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ABSTRACT. We study a classic international trade model consisting of a strate-
gic game in the tariffs of the governments. The model is a two-stage game
where, at the first stage, governments of each country use their welfare func-
tions to choose their tariffs either (i) competitively (Nash equilibrium) or (ii)
cooperatively (social optimum). In the second stage, firms choose competi-
tively (Nash) their home and export quantities. We compare the competitive
(Nash) tariffs with the cooperative (social) tariffs and we classify the game type
according to the coincidence or not of these equilibria as a social equilibrium,
a prisoner’s dilemma or a lose-win dilemma.

1. Introduction. In this work, we consider a classic duopoly international trade
model with complete information, where there are two countries and a firm in
each country that sells in its own country and exports to the other one. The
exportation is subject to a tariff fixed by the government of the importing country.
The international trade model has two stages: in the first stage, the governments
simultaneously choose their tariff rates; and in the second stage, the firms observe
the tariff rates and simultaneously choose their quantities for home consumption
and for export (see, for instance, [20]).

For the second stage, we consider always the classic competitive (Nash) equilibria
that determines uniquely the quantities for home consumption and for export. Now,
for the first stage, the decision of the governments to impose or not tariffs can be
interpreted as the actions of a game specified by the utilities considered for each
country. The utilities (each corresponding to a different game) of the countries that
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we analyze are the relevant economic quantities of the international trade model
for the consumers and firms. In particular, we consider the utilities given by the
custom revenue of the countries, the consumer surplus of each country, the profit
of the firms and the welfare of the countries at the competitive Nash equilibrium
of the second stage game. We show that for each of the above utilities there is a
Nash (competitive) equilibrium and a social optimum equilibrium corresponding to
the maximization of the joint utility of the two governments. For each one of the
utilities, we will compare these social and Nash equilibria in terms of the economic
relevant quantities of the model.

There are three typical game outcomes: the social equilibrium (SE), where the
social optimum coincides with the Nash equilibrium; the prisoner’s dilemma (PD),
where both utilities are bigger in the social optimum than in the Nash equilibrium;
and the lose-win social strategies (LW), where the utilities of one of the countries
is bigger in the social optimum tariffs and utility of the other country is bigger in
the Nash equilibrium tariffs. For every pair of utilities, we will find which of the
three types of outcomes SE, PD or LW occurs in terms of the model parameters.

Which one of the three previously mentioned outcomes (SE, PD or LW) occurs
presents qualitatively different scenarios for the involved countries. If the game
is of the social equilibrium (SE) type, then there is a priori no need of a trade
agreement, because the two countries are already in the social optimum as the
competitive equilibrium coincides with the social equilibrium that maximizes the
joint utilities of the two countries. If the game is of prisoner’s dilemma (PD) type
or of lose-win social strategies (LW) type, then at least one of the countries can
improve its payoff if they choose to cooperate, and that can be done by means of a
trade agreement. In the first case, both governments can make a trade agreement
such that they choose the social tariffs, thereby improving the utilities of the two
countries. In the second case, both governments can make a trade agreement such
that both countries opt for the social tariffs. However, in this case, the situation is
qualitatively different as one of the countries is injured by the change to the social
tariffs. So in order to enforce cooperation there is need to compensate that country,
for instance, by means of a financial compensation or in other terms stated in the
agreement.

There is a vast literature in international trade models with both complete and
incomplete information (see, for instance, [4, 6, 7, 8, 9, 11, 12, 19, 22, 25, 26, 31]).
In [34], the authors proposed a model including government subsidies to firms in
the form of R&D subsidies. In [5], they studied a model where governments subsi-
dize firms over the produced quantities and also study the extension of the model
to a supra-game between governments. The relation with the tariffs literature is
that when a negative optimal level of subsidy occurs, it is interpreted as an export
tariff (see also [21]). The question of the enforcement of trade agreements, i.e., the
enforcement of cooperating strategies, is also a very active research topic (see a
review of early contributions to this topic in [35]). The enforcement of trade agree-
ments, i.e., the enforcement of cooperating strategies has two important features.
Firstly, is that at least one country may have an incentive to unilaterally deviate
from its social (cooperative) tariff to its Nash (competitive) tariff. Consequently,
such country will eventually deviate to its competitive tariff if there is no punish-
ment associated to this. Therefore, it is important that trade agreements present
a mechanism to punish such deviations. Secondly, one must observe that there is
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not a supra-national authority to enact the punishment mechanism of the violat-
ing country for its eventual deviations from cooperation. This implies the need for
international agreements to be self-enforcing.

These characteristics, particularly that of self-enforcing agreements lead to the
study of the enforcement issues by means of certain repeated games that possess and
present a good deal of important features of cooperative self-enforcing agreements
(see, for example, [1, 2, 10]). As a result, several instruments have been proposed
and studied with the objective of achieving the (self)-enforcement of international
trade agreements, as well as addressing the question of their efficiency, particularly
when compared to the threat of tariff retaliation. In [27], the authors adopted the
repeated game approach and proposed alternative instruments in the context of
a trade agreement between two symmetric countries. More precisely, the authors
compared the effectiveness of retaliatory tariffs with that of a financial compensa-
tion by means of a monetary fine to the country that violates cooperation. Unlike
the most common tariff retaliation, which is imposed by the injured country and
only depends on it, monetary fines have an enforcing problem because they must be
voluntarily paid by the country that has deviated from cooperation. They showed
that monetary fines yield the same cooperation as tariff retaliation, except when a
country deviated from the agreement due to an unanticipated shock in the model
parameters (in the case, a political economy parameter) with monetary fines being
preferable to tariff retaliation in that situation. They also studied the possibility of
the countries exchanging bonds, and concluded that this yields the same outcome
as tariff retaliation. In [28], the same authors introduced size inequality between
countries, by considering one large country and a region of equal market size with a
number of identical small countries. The fact that in the second region countries are
individually small generates a coordination externality among themselves, as they
cannot credibly threat tariff retaliation, but they would if they act like a group.
Thus, in trade agreements based solely on tariff retaliation, coordination external-
ities generate asymmetric outcomes. They showed that improvements in efficiency
and more symmetric outcomes can be obtained by including specific financial in-
struments such as monetary fines and bonds in conventional trade agreements based
only on the threat of tariff retaliation. In [24], a model with two asymmetric coun-
tries is considered and it is shown that an efficient trade agreement might not lead
to free trade. Various types of transfers between countries are studied, such as
financial (monetary fines), foreign aid and side payments intended to offset a loss
resulting from a trade agreement.

