y = 1/(a +
1/@+1/..)), v = (y,1) and w = (—1,y) in the canonical base of R? and
T, = R?/(vZ x wZ). We introduce the notion of y-tilings to prove the existence of
a one-to-one correspondence between (i) marked smooth conjugacy classes of Anosov
diffeomorphisms, with invariant measures absolutely continuous with respect to the
Lebesgue measure, that are in the isotopy class of G, ; (ii) affine classes of y-tilings;
and (iii) y-solenoid functions. Solenoid functions provide a parametrization of the infi-
nite dimensional space of the mathematical objects described in these equivalences.

1. Introduction

This paper studies C'* smooth conjugacy classes of Anosov diffeomorphisms G of the
two-dimensional torus with a prescribed isotopy class G, . The ispotopy classes treated
here belong to a countable family, each of which is determined by a Fibonacci like matrix.
Inspired in the works of Jiang [ 14] and Pinto and Sullivan [30], Pinto et al. [21] introduced
the notion of golden tiling and proved the one-to-one correspondences claimed in the
abstract of this paper for the usual Fibonacci matrix, i.e. @ = 1. Here, we extend their
results for the case of Fibonacci like matrices, i.e. a € N\{l1}, by introducing the y-
tilings. Like the golden tilings, the y-tilings record the infinitesimal geometric structure
along the unstable leafs that are invariant under the action of G. The properties of the y -
tilings are given in a canonical way using the y -Fibonacci decomposition of the natural
numbers by the greedy algorithm (see [8]). The main contribution of this work consists
in understanding the way this y-Fibonacci decomposition encodes the combinatorics
determined by the Markov partition of G along the unstable leafs that are invariant
under the action of G (see Theorem 2).

In Theorem 3 it is exhibited a natural correspondence between (i) marked smooth
conjugacy classes of Anosov diffeomorphisms, with invariant measures absolutely con-
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tinuous with respect to Lebesgue, that are in the isotopy class of G, ; (ii) y-tilings;
and (iii) y-solenoid functions. Hence, Theorem 3 gives a characterization of marked
smooth conjugacy classes of Anosov diffeomorphisms in terms of certain affine classes
of tilings of the half-line by intervals. The tilings are essentially given by the tilings of
the unstable manifold of a fixed point, obtained by considering its intersection with the
rectangles in a canonical Markov partition. Theorem 4 is about rigidity: an Anosov diffeo-
morphism, with an invariant measure absolutely continuous with respect to Lebesgue,
whose unstable holonomies are of class C*28m#nd i necessarily conjugate to the
affine representative. The proofs of these results follow closely those in [21]. One of
the main ingredients in the proof of Theorem 3 is the solenoid function of an Anosov
map (see [26,28]), which is similar to the scaling function of a hyperbolic Cantor set
(see [7,33]). The ratios between the lengths of consecutive intervals in an admissible
tiling are precisely the values of the solenoid function in a certain sequence of points.
Since this sequence of points is dense in the domain of the solenoid function, the main
problem is to determine the conditions for a sequence of values on this set to extend to
a Holder continuous solenoid function. This leads naturally to the matching, the bound-
ary, and the exponentially fast repetitive conditions that give the definition of admissible
tilings (see Sect. 4.4). Section 3 contains most of the new combinatorial results needed
to establish these conditions. Once Theorem 3 is established, Theorem 4 follows from
known arguments.

As opposed to the case treated in [21], the Anosov automorphism G, considered
in this paper has a > 2 fixed points instead of a single one. These fixed points are
dynamically indistinguishable from each other: for each pair of these fixed points there
is an orientation preserving conjugacy mapping one of the fixed points to the other. An
unstable leaf is invariant under the dynamics if, and only if, the leaf passes through a
fixed point. Hence, there are a of such invariant leafs. We associate to each one of these
leafs the corresponding y-tiling. Hence, each Anosov diffeomorphism determines a set
of y-tilings with cardinality a. Hence, two Anosov diffeomorphisms, with invariant
measures absolutely continuous with respect to Lebesgue, are smooth conjugate if,
and only if, they determine the same sets of y-tilings. In fact, if two of these Anosov
diffeomorphisms determine a same y-tiling, then they determine the same sets of y-
tilings. Furthermore, we observe that a solenoid function determines a ratio function
(see [26,28]) that measures the ratio of the asymptotic lengths of any pair of leaves
with a common endpoint. Hence, any two y-tilings are obtained from the same Anosov
diffeomorphism, but using unstable lines passing through different fixed points, if, and
only if, they determine the same ratio function.

Every Anosov automorphism determines a rigid rotation that is a periodic orbit of a
renormalization operator (see, for instance, [1,28]). Putting together the results in this
paper and in Pinto et al. [21], all Anosov automorphisms determining rigid rotations
that are fixed points of a renormalization operator are treated. An open problem consists
in extending these results to the isotopy classes of Anosov automorphisms on surfaces
whose rigid rotation is not a fixed point of a renormalization operator. Another open
problem consists in understanding the tilings determined by the marking of the stable
manifolds (without reversing the Markov partition and time).

