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Abstract— Classical Weighted Least Squares (WLS) State 
estimation (SE) in power systems is known for not performing well 
in the presence of Gross Errors (GE). The alternative using 
Correntropy proved to be appealing in dealing with outliers. Now, 
a novel SE method, generalized correntropy interior point method 
(GCIP) is being proposed, taking advantage of the properties of 
the Generalized Correntropy and of the Interior Point Method 
(IPM) as solver. This paper discusses how the choice of different 
central path neighborhoods, an essential concept in IPM, is critical 
in the identification of gross errors. The simulation results indicate 
that a one-sided infinity norm neighborhood successfully identifies 
outliers in the SE problem, making GCIP a competitive method.   

Keywords— state estimation, generalized correntropy, interior 
point method, gross error identification 

I. INTRODUCTION  

A. Motivation and Background 

The large scale integration of generation from renewable 
sources and the expansion of State Estimation (SE) to 
distribution networks put back into light the need to deal with 
bad data arriving at the SCADA. 

It is widely recognized that the Least Squares regression is 
sensitive to outliers and cannot deal adequately with gross 
errors, even in its Weighted Least Squares (WLS) version. For 
the same reason, methods departing from a WLS solution, to 
try to identify measurements with gross errors, showed poor 
performance when facing multiple bad data.  

The alternative to methods departing from the WLS solution 
would be methods that would naturally deal with outliers, 
instead of trying to identify them in a post-processing phase. An 
interesting approach that has been receiving increasing 
attention in the adoption of a criterion based on a robust 
nonlinear similarity measure in a kernel space, Correntropy [1] 
[2]. Correntropy adopts a Gaussian kernel, which is, of course, 
only one among other kernel choices. Kernel shape, however, 
may have impact on the ability of procedures to compute 
correct solutions.  We propose in this paper a robust state 

estimator based on Generalized Correntropy Criterion (GCC) 
that adopts the Generalized Gaussian density (GGD) function 
as kernel function. 

B. Relevant Literature 

Generalized Correntropy (GC) [3] can achieve extra 
flexibility through the GC parameters, which control the 
behavior of the induced metric, and shows a markedly better 
robustness than plain Correntropy. A novel method, called 
Generalized Correntropy Interior Point method (GCIP), 
answers to the SE problem in a very efficient way. GCIP is 
based on Generalized Error Correntropy instead of traditional 
Least Squares (LS) and on an interior point method instead of 
the conventional Gauss-Newton algorithm. This method 
receives an abridged description in the following sections of the 
paper. 

Interior Point Methods (IPM) have been proposed in the past, 
to process SE. One of the main features of interior point 
methods (IPM) [4] is the generation of iterates in a 
neighborhood of the central path. The concept of the central 
path has played a crucial role in the development and analysis 
of IPMs. All primal-dual interior point methods require the 
iterates to remain in an appropriate neighborhood of the central 
path. This adherence to the central path promotes global 
convergence of the duality gap sequence and it ensures the 
number of iterations required to produce an appropriate solution 
of the problem.  

Many IPMs are based on a small neighborhood or the 
negative infinity norm neighborhood. The first method uses full 
Newton steps and the iterates stay in a small neighborhood of 
the central path. The second method is called the large-step 
method, in which the iterates are allowed to move within a wide 
neighborhood of the central path. 

C. Contributions and Organization 

GCIP introduces an innovative technique to identify 
measurements contaminated with spike noises based on a very 



important feature occurring in IPM central path. In fact, the 
central path neighborhood excludes points that are too close to 
the boundary of the non-negative orthant [5]. Measurements 
contaminated with spike noises are however located far from 
the central path, mostly placed near the boundaries. By 
interactions between contaminated and clean measurements, 
some sound measurements may become located near the 
boundaries as well. GCIP verifies such suspicion by 
additionally evaluating the well-known weighted residuals. The 
results show the efficiency of GCIP compared to traditional 
largest normalized residual test (LNRT) [6] which employs LS 
as objective function and Gauss-Newton as search algorithm. 