Within the frame of repeated games, in [3, 29], the authors considered a model
with two firms competing in the same country and they study the phenomena of
dumping. They interpreted the deviation from cooperation by the foreign firm
as dumping, with the foreign firm subsequently suffering a period of punishment,
where punishment results from the home firm lobby on its government, and the
imposition of a tariff that makes the foreign country unable to export during the
period of punishment. In [30], the authors considered a model where a firm has the
monopoly in its home market, but divides the market of the foreign country with
a firm from that country. They studied deviation from cooperation in the foreign
market by the firm that sells in the two countries either by increasing production
solely in its foreign market and committing dumping, or by increasing production
in both countries, and deviate without making dumping.
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This paper is structured in the following way. In section 2 we present the funda-
mental concepts of Nash and Social tariffs and the comparison between these two
equilibria and the type of game that is obtained according to this comparison. In
section 3 we present the international duopoly model and the most relevant eco-
nomic quantities of the model. In section 4 we solve the second stage game between
the firms. In section 5 we compute the Nash and Social tariffs for each relevant eco-
nomic quantity of the duopoly model, considering each one as the utility function
of the countries. We compare such tariffs and classify the games according to their
types. In section 6 we focus on the case of the welfare of the two countries, showing
that the outcome is either of lose-win type (LW) or prisoner’s dilemma type (PD).
We present a full characterization of the game outcomes in terms of the tax-free
home production indexes (see figure 1). We present the conclusions of the paper in
section 7.

2. Strategic tariffs. In this section, we introduce the most relevant game theo-
retical concepts that we will use in the other sections to understand the strategic
behaviour of firms, consumers and governments of the countries.

Let w;(t;,t;) and u;(¢;,t;) be two relevant economic quantities of the countries
X; and X; depending only upon the tariffs ¢; and t; imposed by the governments
of the two countries. For instance, for every pair of tariffs (¢;,%;), the functions
u;(ti,t;) and u;(¢;,¢;) can be the profit of the firms or the consumer surplus at the
competitive Nash equilibrium for the quantities produced by the firms.

We are going to interpret u,(t;,t;) and u;(t;,t;) as the utilities of a game where
the players are the governments of the countries and their actions are the tariffs
(tists)-

The quantity t2E(t;) = tBE(t;;u) is a best response of the country X; for the
utility w;, if for all tariffs ¢;,

ui(EPF (), t5) > w(ta, t) -

A pair of tariffs (¢, 1) = (t)Y (u), ) (v)) is a Nash equilibrium or a global strategic

optimum, if for all tariffs ¢;

and for all tariffs ¢;
> (t 1) .
,tjv ) is a Nash equilibrium, if

and ) =tPR()) .

A pair of tariffs (tlp,tf) = (tf)(u

(t;,t;) of tariffs such that

,tf(u)) is a Pareto optimum, if there is no pair

wi(ti,ty) > wi(tF,tF)  forall i,j € {1,2},

and at least one utility u;, ¢ € {1,2} gets a better payoft with (¢;,¢;) than with
(tF,tF), ie.

ui(tivtj) > uz(tf,tf)
The social utility (or total utility) ur is
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The quantity 77 (t;) = t7T(t;;u) is a social best response, if for all tariffs ¢;
ur(t?(t;),t5) = ur(ti,ty) -

A pair of tariffs (t7,¢5) = (7 (u), 5 (u)) is a social optimum, if for all tariffs ¢;

uT(tfatf) 2 uT(tiatf) )
and for all tariffs ¢;
up(t7,65) > up(t7 t;) .

R
In other words, a pair of tariffs (¢, t]S ) is a social optimum, if

9 =t771F)  and 1] =t5R(7) .

We observe that a social optimum is a Pareto optimum. For games with a unique
Nash equilibrium, we describe the three typical games outcomes when we compare
the social optimum with the Nash equilibrium.

(SE) Social equilibrium: When the social optimum coincides with the Nash

equilibrium
(t7,67) = (¢, 1))

and the social optimum is the only Pareto optimum. In this case, the in-
dividualist Nash choice of the tariffs by the governments leads to a social
equilibrium. Hence, a priori there is no need of a trade agreement between
the two governments of the two countries.

(PD) Prisoner’s dilemma: When the social optimum (¢ ,tf ) is different
from the Nash equilibrium

ALY or 17 ALY

and both utilities are bigger in the social optimum than in the Nash equilib-
rium,

wi(t7 7)) > (), 6))  and  w(t7,65) > u(tY 1))

In this case, the game is like the Prisoner’s dilemma, where the Nash strategy
leads to a lower outcome for both countries than if they would agree among
therein (through a trade agreement) in opting for the social optimum. When
we obtain

wi(t?,t5) = w (N, 1Y) and  wy(t],5) > (), )

or

w7, t7) > w (N, 1Y) and  wy(tF,65) = (¢, £Y)

we say the game is a (weak) Prisoner’s dilemma.

(LW) Lose-win social strategies: When the social optimum (tf,tf) is dif-
ferent from the Nash equilibrium

AN or 1] £t
and one of the utilities is bigger in the social optimum and the other utility
is bigger in the Nash equilibrium, i.e.,

wi(t7,7) <ui(t),6))  and ow(t7,65) > u(6)Y 1))

or

wi(t7,67) > (), 6))  and (87, 65) <u(tY 1))
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When the game is of lose-win type there are two possible outcomes as
described above. We will denote such outcomes respectively by L;W; and
L;W,. The first indicates that the country X; has a utility loss and country
X, has a utility gain while enforcing the social optimum, and the second
indicates the opposite situation.