2. Anosov Diffeomorphisms and Circle Rotations

In this section, for clarity of exposition, we introduce the well-known Anosov automor-
phisms, marked Anosov diffeomorphisms and rigid rotations.
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We start by fixing an integer a € N\{1} and consider the positive real number

y=(—a+va2l+4)/2=1/(a+1/a+1/..).

We observe that y satisfies the key relationay +y2 = 1.Letv = (y, Dandw = (=1, y)
in the canonical base of R?. Let T, = R?/(vZ x wZ) be the quotient space with the
quotient topology. We consider the Anosov automorphism G, : T, — T, given by
G, (x,y) = (ax +y, x) in the base < v, w >.

The eigenvalues of G, are u~ = —y and u* = 1/y. Let , : R? — T, be the
natural projection of R2 in T,. Let A= [0,1] x [0, 1] and B = [—y,0] x [0, y] be
rectangles in the plane R”. Let A = Ty (A)and B = Ty (B) be the projections of A and
B in the torus T, (see Fig. 1). The generating Markov partition Mg, of G, is given
by Mg, = {A, B}. The stable and unstable manifolds of G, are the projection by 7,
of the horizontal and vertical lines of the plane, respectively.

2.1. Marked Anosov diffeomorphisms. Let G be the set of all pairs (G, z) with the
property that (i) for some @ > 0, G : T — T is a C'*® Anosov diffeomorphism in a
two dimensional torus T with an invariant measure absolutely continuous with respect
to Lebesgue measure; and (ii) z is a fixed point of G. Hence, the tangent bundle of G has
a C'** uniformly hyperbolic splitting into a stable direction and an unstable direction
and the holonomies are C1*1 smooth, for some 0 < o] < « (see [19,28,32]). We call
(G, 2) € Gamarked C I+ Anosov diffeomorphism, because we have marked one of its
fixed points. Let G,, be the set of all pairs (G, z) € G such that there is a topological
conjugacy hg : T, — T between the Anosov automorphism G, and the Anosov
diffeomorphism G such that z = hg (7, (0, 0)). We note that the topological conjugacy
hg, preserving the orientation, is uniquely determined. The generating Markov partition
M(G, z) of G is formed by the rectangles hg(A) and hg(B), where A and B are

g~ 1

vy 07 2y

Fig. 1. The generating Markov partition MGV and the dynamics of the Anosov automorphism G, for the
case a = 2. The point 0 = 7, (0, 0) is a fixed point of G,
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the rectangles of the generating Markov partition Mg, of G, (see Sect. 1). Every G
topologically conjugateto G, determines exactly a marked pairs (G, z1), ..., (G, z4),
where z1, .. ., z, are the fixed points of G.

We say that two marked C™ Anosov diffeomorphisms (Go, zo), (G1,z21) € G,
are marked smooth conjugate if the topological conjugacy h between G and Gy,
with h(z9) = z1, is a C!* diffeomorphism. The marked smooth conjugacy class of
(Go, z0) € G, consists of all (G1,z1) € G, that are marked smooth conjugate to
(Go, zo)- Hence, two C I+ Anosov diffeomorphisms G and G are smooth conjugate, if
there are fixed points zg of G and z; of G such that (G, z9) and (G, z1) are marked
smooth conjugate.

2.2. The rigid rotation g. Let ), : R? — T, be the natural projection, where T, =

R2/(vZ x wZ). LetS = R/[1+y]Z be the anticlockwise oriented circle with the metric
induced by the Euclidean metric on R. Let 75 : R — S be the natural projection with
the property that

rs(x) = rs(x + 1 +y),

forevery x € R. Let is : 7y, ((—y, 1] x {0}) — S be the natural local inclusion with the
property that

isomy (x,0) = ns(x).
We observe that ), (—y, 0) # 7, (1, 0), but
isomy(—y,0) =rms(—y) =ns(1) =isomy(1,0).

Let g : S — S be the rigid rotation with anticlockwise rotation number y /(1 + y).
The map g has the property that

goms(x) = ms(x — y),

for every x € R.

3. Combinatorics and Geometry of the Tilings

In this section, we introduce the tilings and we show the relation between the combi-
natorics of the tilings and the geometry connected with the Markov partitions of the
Anosov diffeomorphims.

3.1. y-Fibonacci decomposition. The y-Fibonacci sequence is the sequence of natural
numbers (F;), N defined recursively by

Fh=1, Fi =1, and F,yp =aF,.1+F,, for n>0.