 This paper is devoted to demonstrating the effect of different 
neighborhoods in the identification of GE. With illustrative 
examples, it allows recognizing which is the best neighborhood 
definition, leading to most accurate results in the application of 
GCIP. The results presented in the paper help in understanding 
why GCIP, relying on Generalized Correntropy as criterion and 
on IPM as solver, is a powerful and successful alternative to SE 
in environments contaminated with gross errors. 

II. GENERALIZED CORRENTROPY 

Information entropy is a concept from information theory. A 
measure of information content of a probability density 
function is called Entropy. Compared to the definition of 
Shannon [7], Renyi’s entropy [8] has proven to allow working 
algorithms’ development in an easier manner. Correntropy [1] 
is a generalized similarity measure between two pdfs, with a 
strong relation with entropy. Considering the two scalar random 
variables ܺ	and	ܻ, it is defined by 

         ߭ఙ(ܺ, ܻ) = ܺ)ሾఙܧ − ܻ)ሿ = ∬ ఙ(ݔ − ,ݔ)݌(ݕ ௫௬ݕ݀ݔ݀(ݕ  (1) 

where κσ is a kernel operator with parameter (width) σ. Most of 
applications have adopted the Gaussian kernel Gσ, among other 
reasons because of its positive semidefinite property and 
computational tractability. Since the joint pdf ݔ)݌,  is usually (ݕ
unknown and only a finite number of data ሼ(ݔ௜, ௜)ሽ௜ୀଵேݕ  are 
available, the correntropy estimated by the Parzen windows  
method [9] is given by: ො߭ఙ(ܺ, ܻ) = ଵே ∑ ௜ݔ)ఙܩ − ௜)ே௜ୀଵݕ                     (2) 

This was the formulation used in [2]. 

A very useful generalization was produced with the adoption 
of the GGD (generalized Gaussian density), as proposed in [3], 
which is given by ܩ௖,ఙ(݁) = ௖ଶఙ୻(ଵ ௖⁄ ) ݌ݔ݁ ቀ− ቚ௘ఙቚ௖ቁ                  (3) 

where e is the error between random variables X and Y, ܿ > 0	is 
the shape parameter,	߁(. ) is the gamma function and ߪ is the 
scale (bandwidth) parameter defined by ߪ = ඥΓ(1/ܿ)Γ(3/ܿ)ߞ	 . The Generalized Correntropy (GC) 
estimator for a finite discrete sample becomes 

ො߭௖,ఙ(ܺ, ܻ) = ଵே ∑ ௜ݔ)௖,ఙܩ − ௜)ே௜ୀଵݕ                   (4) 

Associated with the GC, there is the generalized correntropy 
induced metric (GCIM), which depending on the parameters 
adopted and the region of analysis may behave like different 
norms. Consequently, while GCIM may vary from L∞ to L0, the 
metric induced by a Gaussian-based Correntropy only varies 
from L2 to L0. This property is demonstrated to be effective in 
SE with gross errors. Specifically, in the case of outliers, the 
ability to apply an L0 metric (indifference in distance) is what 
is needed. As their residuals can be pushed to whatever value 
that is required without disturbing the objective function 
evaluation, it leads to minimizing the remaining residuals 
without contamination. In addition, the indifference of L∞ 
metric to all components in a residual vector, except the most 
significant one, helps in separating outliers by providing 
freedom to the residual vector components’ rearrangement.   

This paper presents a new criterion in SE: the MGCC – 
maximum generalized correntropy criterion, with the same 
theoretical perspective as MCC: to produce a solution tending 
to minimize the Entropy of the error distribution while 
complying with the requirement that this distribution should 
have a zero mean, i.e., no bias present. 

III. INTERIOR POINT SOLVER 

Maximizing error Correntropy is tantamount to minimizing 
the Entropy of the error distribution, subject to the condition 
that the mean should be zero. Correntropy, as a cost function, 
has the properties of a smooth M-estimator of the kind of the 
Welsch estimator [10]. Thus, its successful optimization 
depends on both problem formulation and the algorithm used 
as solver.  