In this case, the governments can implement an external mechanism (trade
agreement) that will make them to opt for the social optimum in such a way
that the country that gets an advantage in its utility compensates the loss in
the utility of the other country and can also give some extra benefit in order
to persuade the other country to implement the social equilibrium.

3. International duopoly model. In this section, we introduce the relevant eco-
nomic quantities of the international duopoly model.

The international duopoly model is a game with two stages (sub-games). In the
first stage, both governments choose simultaneously their Nash or social tariffs for
a utility given by a relevant economic quantity; and, in the second stage, the firms
choose simultaneously their home and export quantities to maximize competitively
their profits.

The home consumption h; is the quantity produced by the firm F; and consumed
in its own country X;. The export e; is the quantity produced by the firm F; and
consumed in the country X; of the other firm Fj, where ¢,5 € {1,2} with ¢ # j.
The tariff rate t; is determined by the government of country X; on the import
quantity e;. The total quantity q; produced by firm Fj is

¢ = qi(hisei) = hi +e; .

The aggregate quantity @Q; sold on the market in the country X; is
Qi = Qi(hisej) = h; +e;.

The inverse demand p; in the country X; is
pi = pilhisej) = a; — Q;

where «; is the demand intercept of country X;.
The payoff m; of firm Fj is

i = Ti(hayeq, by, ejitis ty) = (pi — ci)hi + (pj — ci)es — tjeq

where ¢; > 0 is the firm F;’s unitary production cost such that a; — ¢; > 0, and
t; > 0 is the tariff fixed by the government of country X;.
The custom revenue C'R; of the country X; is given by

CR; = CR;(ej;t;) = tie; .
The consumer surplus C'S; in the country X is given by
O = CSilhires) = 3@
The welfare W; of the country X; is
W; = Wi(hi, ei, hj,ej;ti,t;) = CR; + CS; + ;.
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4. Second stage Nash equilibrium. In this section, we give a presentation of
the well-known Nash equilibrium of the second sub-game, i.e., firms choose the
home and export quantities that competitively maximize their profits, in the case
of complete information, i.e. when both firms have full information on their and
others utility functions.

Let 4,5 € {1,2} with i # j. Define

T; = Ti(ci,c5) = (ai + ¢ — 2¢5) /2,

T; =Tj(ci,¢5) = (o +¢5 — 2¢i)/2 .
We also define

T = Ti*(ci,cj) = (o + Cj — 2¢;)/2

T;‘ = Tj*(ci,cj) = (aj +ci — 20]‘)/2 .

Denoting A« := a; — «j, we have that

Ti* = T]’ +AO[/2 s
1) =T, — Aa/2 .
This yields

Ti+T; =T +T; . (4.1)

We also have that
2(T; + 2T7)

Q= C = ——F5
3
2(Ty + 2T7)
Ozj—Cjzig .

Denoting Ac := ¢; — ¢; we have

Ac— 2(T7 - Ty) _ AT =T7) .
3 3
Assumption (A). T; >0, T; >0, T} > 0 and T} > 0.
We observe that under assumption (A), a; —¢; > 0 and «; —¢; > 0.
The best response (hPE(e;),ePE(h;;t;)) of the firm F; is the solution of

P2

(hPB(ej), el (hyity)) = argmax, .. Ti(hi, €i, by, €53 ti, t5).

Hence

The Nash equilibrium (h;(t;),e;(t;); h;(t;),e;(t;)) is the solution of
(hi(ti), ei(t;) = (W77 (e;(t:), e (R (t): 1))

(hi(ty),ej(t:)) = (WP B (ei(ty)), eP R (hi(ti); i) -

So, for every t; € [0,T;] and every t; € [0,Tj], the home h;(t;) and export e;(t;)
quantities for the firms at the Nash equilibrium (see [20]) are
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hi(ti) = hi(ei, cj3t:) = %
ei(t;) = eilc,city) = @
hi(t;)) = hilei,cjiti) = QTJ*THJ
ej(t;) = eilc,cjit;) = @

We note that an increase in the quantities 77" and T3 generates an increase in
the home quantities produced by the firms at a given tariff level. The quantities T7*
and T7 have a clear economic interpretation. An increase in quantity 7;" is good for
firm F; since this can occur due to three different possibilities, all of whom favour
firm F;: an increase in the home market size «; of country X;; an increase in the
production costs of the opponent firm c¢;; a decrease in firm ¢ own production cost
¢;. So any of these three situations generates an increase in home quantities, albeit
at different rates: at a given tariff level, a reduction in own costs increases home
production at twice the speed as an increase in the home market size or a decrease
in the opponent’s costs.

Since the export quantities are non-negative, T; and T} are the mazimal tariffs.
When country X, is tax-free, then firm F) exports 2/3 of the admissible maximal
tariff T;. The maximal tariff T; can increase due to several reasons: an increase in
the market size oy of country X;; an increase in costs ¢; of firm Fj; a decrease in
the costs c; of firm F;. We further observe that at a fixed tariff rate, a decrease in
the production cost c; of firm F} increases its export quantity faster, as the rate of
change in the maximal tariff 7; due to a decrease in c; is twice as big as the rate of
change due to an increase in the market size of country X; or a competitive loss in
firm F; because of increased production costs.

We observe that the decrease in one country’s export quantity due to the other
country’s tariff is twice the increment in the home quantity of the other country.

Let

* T*
Ri—%ande—jfj .
We observe that under assumption (A), R; > 0 and R; > 0. Using equality (4.1)
we obtain
(1-R)T; = (R; — )T .
Hence, the ratios R; and R; satisfy the relation
R, <1< Rj >1.

Furthermore, we have that R; =1 if and only if R; = 1, meaning that for every T;
and T_’j, 711* = Ti and T;—k = Tj. When Rz 7é 1

T, (Rj—1)

T, (1-R)

The taz-free home production index is

g WO 21y 2R;
CUOAN(T) T +2TF 1+2R;
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where h¥(0) corresponds to the home production of country i when there are tax-
free exports from country j to country i, and A (T;) to the monopoly home pro-
duction of country ¢ when j does not export. We have

H;
21— H;)
Hence, the indexes H; and H; satisfy 0 < H; <1, 0 < H; < 1 and the relation
0<H;<2/32/3<H;<1.
Furthermore, we have that H; = 2/3 if and only if H; = 2/3, meaning that for
every T; and T, T =T; and T} = T; (and R; =1 = R;). When H; # 2/3,

R, =

T, (H - 1)(3H,-2)
T, (H, - 1)(2-3H,)
We observe that the country whose tax-free home production index is closer to 1 is
the country that faces a lower decrease in their home production quantities while
changing from a monopoly situation to a tax-free situation where the other country

exports freely.