The y-Fibonacci decomposition ((an,, Fny), - - -, (a,,p, F,,p)) ofi € N\{l1}is givenas
follows (see the greedy algorithm in [8]): (i) F;,, and ap, € {1, ... a} are respectively the
largest term in the y-Fibonacci sequence and the largest integer such that the following
inequality holds

An Fno =1
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(ii) proceeding inductively, for k € N, let
Foy> > Fy_,
and ag, ..., ay,_; €{1,...,a} be such that
angFug + -+ +ap,_ Fy_ | < 1I;

(iii) choose the largest term in the y-Fibonacci sequence

l+a=FN<F, <F,_,
and the largest integer a,, € {1, ..., a} such that the following inequality holds

an Foy <0 — (angFug + -+ ang_ Fup_y)s

(iv) hence, there exists a natural number ¢ € N, such that

i=anOFn0+~~~+a,,qF,,q +b,
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where n, > 2 and b € {0,1,...a}; (v) now, we define the remaining terms of the

y-Fibonacci decomposition of i as follows:

(@) ifb=0then p =gq;

(b) ifb=1landngisoddthenp =g+1,n,=0anda,, =1;

() ifb=1landngiseventhenp =¢g+1,n, =1anda,, = 1;and

(d ifb>1thenp=qg+2,n, 1= l,a,,pf1 =b-1,n, =Oandanp =1.

Formally, we attribute to O the y-Fibonacci decomposition (1, Fp) and to 1 the y-
Fibonacci decomposition (1, F1). We observe that Fj has a bivalent interpretation in
this paper, Fy denotes 0, but values 1 when used in mathematical operations. Hence, the
sequence ((angs Fny), - - (an,, Fn,)) is a y-Fibonacci decomposition corresponding to

some natural number i € Ny if, and only if, for every j € {0, ..., p},

(1) An; e{l,...,al;
(1) if an; = a, thennji >nj +2;
(iii) ifn, =0,thena,, =1;
(iv) ifn,=0andn,_; > 1, thenn,_; is odd; and
(v) ifn, =1,thena,, =1andn,_; iseven.

We observe that every natural number i € Ny has a unique y-Fibonacci decomposition.

The y-Fibonacci shift o : Ny — Ny is defined by

o(i) = anano+l +- +aonnp+l'

Hence, if i € N has y-Fibonacci decomposition ((ang, Fn), - - -, (@n,, Fn,)), then o (i)

has y-Fibonacci decomposition ((@yq, Fug+1), - - -, (anp, an+1)).
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Fig. 2. The unstable leaf W = U;>(K; and the boundary points y; _1 and y; of the unstable spanning leafs
K;, fori > 2. We note that K is the right unstable boundary of the generating Markov rectangle B, with
endpoints x and yq; K is the left unstable boundary of the generating Markov rectangle A, with endpoints x
and yq, where x = 7y, (0, 0) is the marked fixed point of G,

3.2. Combinatorics and geometry of the tilings. Let Wy = {(0,y) : y > 0} be the
positive vertical axis of R2. Hence, W = m, (Wp) is part of the unstable leaf of the
automorphism G,, (see notations in Sect. 2). The unstable leaf W has only one endpoint
x = m,(0,0) that is a fixed point of G,. Let yo = 7,(0,y), y1 = m,(0,1) and
y2 =7, (0, 1+ y).Let Ko C W be the unstable spanning leaf segment with boundary
points x and yg; let K1 C W be the unstable spanning leaf segment with boundary points
x and y1; and let Ko C W be the unstable spanning leaf segment with boundary points
y1 and y>. Hence, Ko C K; K is the right unstable boundary of the generating Markov
rectangle B; K is the left unstable boundary of the generating Markov rectangle A; K»
is the left unstable boundary of the generating Markov rectangle B; and (K1 UK>)\ Ko is
the right unstable boundary of the generating Markov rectangle A. Let y3, y4,... € T,
and K3, K4, ... € W be defined, inductively, as follows: for every i > 3, (i) K; is an
unstable spanning leaf of a generating Markov rectangle; and (ii) {y;—1} = K;—1 N K;
is a common boundary point of both K;_; and K; (see Fig. 2). Hence, W = U;>1K;,
is(yo) = is(y1), Gy (y0) = y1, but G, (y1) # y2 because a > 1.
The tiling L, is the set

L, ={(Ki, Ki+1), i € N}.
Definition 1. In the tiling L, , for every i € N,

(1) if K; C Aand K;;1 C B, theni is of type (A, B);
(i) if K; C Band K;41 C A, theni is of type (B, A); and
(i) if K;, Kj4+1 C A, then i is of type (A, A).