The unconstrained Non-Linear Programming formulation of 
the SE problem maximizing Correntropy results in a multi-
modal landscape and the traditional flat start for Newton 
iterations does not work in all cases, as it may be out of the 
region of necessary conditions for the process to converge. The 
algorithmic difficulties cannot provide full convergence 
guarantee and some rate of failure is verified [11]. This justifies 
experimenting with a different solving strategy, and an Interior 
Point Method approach has proved to have the needed behavior, 
as the following sections will show. 

The first suggestion for using IPM in power systems has been 
offered in the 1980s [12], mainly applying IPM to a SE 
formulation associated with WLAV (weighted least absolute 
value) criteria [13]. IPM could assist in the rejection of some 
outliers and presented computing efficiency but the 
combination IPM/WLAV displayed other problems that led to 
difficulties in acceptance. 

The following sections present the theoretical basis and the 
mathematical properties of an alternative combination of the 
IPM solver with the MGCC criterion. This MGCC/IPM 
combination forms the GCIP model for power systems state 
estimation and, as it will be shown, exhibits superior properties 
in correct estimation and multiple outlier rejection. 



IV. THE STATE ESTIMATION MODEL BASED ON GC 

The proposed state estimator model based on GC is given by 
the following optimization problem: max (ݔ)ܬ					 = ଵ௠∑ ௖ଶఙ୻(ଵ ௖⁄ ) ݌ݔ݁ ቀ− ቚ௥೔ఙቚ௖ቁ௠௜ୀଵ 	         (5) 

subject	to	 ൜ (ݔ)݃ = ݎ0 = ݖ − ℎ(ݔ) 
where z is the vector of measurements, x is the vector of state 
variables, h(x) is the nonlinear state estimation function that 
relates the measurements to the system states (the power flow 
equations producing estimated values for the measured 
variables), n is the number of state variables to be estimated, m 
is the number of available measurements, r is the vector of 
residuals (difference between measured and estimated values) 
and g(x) : ܴ௡ → ܴఆ  are zero-injection equality constraints. 

The absolute value in the proposed model (5) encounters 
difficulties in being solved with gradient-based methods. We 
introduce inequality constraints for the residual term and add 
non-negative slack variables to be relieved of the absolute 
value. The details are as follows. 

Let ݏ ∈ 	ܴ௠ be defined such that  −ݏ௜ ≤ ௜ݎ ≤                                      (6)	௜ݏ

Introduce two non-negative slack variables ݑ, ݒ ∈ ܴ௠, and 
define two new non-negative variable vectors ,݌	 ݍ ∈ 	ܴ௠  as ݌௜ = ଵଶ ௜ݍ	௜ andݑ = ଵଶ ௜ݎ ௜, we haveݒ = ௜݌	 − ௜ݏ ௜                                     (7)ݍ = ௜݌	 +                                      (8)	௜ݍ

      From (6) and (8), we can reach a new equivalent and 
differentiable system: max		 (ݔ)ܬ = ଵ௠∑ ௖ଶఙ௰(ଵ ௖⁄ ) ݌ݔ݁ ቀ−ቀ௣೔ା௤೔ఙ ቁ௖ቁ௠௜ୀଵ 	         (9) 

subject	to	 ቐ݂(ݔ) = (ݔ)0݃ = ,݌0 ݍ ≥ 0.  
where ݂(ݔ) = ݖ − ℎ(ݔ) − ݌ + 	.ݍ In the following, we 
summarized the solution methodology and mathematical 
justification of GCIP model.  

V. PRIMAL-DUAL INTERIOR POINT METHOD 

The solution methodology is summarized in three main 
steps; introducing Lagrange multipliers, deriving the Karush- 
Kuhn-Tucker (KKT) and finally applying the Newton method. 
The details are as follows. 