5. Strategic games. In this section, we will analyse the advantages and disadvan-
tages of the use of tariffs for the firms, the consumers and the governments of the
countries. To do it, we will use the relevant economic quantities as utilities w;(t;,t;)
and u;(t;,t;) of a game where the players are the governments of the countries and
their actions are the tariffs (¢;,¢;). For each pair of utilities that we will consider, we
will find which of the three typical games occurs: social equilibrium (SE), prisoner’s
dilemma (PD), or lose-win social strategies (LW).

5.1. Tariff effects in produced quantities and prices. We first consider the
case where the utilities are the home quantities, i.e., u; = h;. The home quantity
hi(t;) increases with the tariff ¢; and the home quantity h;(t;) increases with the
tariff ¢;, and so

PR h) =Tp 7%t h) =T and (67 (h), 65 (b)) = (T3, T) -
The social utility hr(t;,t;) is

ATF +TF) +t +t;
hT(ti,tj): JS T 7

and so the social utility also increases with both tariffs ¢; and ¢;, so
78t h) =T, 5%t h) =15 and (7 (h), 5 (h) = (T, T;) -

Hence, there is a unique social optimum (that is the unique Pareto optimum) and
coincides with the Nash equilibrium

t7 (h) =1 (h) =T .
Therefore, the game with utility u; = h;, is of the type SE.

When we consider the utilities to be the export quantities, i.e. u; = e;, we see
that the export quantity e;(t;) decreases with the tariff ¢;, but does not depend
upon tariff t;. The same occurs with the export quantity e;(¢;) that decreases with
tariff ¢;, but does not depend upon tariff ¢;. Hence, every tariff ¢; is a best response
to any tariff ¢;, and vice-versa, and so every pair of tariffs is a Nash equilibrium:

tPR(tjse) €0, T5] , tP (tize) €[0,T5]  and (] (e), Y (e)) € [0, T3] x [0,T}] .
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The social utility er(¢;,t;) is
2(T; + Ty) — 2(t; + t5)
3

er(ti, t;) =
and so
7% (tjie) =0, 7% (ti;e) =0 and  (t7(e), 15 (e)) = (0,0) .
Hence, there is a unique social optimum, that is the unique Pareto optimum
t7(e)=0.

Therefore, for the game with utility u; = e;, we have:

1. For the Nash tariff (¢)¥,#)) = (0,0), the game is of SE type;

2. For all other Nash tariffs the game is of PD type.

We now consider the case where the utilities are the total quantities produced
by the firms, i.e., u; = ¢;. The total quantity ¢;(¢;,t;) produced by firm Fj is given
by
1
3
and so the total quantity ¢ (¢;, tj) increases with ¢; and decreases with t;. For firm
F; we have

qi(ti,t]‘) = qi(Ci,Cj; ti,t]’) = (21-;* + 2Tj + ti — Qt])

5t 13) = (cisciitinty) = 5 OTF + 2T+t — 20)
so the total quantity increases with ¢; and decreases with ¢;. Thus, there is a unique
Nash equilibrium
t7 () =Ti, 7 (tiq) =T and (] (), (q) = (11, T}) -
The social utility gr(¢;,t;) is
AT +Ty) — (8 + t5)
3

qr (tiv tj) =
and so
7% (t;0) =0, 7%(tsg) =0 and  (t7(q).£7(9)) = (0,0) .
Hence, there is a unique social optimum but it does not coincide with the Nash
equilibrium
t7(q) # 1 (q) -
We have that

qi(tfv,tj»v) < qi(tf7tf) if and only if T; < 2Tj .

qj(tfv,t?f) < qj(tf,tf) if and only if T; < 27; .

Hence, we have two possible cases:

Case I. T;/2 < T; < 2T;. Then we have

qi(tﬁv7t§y) < Qi(tfvtf) and qj(tivvt;v) < qj(t?vtf) .

Therefore, the game is of the type PD.
Case II. T; < T;/2. The case 2T; < Tj is similar. Then we have
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@it tY) > qi(t?, t7) and  q(t) 1) < q;(t7,t7) .

Therefore, the game is of the type LW. More precisely, the outcome is L; W .
We now consider the utilities to be the aggregate quantities in each country, i.e.,
u; = Q;. The aggregate quantity QY (¢;) in the market of country X; is
AT+ TY) -t

Qi(t:) = Qilci, ¢j5t:) = -5

and the aggregate quantity Q;(¢;) in the market of country X; is
ATy +T)) ~ 1,
Qs(ty) = Qs(eisjity) = ———3—,
and so the aggregate quantities decrease with the respective tariffs. So, we have
70t Q=0 , Q) =0 and  (£7(Q).£(Q)) = (0,0) .
The social utility Qr(t;,t;) is
Qr(titj) = qr(ti t;)
and so
(7 (@), 15 (Q)) = (0,0) .
Hence, there is a unique social optimum (that is the unique Pareto optimum) and
coincides with the Nash equilibrium

t7(Q) =t (Q)=0.
Therefore, the game with utility u; = @Q;, is of the type SE.