For simplicity of notation, we denote 75(0) by 0. Let z; = ig(y;), for every i € N.
Hence, by construction, zo = z1 = g(0) and z;+1 = g(z;) = g’“(O), for every i € N.
Furthermore,

7 = ga’l() Fug+..tan, Fup (0)



Anosov Diffeomorphisms and y-Tilings 441

o e T
A
| | | |
| | [
| [
L K K
Yo Yy
T
| lei I i JI
y,d l | )
T s ISR
| | Il |
| | Lorgl
| | L 7
Il (A
| I |
| | :
[ |
|A | | |
W
g 7T |~ 1]x{0}
Rx{0}
-y 0 1

Fig.3. The map wg(w) = igomy (w, 0)|[—y, 1],forevery w € [~y, 1], and the points z; = ig(y;) = ws(w;),
for i € N. We note that zg = ig(x) = 75(0)

where ((anq, Fug), - - - (an e F, p)) is the y-Fibonacci decomposition of i € Ny (see
Fig. 3). Let us denote by £(x, y;) the leaf segment with endpoints x and y;. Let m 4 (i) be
the number of spanning leaf segments of the Markov rectangle A in IL,, that belong to
£(x, yi); and let m g (i) be the number of spanning leaf segments of the Markov rectangle
B in L, that belong to £(x, y;). Hence,

is(yi) =z = "),
By the hyperbolic properties of G,

Gy (L(x, yi)) = €(x, Gy (yi)-

Since (i) theimage by G,, of each unstable spanning leaf segment of the Markov rectangle
A contains, exactly, one unstable spanning leaf segment of the Markov rectangle B
and a unstable spanning leaf segment of the Markov rectangle A and (ii) the image
by G, of each unstable spanning leaf segment of the Markov rectangle B contains,
exactly, one unstable spanning leaf segment of the Markov rectangle A, we conclude
the following: £(x, G, (y;)) contains (a) am 4 (i) + m (i) spanning leaf segments of the
Markov rectangle A in L, and (b) m 4 (i) spanning leaf segments of the Markov rectangle
B in L, . Hence,

Gy (Vi) = Ya+Dma(i)+mp(i)-
By the hyperbolic properties of G,

YRy = Yo =1, (1,0) = m, (0, y).
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Furthermore, for every n € N,

G (yRy) =y ()", 0) = 7, (0, ' 7™).

Lemma 1 (Fibonacci embedding). For every n € N, the leaf €(x, yF,,,) contains

n
ma(Fus) = D (=1 Fori s
k=0

spanning leaf segments of the Markov rectangle A in LL,,;

n—1

mp(Fu) = D (=D¥F, ¢

k=0
spanning leaf segments of the Markov rectangle B in IL,,. Furthemore,
Ve = Gy () = Gy (yR).
For every n € N, recall that
aFyi1 = Fup2 — Fy.

Proof. The leaf £(x, yF,) has the property that m s (F2) = a = F> — Fy and mp(F2) =
1 = Fi. By induction, let us assume that lemma holds for » and let us prove it for n + 1.
Let m 4 denote the number of spanning leaf segments of the Markov rectangle A in L,
that belong to £(x, G(yF,,,)). Hence,

mp = ama(Fp1) + mp(Fuy1)
n n—1

= Z(_l)kaFnH—k + Z(—l)an—k
k=0 k=0

n n—1
=D (=D Furrk = Fot) + D (= D! Fuy
k=0 k=0

n+l1

=D (D Fua.
k=0

Let m g denote the number of spanning leaf segments of the Markov rectangle B in L,
that belong to £(x, G(yF,,,))- Hence,

n

mp =ma(Fp1) = D (=D Fryix.
k=0

Thus, ma +mp = F,y and, 50, G(YF,,;) = YFp.a- |
The map w : Ng — [—y, 1] is defined implicitly by
)’i = ny(wis 0)

Hence, z; = ig(y;) = ms(w;) (see Fig. 3) and, so, since the rotation number of g is
irrational, the map w is injective and the closure of w(Np) is [—y, 1].
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Theorem 1 (Fibonacci linking minimal and expanding dynamics). The map w : Ny —
[—y, 1] is given by

)4
wi = > dn (—y)",
i=0

where ((any, Fny), - -, (anp, F,,p)) is the y -Fibonacci decomposition of i. Furthermore,
for everyi € Ny,

G(yi) = Yo(i)-
Proof. Foreveryi € Nwith y-Fibonacci decomposition ((ag, Fy), - .., (ap, Fy p)), we
have _
zi =g (0) = g (0). )

By Lemma 1, gFi 0) =zf = ng((—y)i). Since g is the rigid rotation, for every x € R
and i € N, we have '

gl (ms(0) = ms(x + (=1)"). 2)
Putting together equalities (1) and (2), we obtain that

p
gaan0+...+apan 0) = ng (Z an, (_y)ni) )

i=0
Therefore, w; = 27:0 an,(—y)" € [y, 1]. Since
is(G(y)) = ns(=yw;) = nws(Wo (i) = isVo@))s
we obtain that G(y;) = Yo (). m|
In the next theorem, we use the y-Fibonacci decomposition introduced in Sect. 3.