The Lagrangian function associated with (9) can be defined 
as 

ܮ                   ≡ (ݔ)ܬ − ((ݔ)݂)்ߙ − (ݔ)்݃ߚ − ݍ்ߛ −  (10)           	݌்ߣ

where ߚ ∈ ܴఆ; ,ߣ	 ߛ  and	ߙ ∈ ܴ௠  are Lagrange multipliers. 
Then, with deriving the Karush-Kuhn-Tucker (KKT) condition 
and applying the Newton method, we can express the correction 
equations as: 

௜ݍ௜݀ߛ                                  + ௜ߛ௜݀ݍ = ఊ೔ఓܮ−  ௜                            (11)ݍ

௜݌௜݀ߣ                                   + ௜ߣ௜݀݌ = ఒ೔ఓܮ−                                (12) 

                             ݁௜݀݌ଵ + ݁௜݀ݍଵ − ௜ߙ݀ − ௜ߛ݀ = ௤೔ܮ−               (13) 

                             ݁௜݀݌ଵ + ݁௜݀ݍଵ + ௜ߙ݀ − ௜ߣ݀ = ௣೔ܮ−               (14) 

(ݔ)݃ߘ                                         dݔ =  ఉ                                 (15)ܮ−

                                −∇ℎ(ݔ) dݔ − d݌ + dݍ = ߚ(ݔ)ଶℎߘ) ఈ                    (16)ܮ− − ݔ݀(ߙ(ݔ)ଶ݃ߘ ߚ்݀(ݔ)݃ߘ	+ − ߙ்݀(ݔ)ℎߘ  ௫                                              (17)ܮ−																																																								=

where ∇ଶℎ(ݔ)	and ∇ଶ݃(ݔ)	are Hessian matrices of ℎ(ݔ)  and ݃(ݔ); ݁௜ is as follows ݁௜ = 	 ௃(௫)௠ ቀି௖(௖ିଵ)(௣೔ା௤೔)೎షమఙ೎ ݌ݔ݁ ቀ− ቀ௣೔ା௤೔ఙ ቁ௖ቁ +ቀ௖మ(௣೔ା௤೔)మ೎షమఙమ೎ ቁ exp ቀ− ቀ௣೔ା௤೔ఙ ቁ௖ቁቁ  (18) 

 
The perturbed parameter ߤ is calculated as ߤ = .ߩ Gap/2݉ 

where ݌ܽܩ = ݍ்ߛ + ݌்ߣ  and ߩ ∈ (0,1)  is a centering 
parameter [14].  

From (11-14), let൤ܽ௜ ܾ௜ܿ௜ ݀௜൨ = ൤ݍ௜݁௜ + ௜ߛ ௜݁௜݌௜݁௜ݍ ௜݁௜݌ +  then the	௜൨ିଵ,ߣ

following expressions are obtained ݀ݍ௜ = ݊ଵ௜݀ߙ௜ + ௜݌݀ ଵ௜                         (19)ݐ = ݊ଶ௜݀ߙ௜ +                          (20)	ଶ௜ݐ

where    	݊ଵ௜ = ܽ௜ݍ௜ − ܾ௜݌௜;         ݊ଶ௜ = ܿ௜ݍ௜ − ݀௜݌௜ ݐଵ௜ = −ܽ௜(ݍ௜ܮ௤೔ + ఊ೔ఓܮ ) − ܾ௜(݌௜ܮ௣೔ + ఒ೔ఓܮ ) ଶ௜ݐ , = −ܿ௜(ݍ௜ܮ௤೔ + ఊ೔ఓܮ ) −݀௜(݌௜ܮ௣೔ + ఒ೔ఓܮ ). 
Substituting (19) and (20) into (16) then ∇ℎ(ݔ) dݔ + ܮ dߙ =  (21)                         ߥ

where ܮ ∈ ܴ௠×௠ is a diagonal matrix, with the elements ܮ௜ = 	−݊ଵ௜ + ݊ଶ௜; ݒ  = ݖ − ℎ(ݔ) − ݌ + ݍ + ଵݐ + ଶݐ and ݐଵ, ଶݐ ∈ܴ௠ as defined in (19) and (20). Then the correction equation 
can be obtained according to (15), (17) and (21): 