We now consider the utility of the countries to be the symmetric of the prices,
i.e., u; = p;. The inverse demand function p;(¢;) in the country X is

2(Tz* +T;) —t;
3
and the inverse demand function p,(¢;) in the country X; is
2(ijk + Tj) - tj
3
and so the inverse demand functions of the two countries increase with the respective
tariffs. So we have

t7(tp) =T, 7 (tap) =T and (8 (p), 1] (p) = (L, T}) -
The social utility pr(t;,t;) is

pi(ti) = pilci,cj3ti) = o —

pi(ti) = pj(ci,cjity) =

AT+ T+ T +T7) — (ti + t5)
3

pT(ti,t]‘) = Q4 + aj —
and so
5 typ) =T, %(tsp) =Ty and (7 (p),t5 (p)) = (11, T) -

Hence, there is a unique social optimum (that is the unique Pareto optimum) and
coincides with the Nash equilibrium

t;(p) =t (p) =T .
Therefore, the game with utility u; = p;, is of the type SE. When the utility is

u; = —p; then the solution is the same as the aggregate quantity in the market of
country X;, yielding a SE type game with equilibrium (0, 0).
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5.2. Governments direct gains from using tariffs. We now analyse the gov-
ernment’s direct gains from using tariffs, i.e., the case where the utilities are given
by the custom revenues, u; = CR;.

The custom revenue C'R;(¢;) of country X; is given by

2t,(T — ¢

CRi(t:) = CRi(ci cj;ti) = %
and the custom revenue C'R;(t;) of country X; is given by
2t (T — t;

CR;(tj) = CRj(c;,cj3t5) = % )

We have that CR;(t;) > 0 and CR;(t;) > 0. In both cases, first-order conditions
yield the critical points T;/2 and T / 2, which are indeed maximum points. The
custom revenue increases with the tariff ¢; € [0,7;/2], and it decreases with the
tarift ¢; € [T;/2,T;],

0= CR;(0) = CRy(T};) < CRy(t;) < CR; @)1;

and so

PRt CR) = 1 BR(t, CR)= 0 and  (tV(CR).£Y(CR)) = (

no| S
v |3

).

The social utility CRp(t;,t;) is

2t (T; — t; 2t:(T; —t;

ORT(t“t]) _ ( )+ J( J ])
3 3

and so

T; T; T, T;

t9R(t;;CR) = =, 75 (t;;CR) = ?j and (t7(CR),t;(CR)) = (22 23) .

Hence, there is a unique social optimum (that is the unique Pareto optimum) and
coincides with the Nash equilibrium

T;
5
Therefore, the game with utility u; = C'R;, is of the type SE.

t7(CR) = tN(CR) =

5.3. Consumers savings effects from the use of tariffs. We now analyse the
consumer’s savings, i.e., the case where the utilities are given by the consumers
surplus, u; = C'S;.

The consumer surplus CS;(t;) of country X; is

2T, +T7) —t,)°

CSi(t;) = CSi(ciscjiti) = 18 :

and the consumer surplus C'S;(¢;) of country X; is

. 2
(2(T5 + T7) — t))
18

The first-order conditions to minimize these quantities are

ti = Q(Tl + Tz*) and tj = 2(1—17 + TJ*) .
which are respectively bigger than T; and T;. So we have that
tPR(t;;C8) =0, tFR(t;C8) =0 and  (£](CS), 1) (CS)) = (0,0) .

CS;(t;) = CSj(ci,cj3tj) =
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The social utility C'Sr(t;,t;) is

AT AT) -~ 1) (AT +T) — 1)

CSr(tists) = 18 18

and so
7R (t;C8) =0, t§7(t;;CS) =0  and (t7(CS),t5(CS)) = (0,0) .

Hence, there is a unique social optimum (that is the unique Pareto optimum) and
coincides with the Nash equilibrium

t2(C8) =tN(CS) =0.
Therefore, the game with utility u; = C'S;, is of the type SE.

5.4. Firms profits effects from the use of tariffs. We now consider the case
where the utilities are the profits of the firms, i.e., u; = ;.
The profit m;(¢;,t;) of the firm F; is

[T +t:)* + 4Ty — t;)*] .

O =

mi(ti, t5) = mi(ci, ¢j5ti, t5) =
and the profit of the firm Fj is

o

Fj(ti,tj) = ﬂj(ci,cj;ti,tj) = 9 (2T;K + tj)Q + 4<Ti — ti)Q] .

Thus, the profit m;(¢;,t;) increases with ¢; and decreases with t;, and vice-versa for
the profit m;(t;,t;). So
tPf(t, 1) =T;, 7%(t,m) =T;  and (& (n),1) (1)) = (T;, T;) -

The social utility 77 (t;,t;) is

1
mr(ti ty) = GlRTT )" + (217 +1))* + 4T — t:)* + 4(T; = 1)*] .
Hence,
ot 9 '

Noting that

aZﬂ'T 10

=—>0
ot? 9~

we obtain that the local maxima of 7w is attained at the boundary points of the
admissible tariffs
tfR(tj;w) € {0,T;} .
Similarly,
t}sR(ti;’ﬁ) € {O,TJ} .
We have that
T;

mr(Ti, t5) = mr(0,45) = 5 (417" = 3T5) -

and

T
WT(ti,Tj) - 7TT(t7;,O) = 5](41—‘]* - 31}) .

Hence, a priori, there are four possibilities for the social optimum. However, the
tariff pair (0,0) cannot be achieved as a social optimum because the conditions
4T} < 3T; and 4T < 37T; are incompatible. So we are left with three possible
cases:
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Case 1. 477 > 3T; and 417 > 3T;. Equivalently, R; > 3/4 and R; > 3/4 or
H; >3/5and H; > 3/5. We have
7Bty m) =T, and thR(ti;w) =Tj.
Thus,
(87 (m), 85 (1)) = (T3, T3) -

Hence, there is a unique social optimum (that is the unique Pareto optimum) and
coincides with the Nash equilibrium

t7(m) =t (m) =T .
Therefore, the game is of the type SE.
Case II. 4T} < 3T;. Equivalently, R; < 3/4 or H; < 3/5. The case 4T} < 3T}, or
equivalently, R; > 3/4 or H; > 3/5 is similar. We have
3B (t;m) =0 and tfR(ti;w):Tj .
Therefore,
(t7 (), 15 (7)) = (0, T5) -
Hence, there is a unique social optimum but it does not coincide with the Nash
equilibrium
tN () # t7 () and tN(r) =t3(n) = T; .
Furthermore,

tN N 13

(Y V) > m(t7 7)) and  om), 6y

V) <t t7)

i Y
Therefore, the game is of the type LW. More precisely, the outcome is L; W .