Theorem 2 (Combinatorial-geometric algorithm). For every i € N with y-Fibonacci
decomposition ((any, Fy), - - ., (an,, Fn,)),

(i) iisoftype (A, B), ifn, is odd; and

(ii) iisoftype (A, A),if(np, > 2andnyiseven)or(n, =0,n,_1=1,1< an, | <

a)or(ny=0,np_1 =1, an, | = Landny,_; is odd).
(iii) i is of type (B, A), if either (np, = 0 andnp—1 > 1) or (n, =0, np1 =1,
an, | = 1 and n,_» is even);

Hence, the type of i € N is fully determined by its y-Fibonacci decomposition.

Proof. Recallthatay =1 —y?, andsoay >, oy* = 1.

There are seven distinct cases to consider depending upon the y -Fibonacci decompo-
sition ((ao, Fry), - - -, (ap, Fy,)) of i € N (see Fig. 4). In each case, we will determine
wy, and wg such that w; < w; < wg.

(i) np =l and, so, n,—1 > 2 is even. Hence,
wrp = —y + ynp_l —(a— 1)yn,,_1+1 _azynp_|+3+2i =—y+ )/n”_'+l > —y
i>0
and
wp=—y+a—Dy’+vay y* =y
i>1

Thus, w; is of type (A, B).
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Fig. 4. The location of the point y; depending upon the y-Fibonacci decomposition of i € N. Here we consider
the case a = 2

(ii) n, > 3 and n, is odd. Hence,

- _azy3+2i =2

i>0
and

wg = _ynp + (d _ 1)ynp+1 +azynp+3+2i — _ynp+l < O

i>0

Thus, w; is of type (A, B).
(iii) np, > 2 and n, is even. Hence,

wy = ynp _ (a _ l)ynp+l _azynp+3+2i — ynp+l > 0

i>0
and

Wi :azyzm =y

i>0

Thus, w; is of type (A, A).
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(iv) np =0,np,1=1,1< an, , < a.Hence,
3+2i
we=1-(a—Dy—-ay y* =y
i>0
and

wR=1—2y+(a—1)y2+aZy2+2i=1—)/—)/2.

i>1
Thus, w; is of type (A, A).
V) np=0,np,1=1, an, | = I and n,_» is odd. Hence,
wL=1—)/—ClZJ/3+2i=1—J/—]/2
i>0
and

wp=1—y —y"2+(@—y"r2"
+azynp,2+3+2i —-1— y — ynp,z+l < 1— y.

i>0
Thus, w; is of type (A, A).

vi) np=0,np-1 =1, an, | = 1 and n,_» is even. Hence,

wy = 1— Y+ ynp,Z _ (a _ l)ynp,2+l —a Zynp,2+3+2i

i>0

=l—yp+yr2tl>1_y
and

wR=1—y+(a—1)y2+aZy2+2i=1—y2.

i>1

Thus, w; is of type (B, A).
(vii) np =0andn,_1 > 3, and so n,_1 is odd. Hence,

wL=1—ClZJ/3+2i=1—J/2

i>0

and

wr=1-— ynp—l +(a— 1))/"”’1“ +azyn,,,1+3+2i —1— yn,,,1+1 <1.

i=0

Thus, w; is of type (B, A). O

445
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4. y-Tilings

The y-tilings are affine tilings satisfying the exponentially fast y-Fibonacci repetitive
condition, the matching condition and the boundary condition that we introduce in this
section. In particular, we prove that the affine tilings determined by a marked Anosov
diffeomorphims (G, z) are y-tilings.

Let |7] be the length of the unstable leaf segment I with respect to a Riemannian
metric on T. An affine tiling consists of a positive sequence (a;);cy that determines the
length of the ratios of the tiling L,,

Kyl

IKil
i.e. an affine structure for the tiling I, (see Sect. 3). Let A, be the set of all positive
sequences (a;);en, i.e. the set of all affine structures for the tiling IL.,,.

i ,

Lemma 2 (Realized affine tilings). The map t : G, — A, that associates to each pair
(G, 2) € G, the positive sequence T(G, z) = (1; (G, 2))eN given by

7;(G, Z)—nll)n;o |G (hg(K7))| v
is well-defined.

The proof of Lemma 2 follows from the control ratio distortion lemma (see Lemma
3.6in [26]).

Remark I. By the above lemma, the Anosov automorphism G, determines the following
affine rigid tiling ©(G,, 7, (0, 0)) = (1y,i)ieN:

(i) 7y, =v,ifiisof type (A, B);
(i) 7, =y !, ifiisof type (B, A);
(iii) 7,,; =1,ifiisof type (A, A).