൥ܩ 0 00 ்ܩ ܪ்ܪ− 0 ܮ ൩ ൥dݔdߙ݀ߚ൩ = ൥−ܮఉ−ܮ௫ν ൩               (22) 

where ܩ = ;(ݔ)݃ߘ ܪ		 = ∇ℎ(ݔ)	and	 second derivative terms 
ignored in (16) just as in the WLS method. The values of	݀ࢼ݀ ,࢞, and ݀ࢻ can be obtained from (22); then, (19) and (20) give ݀࢖	and	݀ࢗ. Eventually, ݀ࢽ and ݀ࣅ can be obtained from (13) 
and (14). 

We can calculate the primal and dual step sizes by  ∆௉= 0.9995minሼmin(−ݍ௜ ⁄௜ݍ݀ : ௜ݍ < ௜݌−;0 ⁄௜݌݀ : ௜݌ <0) , 1ሽ                        (23) ∆஽= 0.9995minሼmin(−ߛ௜ ⁄௜ߛ݀ : ௜ߛ < ௜ߣ−;0 ⁄௜ߣ݀ : ௜ߣ <0) , 1ሽ                       (24) 

which can ensure that the slack variables ݌ and ݍ satisfy ݌, ݍ >0, and the Lagrange multipliers ߣ	and	ߛ satisfy ߣ, 	ߛ > 	0. 



VI. IMPACT OF DIFFERENT CENTRAL PATHS IN THE 

IDENTIFICATION OF GE 

IPMs can be classified in different ways: primal, dual and 
primal-dual IPMs, feasible and infeasible methods, affine-
scaling methods and path following IPMs. We considered the 
primal-dual path-following IPMs, which stipulates choosing a 
target on the central path and then applying the Newton method, 
while keeping the iterates within a neighborhood of the central 
path while continuously approaching the optimal set. In this 
way, we can consider small-step and large-step IPMs. The 
small-step methods work in a small neighborhood of the central 
path; in the large-step methods, the iterates are allowed to move 
within a wide neighborhood of the central path.  

The new algorithm developed for SE benefits from the 
abovementioned feature of IPM central path following, to 
detect and identify measurements contaminated with spike 
noises. As far as one can recollect, this is the first time that this 
feature is used to identify GE.  

The central path ࣝ is an arc of strictly feasible points that 
plays a vital role in the theory of IPM algorithms. In our 
algorithm, we restrict the iterations to a neighborhood of the 
central path and follow ࣝ to find a better solution. Therefore, 
directions calculated from any point in the neighborhood make 
a progress toward the solution set. The different neighborhoods 
of central path that were under analysis in identification of GE: 

1) 2-norm 							 ଶࣨ௉(߬) = ሼ(ߛ௜, ,௜ݍ (௜ߤ ∈ ℱ|‖ߛ௜ݍ௜ − ଶ‖ߤ ≤ ݅	all	for	ߤ߬ =																																																				1,2,… ,݉ሽ                                    (25) 							 ଶࣨ஽(߬) = ሼ(ߛ௜, ,௜݌ (௜ߤ ∈ ℱ|‖ߛ௜݌௜ − ଶ‖ߤ ≤ ݅	all	for	ߤ߬ =																																																					1,2,… ,݉ሽ                                        (26) 

2) ∞-norm ஶࣨ୔(߬) = ሼ(ߛ௜, ,௜ݍ (௜ߤ ∈ ℱ|‖ߛ௜ݍ௜ − ஶ‖ߤ ≤ ݅	all	for	ߤ߬ =					1,2,… ,݉ሽ = ሼ(ߛ௜, ,௜ݍ (௜ߤ ∈ ℱ|	ߛ௜ݍ௜ ≥ ݅	all	for	ߤ߬ =																																								1,2,… ,݉ሽ	                                                   (27) ஶࣨୈ(߬) = ሼ(ߛ௜, ,௜݌ (௜ߤ ∈ ℱ|‖ߛ௜݌௜ − ஶ‖ߤ ≤ ݅	all	for	ߤ߬ =					1,2,… ,݉ሽ 	= ሼ(ߛ௜, ,௜݌ (௜ߤ ∈ ℱ|	ߛ௜݌௜ ≥ ݅	all	for	ߤ߬ =																																								1,2,… ,݉ሽ		                                                  (28) 