Case III. 4T} = 3T;. or equivalently R; = 3/4 or H; = 3/5. The case 4T} = 3T}
or equivalently, R; = 3/4 or H; = 3/5 is similar. In this case

7TT(Ti7tj) = WT(O,tj) .
So that

tiSR(tj;W) ={0,T;} and tfR(ti;w) =T .
Therefore, there are two social optima.
(t7(m), 65 (m) = (0,T3)  and (7 (m), 85 (m)) = (T3, T3) -
One of them (7 (7), tf (m)) = (T;,T;) coincides with the Nash equilibrium, in which
case the game is of SE type.

In the other social optimum, (¢ (), #; (7)) = (0,T}), by definition of Nash equi-
librium we have that
mi(tN ) > m(td 1))
So, also by definition of social optimum we have

m(tN ) <m0 ,t5)

and hence the game is of LW type. More precisely, the outcome is L; W;.
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5.5. Game outcomes. In this section we further discuss the game outcomes ob-
tained for different utilities given by relevant economic quantities.

For every pair of tariffs (¢;,¢;), we found the Nash equilibrium for the second sub-
game, i.e. the home and export quantities such that firms competitively maximize
their profits. Then, using the Nash equilibrium for the home and export quantities
we found the tariffs that lead to a Nash equilibria or to a social equilibria for different
utilities.

We observed that for the home quantities the Nash equilibria and the social
optimal tariffs are the same and equal to the maximal tariffs. So, countries decide
to block exports, both when in competition and in cooperation. For the export
quantities all tariffs lead to a Nash equilibrium but only the (0, 0) tariffs is a social
optimum, with all the others yielding a prisoner’s dilemma game. For the aggregate
quantities in the market of each country, prices, custom revenues and consumer
surpluses we found that the Nash tariffs coincide with the social tariffs, thus, the
games with these utilities are of Social Equilibrium (SE) type. For the aggregate
quantities and the consumer surpluses the tariffs are zero, corresponding to free
export; for the custom revenues they are half of the maximal tariffs; and for prices
they are the maximal tariffs. Hence, some of the difficulties of imposing tariffs arise
from these social equilibria having different tariffs. We summarize these results in
Table 1.

’ \ SE game ‘
Economic quantity hle|lQ|p| CR|CS
Nash (Social) tariff of country i | 7; | 0| 0 | T; | T;/2 | 0O
Nash (Social) tariff of country j | 7; |0 | 0 | T | T;/2] 0

Table 1: The Nash (Social) tariffs for the home quantities, total quantity in the
market, inverse demand, custom revenue and custom surplus, resulting in a social
equilibrium. h - Home quantities; ) - Aggregate quantity in each country; p -
Inverse demand; CR - Custom revenue; C'S - Consumer surplus.

For the total quantities produced by the firms we found that the Nash tariffs
are the maximal tariffs, and the social tariffs are the zero tariffs. The game can be
either of Prisoner’s Dilemma (PD) type or of Lose-Win (LW) type, depending on
the maximal tariffs. When the maximal tariffs of the two countries are sufficiently
similar, then the game is of PD type. The game is LW for the bounds presented
in Table 2.

’ Total quantities (¢;, ¢;) produced by the firms ‘

Condition Nash tariffs | Social tariffs | Game type
If 2Tj <T; (Tu TJ) (0, 0) Lle
IfT;/2 <T; <2T; (T3, T}) (0,0) PD

If 2T; < Tj (Ti,Tj) (0, 0) LjWi

Table 2: Comparing total quantities of the two countries with Nash tariffs and social
tariffs with different cost similarities and concluding the game type.

For the profits of the firms we found that the Nash tariffs are the maximal
tariffs and the social tariffs can be either the maximal tariffs, or one of the two
symmetrical cases where one country chooses the maximal tariff and the other
chooses the zero tariff. Which one of the cases occurs depends on the tax-free home



164 F. MARTINS, A. A. PINTO AND J. P. ZUBELLI

production indexes. When a firm has a tax-free home production index lower than
the threshold 3/5, the game is of LW type, and this firm has a profit loss. In this
cases, the country with the higher tax-free home production index earns more profit
at the social optimum. The social optimum tariff for that country with the tax-free
home production index below the threshold is to become tax-free, and he has a
loss is profit. Since that country has a lower tax-free home production index, this
means he has greater loss while becoming tax-free, meaning that the firm is less
competitive when his home market is shared between the two countries. Hence, its
firm produces its tax-free home production quantity and does not export, while the
firm of the other country has the monopoly in its own market and exports for the
tax-free country. So, the less competitive firm has interest in becoming tax-free if
he gets some compensation by the other firm. Possibilities that may be discussed
between the two countries might include merging of the two firms, R&D exchange,
or allowing representation of the more competitive firm to be settled in the less
competitive country. When both firms have a high tax-free home production index
the game is of SE type. In this case both firms produce their monopoly quantities.
We summarize these results in Table 3.

’ Profits (m;,7;) of the firms ‘

Condition Nash tariffs | Social tariffs | Game type
If H; <3/5 (T;,T;) (0, 75) LW,
If Hj < 3/5 (E,T]) (TZ,O) LjWi

Table 3: Comparing profits of the firms of the two countries with Nash tariffs
and social tariffs, where H; and H; are the tax-free home production indexes.

6. Nash and social welfares. In this section, we consider the utility of the gov-
ernments to be the welfare of the country, i.e. uw; = W;. We will compute the
Nash equilibrium tariffs and the social tariffs and analyse the game type obtained
according to the tax-free home production index.