4.1. Matching condition. A sequence (T;);cy satisfies the matching condition if, for
every i € N, the following conditions hold (see Fig. 5):

(i) ifiisoftype (B, A), then

a J
%=t | 1+ D [ [t

j=lk=1
(i) ifi is of type (A, B), then
. -1
a
-1
i=tom |1+ 2 ] w0«
j=1k=1
(iii) if i is of type (A, A), then
-1

a j a j
T = To(i) 1 +ZHTG_(})—]< 1 +ZHTa(i)+k

j=lk=1 j=lk=1
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Fig. 5. The matching condition for the y-sequence (7, ;);eN = T(Gy, 7y, (0, 0)) with the three possible cases
fori € N. Here we consider the case a = 2. a Case i of type (B, A). b Case i of type (A, B). ¢ Case i of type
(A, A)



448 J. P. Almeida, A. A. Pinto

A .
:Kg
Ky/rg,” . Karrg,
& \ /8
K, [ Ko,
\
Kimn| K,
B / WY A
\yF&+1-z yl:h)
Kol 0 [Brw B
i

Fig. 6. The boundary condition for the y-sequence (7 ;);eN. Here, J = (K1 U K2)\Kj is the right boundary
of the Markov rectangle A and / is the unstable spanning leaf segment in the interior of A such that /NKy = {x}

Lemma 3. Forevery (G, z) € G, the sequence T(G, z) satisfies the matching condition.

Proof. Putting together Lemma 2 and Eq. (4) in Appendix 6, we obtain that 75,; =
oG(K; : Kit1), for every i € N. Hence Lemma 3 follows from Lemma 5 in Appendix
6. O

We note that every sequence (8;);cn\o () determines, uniquely, a sequence (7;);eN
satisfying the matching condition as follows: (i) for every i € N\o (N), define t; = B;
and (ii) for every i € o (N), inductively in i, define 7, ;) using the matching condition,
i.e. 7;, that was previously defined inductively, and elements 7z = B € N\o (N).

4.2. Boundary condition. A sequence (1;);cN satisfies the boundary condition, if the
following limits are well-defined and satisfy the conditions:

M tim pl (1+755) #0

1—>+00
(i) lim v (1+TR4) #0
1—>+00

Following the proof of Lemma 3.6 in [21] we get that, for every (G, z) € G,, the
sequence 7 (G, z) satisfies the boundary condition (see Fig. 6).

4.3. Exponentially fast y -Fibonacci repetitive condition. We say thata sequence (7;);cN
satisfies the exponentially fast y-Fibonacci repetitive condition, if there exist constants
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Fig. 7. The sequence (7, ;);eN satisfies the exponentially fast y-Fibonacci repetitive property. We observe
that Ime YE, = )0
n

C >0and 0 < u < 1 such that
Tiar, — Ti| < Cu™,

foreverym > 5and 3 <i < Fy,_1 and, also, fori € {1, 2} if m is even.

Following the proof of Lemma 3.7 in [21] we get that, for every (G, z) € gy, the
sequence (G, z) satisfies the exponentially fast y-Fibonacci repetitive condition (see
Fig. 7).

4.4. y-Tilings. A y-tiling is a sequence (7;);cy of positive numbers satisfying the expo-
nentially fast y-Fibonacci repetitive condition, the matching condition and the boundary
condition. Let 7, be the set of all y-tilings.

Since, for every (G, z) € G,, the sequence z(G, z) satisfies the exponentially fast
y-Fibonacci repetitive condition, the boundary condition and the matching condition,
we obtain that (G, z) is a y-tiling.

Theorem 3. The map t : G, — T, determines a one-to-one correspondence between
marked smooth conjugacy classes of Anosov diffeomorphisms in G, and y-tilings.

The proof of Theorem 3 follows as the proof of Theorem 1.1 in [21].
Theorem 3 implies the existence of an infinite dimensional space of well-
characterized y-sequences. However, we are only able to explicit the rigid y-sequence.

5. Tilings Rigidity

We will give conditions in the regularity of the holonomies of the marked Anosov
diffeomorphims such that the corresponding affine tilings are rigid.

Let G € G be a C'* Anosov diffeomorphism topologically conjugate to G, bya
homeomorphism %. Recall that Mg = h(M,) = {h(A), h(B)} is a Markov partition
of G. Let M, N € Mg be two Markov rectangles, and let the points x € int(M)
and y € int(N). We say that x and y are unstable holonomically related if there is
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a stable leaf segment £“(x, y) such that (i) x and y are the endpoints of £*(x, y), i.e.
9 (x,y) = {x,y}, and (ii) £°(x,y) C £5(x, M) U £°(y, N). Let P = P4 be the
set of all pairs (M, N) with unstable holonomically related points. For every Markov
rectangle M € Mg, choose a point x € int(M) and consider the unstable spanning
leaf segment £“(x, M). Let Z = {£3, : M € M]}. For every pair (M, N) € P there

exist maximal unstable leaf segments E?M7 ~n € €4, and E(CM7 ~n € £%, such that the
unstable holonomy 6y, vy : E?M’ Ny~ £<CM) wy 18 well-defined. We call such holonomies

Om, Ny : K(DM’ Ny~ E(CM’ vy the unstable primitive holonomies associated to the Markov
partition M. The complete set of unstable holonomies H¢ consists of all unstable
primitive holonomies and their inverses (see [26,28]).

A diffeomorphism 6 : I — J is said to be Clreygmund \yhere I and J are unstable
leaf segments, if 6 is C! and the derivative 6’ satisfies the zygmund condition, i.e. for
all points x, y € 1,

0/ 460 =20 (2F) | = o v = 1D

where the function xg is such that xg(r) — 0 when t — 0. In particular, a C>*#
diffeomorphism, with g > 0, is a C!*2¢"nd diffeomorphism. The importance of this
smooth class follows from the fact that it corresponds to maps that distort cross-ratios
of quadruples of points in / by an amount that is o(|7]) (see [20,30]).

Definition 2. A complete set of unstable holonomies Hg is Cl¥evsmund jf g]]
holonomies 6§ € Hg are C*28mund yith respect to the unstable lamination atlas
LG, p).

Theorem 4 (Rigidity). Every (G, z) € G, witha C Itzygmund complete system of unsta-

ble holonomies determines a rigid y-tiling T(Gy,z) = z,,.

The proof of Theorem 4 follows as the proof of Theorem 1.3 in [21].
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6. Appendix: Solenoid Functions

An HR-structure determines a pair of stable and unstable solenoid functions, and vice-
versa (see Lemma 3.3 in book [28]). In this paper, we are only interested in studying the
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unstable ratio functions and so we are only going to characterize the unstable solenoid
functions. Since the Anosov diffeomorphisms have an invariant measure absolutely
continuous with respect to Lebesgue, by duality the unstable solenoid function will
determine the stable solenoid function and vice-versa.

Let sol denote the set of all ordered pairs (I, J) of unstable spanning leaf segments
of the Markov rectangles A and B of G, such that the intersection of I and J consists
of a single endpoint. Since the set sol is topologically a finite disjoint union of disjoint
intervals, i.e. the disjoint union of a stable spanning leaf segment of A and a stable span-
ning leaf segment of B, it has a natural topological structure (see Pinto and Rand [22]).

Definition 3. A function o : sol — R™ is an (unstable) solenoid function, if the follow-
ing conditions hold: (i) o is Holder continuous; (ii) o satisfies the matching condition;
and (iii) o satisfies the boundary condition.

In the next subsections, we define the properties mentioned in the above definition.
Let G be a C'* Anosov diffeomorphism in G. The (unstable) realized solenoid function
oG : sol — R* is well-defined by

|G (hg(J)]

I:J)= lim —————— !
oG ( ) = lim |G (hg(I))] v

by the control ratio distortion lemma (see [22]).

Theorem 5. The map G — o¢ determines a one-to-one correspondence between C'*
conjugacy classes of Anosov diffeomorphisms G € G,,, that have an invariant measure
absolutely continuous with respect to Lebesgue, and solenoid functions.

Proof. By Theorem 3.4 in [28] there is a one-to-one correspondence between C'* con-
jugacy classes of Anosov diffeomorphisms and pairs of stable and unstable solenoid
function. By Theorem 8.17 in [28], an unstable measure ratio function determines a
unique dual stable measure function and vice-versa. For Anosov diffeomorphisms, that
have an invariant measure absolutely continuous with respect to Lebesgue, the stable and
unstable measure ratio functions are dual and by Lemma 8.5 in [28], there is a one-to-one
correspondence between stable (resp. unstable) measure ratio functions and stable (resp.
unstable) solenoid functions. Since, the stable function is obtained by duality from the
unstable function we obtain the result. O

6.1. Holder continuity of solenoid functions. We define a pseudo-metric dgo : sol x
sol — R* on the set sol as follows: (i) if I = I’ and J = J' then

dsot (1, 1), (1", 7)) =0;
) if INI'=@and J NJ = {then
dsot (1, ), (I'. 7)) =max {d (1,1') ,d (J,J)};
(iii) otherwise,
dsot (1, J), (1", 7)) = 1.

The solenoid function o is Holder continuity if, for all t = (I, J) and ¢’ = (I, J) in
sol, the solenoid function o satisfies

o (1) — o (1] = O ((dsar (1.1))") .

for some o > 0.
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6.2. Boundary condition. Let (I;, I;41), (Jj, Jj+1) € sol, for each i € {0, ..., m} and
each j € {0, ..., n} with the following properties: (i) Io = Jo, (i) U/, I; = U;lejj
and (iii) I; # J; forsome i € 1, ..., m. Then the following two ratios are equal

1l U L Vi ;]
ZHH, i Il 1ol ZHu,_n‘

i=1 j=1

We observe that the unstable spanning leaf segments I, ..., I, and Ji, ..., J, must be
boundaries of Markov rectangles. Thus, a realized solenoid function oG must satisfy the
following boundary condition for all such leaf segments:

ZHUG (Zj-1: ZHUG (Jj-1: &)

i=1j=1 i=1j=1

Let Ko, K1, K> and K3 be the unstable spanning leaf segments as defined in Sect. 3.
Recall that, K is the unstable spanning leaf segment of the right boundary of the Markov
rectangle B; J = (Kj U K3) \ Ky is the unstable spanning leaf segment of the right
boundary of the Markov rectangle A; K is the unstable spanning leaf segment of the
left boundary of the Markov rectangle A; K> is the unstable spanning leaf segment of
the left boundary of the Markov rectangle B; and so K3 N K> = K3 NJ = {y2}. Let I
be the unstable spanning leaf segment in the interior of A such that I N Ko = {x} (see
Fig. 8).