6.1. Computation of the equilibria. The welfare W;(t;,t;) of the country X is
given by
Witi t;) = é[(QT{k +t:)? + 4T - tj)g} + 5ti(Ti — ta)
+ HQGHT) —t)?.
The welfare W;(t;,t;) of the country X is given by
Wi(ti t;) = %[(27}* +15)? + 4(T; — tz‘)ﬂ + 5t5(T; — t))
+ @A +T) 1)
We have that

OWi AT, 42T}
ot; 9

oW, AT + 2T}
= — tj s
ot 9

tia

and
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Therefore, the maximum points of the polynomials W;(¢;,¢;) and W;(t;, t;) in ¢;
and t; are, respectively

2(TF + 2T; 2T + 275
%>0 and AW,]:¥>O

Noting that Aw; < T; is equivalent to 21} < 5T;, and that Aw ; < T} is equivalent
to 217 < 5T}, we get that the best responses are

Aw, =

Ay, , it Tp < 3To Awy, HTr <,
L (L, W) = 7t W) =

T; otherwise . T;

Vs otherwise .

The social utility Wr(t;,¢;) is
Wr(ti, t;) = Wilts, t;) + Wj(ti, t5) -

Hence, we have that
oWr 2T — 4T, — ¢,

ot; 9

and
0*Wr 1

oz 9
Let
Bws.i = 2(T — 2T3) ,
and analogously,
Bwg j = 2(T;‘ —2T;) .
Noting that 0 < By, ,; < T; is equivalent to 27; < T} < 5T;/2, we get that the
social best responses are

0, if T < 2T ;
7Bt W) =< Bwg,, if2<Ty <5
T, if Ty > 2%
Similarly, we get
0, if T <27 ;
157t W) = Bwy;, if2T;<TF< 2,
Jp— 5T

Hence, there are several possible cases. Since 0 < H; < 2/3 < H; < 1 or
0 < H; <2/3 < H,; <1 some possibilities are incompatible with each other. So we
are left with five cases:
Case I. T < 2T; and T; < 27}. Equivalently, R; < 2 and R; < 2 or H; <
4/5 and H; < 4/5. The Nash equilibrium is
Y (W), Y (W) = (Aw,i, Awj) -
The social optimum is
(7 (W), 15 (W)) = (0,0) .

The social optimum does not coincide with the Nash equilibrium.
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The welfare at the Nash equilibrium is

Wi(Aw,i, Aw,j) = CR;(Aw,;) + CSj(Aw,;) + mi(Aw,is Aw,j)

where A(T? +2T;) (2T — 5T))
* + . * __ .
CRy(Awy) = I )
2(8T7 + 7T))2
and

4 (4(5T7 +Ty)* + (2T} — 5T3)?)

i (Aw,i, Aw,j) = 79

The welfare at the social optimum is

W;(0,0) = C'S;(0) + m;(0,0) ,

where . )
CS;(0) = AT+ 1) ;Tj )
and 4
m3(0,0) = 3 (T} +T7) .
Letting
AW = Wi(Aw,i, Aw,;) — W;(0,0) ,
we have

2 (9(T; +2T;)? - 8(2T; + T;7)(7T; — T}'))
AWL; = 729 '

Case Ia). When R; # 1, and so R; # 1,

2 (Q(Ri —1)*(R; +2)*

Wi =5 e +8(R; +2)(R; — 7)) .

Hence, depending on the ratios R; and R;, or the tax-free home production indexed
H; and j, the game has three outcomes (see figure 1): (1) If R; = 1 — 3 and
R; =1+ 3, with S close to 0, the game is of Prisoner’s dilemma (PD) type; (2) If
R; is closer to 1 than Rj;, the outcome is (L;W;); (3) If R, is closer to 1 than R;

the outcome is (L;W;) .

Case Ib). If R; =1 (equivalently R; = 1), or H; = 2/3 and H; = 2/3, we obtain

2(9T7 — 16T7)
A= T

2(977 — 1677)

So, we have that
Awl,i > 0 iff 3/4Tz > ’Tj ,

AWl,j > 0 iff T] > 4/3Ti s
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Hence, depending on T; and T, the game has three outcomes: (1) If T; is close to
Tj, the game is of Prisoner’s dilemma (PD) type; (2) when T; is sufficiently larger
than Tj, the outcome is (L;W;); (3) when Tj is sufficiently larger than Tj, the
outcome is (L;W;).

Case II. 27 < T; < 5T;/2. Equivalently, 2 < R; < 5/2 or 4/5 < H; <5/6. In
this case we also have that T;* < 2T;, equivalently, R; < 2 or H; < 4/5. The Nash
equilibrium is

(Y (W), 67 (W) = (Awa, Awy) -
Hence, the welfare at the Nash equilibrium is the same as in case ia). The social
optimum is
(&7 (W), 17 (W) = (0, Bws.j) -

Since

BWSJ < AWJ
is equivalent to

T < 5/2T
which is verified in this case, then
V) AN W) and V) £ O0)

The welfare at the social optimum is

W;(0, Bws,j) = CR;(Bws,j) + CSj(Bws,j) + (0, Bwg,j)

where
AT} —2T;) (2T} — 5T5)
CR;(Bws,;) = — 5 ,
CS;(Bws,;) =217
and
4 (UTr —Ty)* + T?
0. B )~ s ).
Letting
AWy = Wi(Aw,i, Aw,j) — Wi(0, By 5)
and
AWy = W;(Aw,i, Aw,;) — W;(0, Bwg,;) -
We have
2 (9(2T; + T;)? — 160(2T — 5T;)?
AWz = ( T R !
16 (18(2T — 5T) — (2T, + T )(7T; — T7))
Hence,
2 (9(R; — 1)*(R; +2)? )
AWpi = =5 ( R~ 1? 160(2R; — 5)
16 [18(R; —1)*(2R; —5)?
AWa; = 5 ( B 17 (Ri+2)(T—Ry) ) .
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Thus, depending on the ratios R; and R;, the game has three outcomes (see figure
1): (i) For instance, if R; is close to 0 and R; close to 2 the outcome is L;W; (ii)
For instance, if R; is close to 0, but not too close, and R; is close to 2, but not too
close, the game is of Prisoner’s dilemma (PD) type; (iii) For the majority of values
of R; and R; the outcome is L; W ;.

Case III. 0 < 57;/2 < T}. Equivalently, R; > 5/2 or 5/6 < H; < 1. In this
case we also have that T* < 2T}, equivalently, R; < 2 or H; < 4/5. The Nash
equilibrium is

(Y (W), 1) (W) = (Aw,, Ty) -
The social optimum is
(7 (W), 85 (W)) = (0,T;) -
The Welfare at the Nash equilibrium is

Wj(AW,inj) = CS](TJ) + Wj(AW’i,T]’) 5
where
2T + Tj)?
CS;(T;) = %

and

81(2T; + Tj)* + 42T} — 5T;)?
729 '

mi(Aw,, Tj) =
The welfare at the social optimum is

W;(0,T;) = CS;(T;) + m;(0,T5) ,

where

(2T + T;)? + 4T?
7Tj (0, T]) = J g .

Furthermore, by definition of Nash equilibrium, clearly we have that
Wi(Aw,, T;) > Wi(0,Ty) .

The fact that the social optimum is (0, ;) together with this last inequality yields
W;(Aw,i, T;) < W;(0,Ty) .

Hence, in this case there is a unique social optimum that does not coincide with the
Nash equilibrium. Furthermore, the game is of the type LW. More precisely, the
outcome is L; W .

Case IV. 2T; < T} < 5T;/2. This case is dual to case II.

Case V. 0 < 5T;/2 < T;. This case is dual to case III.
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6.2. Welfare game outcomes. Here, we present the regions where the outcomes
are of type L;W;, PD and L;W,;. We will analyse the case 0 < H; < 2/3 < H; <1,
the other case is dual to this one. Observe that in the case we study, since H; is lower
than Hj, country X; has a higher decrease in home quantities when changing from
maximal tariffs to a tax-free situation. The corner point H; = 2/3 and H; = 2/3
was analysed separately before (case Ib)).

For the welfare of the countries we found two thresholds for the tax-free home
production index Hj: the social monopoly-tax threshold 5/6 and the social tax-free
threshold 4/5 (see figure 1). For all values of the tax-free home procution indexes H;
and H;, the firm F; chooses the Nash tariff Ay ; and vanishes its tariff at the social
equilibrium. In case ITI, when H; > 5/6, the game is of L; W type and the country
X; has a welfare gain. The country X; applies the maximal tariff both at the Nash
and Social equilibria. When H; < 5/6, the game has three outcomes: prisoner’s
dilemma PD, and lose-win L;W; and L;W;. In this case, firm F}; chooses the
Nash tariff Ay, ;. Its social tariff is By, ; if 4/5 < H; < 5/6, and it vanishes its
tariff at the social equilibrium if 2/3 < H; < 4/5 (see table 4). We observe from
figure 1 that in case II the majority of the parameter yields either a PD or a L; W}
type game, meaning that country X; has a welfare gain, except for a very small
parameter region where country X; has a welfare loss. In case I, the three game
types may occur. When H; gets lower and closer to 2/3 (meaning that the tax-free
home production of X; gets lower in comparison to the monopoly home quantity),
it gets more likely that the game type is L;W;, with country X; losing welfare.
For lower values of H;, H; doesn’t need to be so lower in order to have a L;W;
type game, and there is a threshold in H; (approximately 0.2) such that the game
is always of this type in case I.

’ Welfares (W;, W;) of the countries ‘

Condition Nash tariffs | Social tariffs | Game type
H; >5/6 (Aw,i, T;) (0,73) LiW;

4/5 < Hj < 5/6 (AW,iaAW,j) (07BWS,j) LW or PD
Hj < 4/5 (AWJ', AWJ') (0, O) LW or PD

Table 4: Comparing welfares of the two countries with Nash tariffs and social tariffs
where H; and H; are the tax-free home production indexes satisfying 0 < H; <
2/3< H; < 1.

We have observed that By, ; < Aw,;. So, we have that for both countries the
social tariffs are lower than the Nash tariffs, and they are lower or both countries
except for the situation where one of the countries plays its maximal tariff. So, any
trade agreement that enforces the social tariffs will therefore yield lower tariffs than
the tariffs used at a competitive (Nash) equilibrium for at least one of the countries.
By direct inspection of the custom revenue, consumer surplus and profit functions,
we find that if the two countries decide to impose the social tariffs the following
holds: a) the custom revenue of country X; vanishes, since his tariff vanishes at the
social optimum, and in some situations (cases I and III), it also vanishes for country
X, since country X’s social tariff is, respectively, 0 and the maximal tariff. When
it doesn’t vanish, which occurs only for values of H; between the two thresholds,
then the its custom revenue may increase or decrease; b) the consumer surplus of
the countries always increases; and ¢) the profits may increase or decrease.
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FIGURE 1. The Welfare Game Type: Green - L;W;; Red - PD;
Yellow - L;W .

7. Conclusions. We have considered an international trade model with two coun-
tries, where the governments of each country choose whether or not to impose tar-
iffs in the import. We have considered a two-stage game, where in the first stage,
governments choose their tariffs and in the second stage, firms in each country com-
petitively choose their home and export quantities. For every pair of tariffs, we
found the Nash equilibria for the second sub-game. For the first sub-game the gov-
ernments can choose competitive (Nash) tariffs or social (cooperative) tariffs. We
considered different economic quantities as the utility of the governments, namely,
total quantities in the home market, total quantities produced by the firms, prices,
profits of the firms, consumer’s savings, custom revenues of the countries and the
welfare of the country. For each utility, we have classified the game according to
the social and Nash tariffs of the governments. For the welfare of the countries we
proved that the outcome of the game is either a prisoner’s dilemma or a lose-win
dilemma. This classification for the different utilities and for the welfare suggests
where the difficulties in establishing trade agreements may appear, since in a loose-
win dilemma the losing country has to be somehow compensated by means of a trade
agreement in order to accept the enforcement of the social tariffs. Furthermore, a
trade agreement might present some externalities that need to be considered.
Future work can consist, for instance, in introducing a trade agreement in our
current setting, and study the parameter regions where difficulties and externalities
may occur, to study conditions for the enforcement of the agreement, ideally ren-
dering it durable in time, to introduce and study the effects of the swap of R&D
between the two firms to decrease their production costs, or to include the effects of
subsidies, fines, price dumping and merging and shut-down of firms. The inclusion
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of one or more of these features into the trade agreement may be a way to overcome
some of the externality effects that may arise.
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