Lemma 4. Let oG : sol — R* be a realized solenoid function. Then og satisfies the
boundary condition if the following two conditions hold:

oc( : K1)(1+o06(Ky: K3)) =06 : Ko)(1 +06(Kog : J)); (6)

and

06(K3 : K2)(1+0G(K2 : K1) = 06(K3 : J)(1+06(J : Ko)). (7

Proof. The boundary condition (5) corresponds to

|K1l (1+ IKzl) Ky UKy |KgUJ|  |Kol (1+ | /| )
|1] K1l 1] ] 1] | Kol

and

|K>| (1+ |K1|) KUKy [KoUJl || (1+ IKOI)
|K3] |K2| |K3] |K3] |K3] [/]

Hence, the boundary condition for o is given by (6) and (7). O
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Fig. 8. The boundary condition for the realized solenoid function oG

6.3. Matching condition. Let (I, J) € sol. Suppose that there are pairs
(107 I])’ (Il’ 12)9 ey (In72, Infl) € SOl

such that G, I = J5Z( I; and G, J = |JZ; I;. Then

—1 —1y7J
Gy gl 2ol X /1
- k—1 - —1 1y .
Gy Il Y2011 1+ 5T T /1 i

Hence, the realized solenoid function o must satisfy the matching condition
for all such leaf segments (see Fig. 5):

Z] % J IUG(IZ 11 1)
1+Zj=1 i=1 og(li—1 : I})

Lemma 5. Let o : sol — R* be a realized solenoid function. For a € N, the matching
condition holds for o if, for every (K1, K3) € sol, the following conditions hold:
(i) ifK1, Ky € A, then

a+l1 2a+1 Jj

1+Z —a+2 k ZGG(Ik Ik+1)

oG(K1 : K2) =[] oc Ui : Ik+1>( S - O
+2 5 HkZl 06Uk @ Irs1)

k=1
where Iy, ..., I are such that G, (K1) = U”“I,, G, (K> = U?“ﬁzl and
(i Iiv1) € sol fori € {1 ....2a + 1}

og(I:J) = ®)
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(ii) if K1 € Aand K, € B, then

a+l1

oG(K1: K») = HGG(Ik Iis1) 1+ZHUG(II< lis1) (10)

j=lk=1

where Iy, ..., I, are such that G, (K1) = U?;il,’, Gy (K2) = Iu4 and
(I;, Ii+1) € sol fori € {1,...,a+1}.
(iii) if K| € Band K, € A, then

a+l J

oG(Ky : Ka) = oG b) [ 1+ []oeUx : Iwn) (1)
j=2k=2

where I, ..., I, are such that G,(K\) = I, G,(K2) = Ul.”;%Ii and
(I;, Iiy1) € solfori € {l, oo, a+ 1}.

Proof. If (K1, K3) € sol then (K1, K7) satisfies either condition (i), (ii) or (iii) above
(see Fig. 5). Let us check that the formulas (9), (10) and (11) correspond to the matching
condition (8) for o¢.

(i) If Ky, K> € A then there exists (/;, I;+1) € sol, fori =1, ..., 2a + 2, such that
Gy(K1)=hU---Ulg and Gy (K2) = Ig42 U - - - U Doy Furthermore,

2a+1 1 2a+1 J i1

Gy (K| Do 1Ll H st | [ 1+ 25500 Ticasn i
- +1 - j I

IGy (KDl > o Ml 1+ 39, Ty et

Hence, equality (9) follows from equality (8).
(ii) If K; € A and K, € B then there exists (I;, I;+1) € sol, fori =1,...,a+1,
such that G, (K1) = 1 U --- U I441 and Gy (K2) = I442. Furthermore,

—1

1
Gy (K)|  |lasa _“li[|1k+1| Zl—lukm
Gy (Kl — >t~ L — L7
Hence, equality (10) follows from equality (8).

(iii) If K| € B and K, € A, then there exists (;, I;+1) € sol, for i = 1, 2, such that
G, (K1) =1 and G, (K3) = I U ---U I4y,. Furthermore,

S

G, (K| S20L1 L g
= =m (e

G, (K1) 0| |0 — k]

Hence, equality (11) follows from equality (8). O
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