3) pseudonorm 

ஶࣨ௉ି(߬) = ሼ(ߛ௜, ,௜ݍ (௜ߤ ∈ ℱ|‖ߛ௜ݍ௜ − ஶି‖ߤ ≤ ݅	all	for	ߤ߬ =	1,2,… ,݉ሽ = ሼ(ߛ௜, ,௜ݍ (௜ߤ ∈ ℱ|	ߛ௜ݍ௜ ≥ (1 − ݅	all	for	ߤ(߬ =																																								1,2,… ,݉ሽ	                                                  (29) ஶࣨ஽ି(߬) = ሼ(ߛ௜, ,݌ (௜ߤ ∈ ℱ|‖ߛ௜݌௜ − ஶି‖ߤ ≤ ݅	all	for	ߤ߬ =1,2,… ,݉ሽ = ሼ(ߛ௜, ,௜݌ (௜ߤ ∈ ℱ|	ߛ௜݌௜ ≥ (1 − ݅	all	for	ߤ(߬ =																																								1,2,… ,݉ሽ	                                                  (30) 

where ߬ ∈ (0,1)  defines the neighborhood parameter and ℱ 
represents the primal-dual feasible set; ‖ݖ‖ஶି = ஶ‖ିݖ‖  and (ିݖ)௜ = ݉݅݊ሼݖ௜, 0ሽ.  

The neighborhood excludes points that are too close to the 
boundary of the non-negative orthant. Measurements 
contaminated with spike noises are however located far from 
the central path. In fact, they are mostly placed near the 
boundaries. However, as the measurements contaminated with 
GE are interacting with the clean measurements, some sound 

measurements may become placed close to the boundaries as 
well. However, by having knowledge of residual values related 
to these measurements, one could verify this suspicion by 
additionally evaluating the well-known weighted residuals: ݎ௪ = 	ܴିଵ/ଶ(31)                                     ݎ 

where R is the covariance matrix of the measurement error 
vector. This paper sets significance thresholds at a strict level 
of 5σ (T=5) as it corresponds to the probability of 0.00006% for 
two-sided p-value (+/- residuals). 

It is important to mention that contrary to a classical 
unconstrained non-linear program formulation, the deletion of 
the GEs in the proposed method does not generate any 
computational difficulty. For a general non-linear system, 
where the mapping is continuously differentiable, the sequence 
generated by Newton method converges to a solution that is 
non-degenerate, i.e. the Jacobian is non-singular. In an IPM 
setting, convergence can be achieved even when the Jacobian 
approaches a singular limit and even when the solution is not 
unique [4]. 

VII. GCIP ESTIMATOR ALGORITHM 

Table 1, summarizes the GCIP estimator algorithm in detail. 
Following the general logic steps of previous approaches [15] 
[16] it achieved significant improvements that allow flexibility 
in problem-solving from changing the objective function’s 
shape parameter. A second prominent feature is the proper path 
following method, by selecting a well-defined neighborhood 
and choosing an appropriate neighborhood parameter, which 
improves the search of an accurate solution. But perhaps the 
most important feature is the novel approach introduced to 
detect and identify GEs. 

 
Table I. GCIP Estimator Algorithm 

Step 1: (Initialization) Set the iteration count to zero (݇ =0) and define ݇௠௔௫ ; where ݇  and ݇௠௔௫  are iteration count 
and maximum number of iterations. Set the centering 
parameter ߩ ∈ (0,1) and tolerance	ߝ = 10ିଷ. Choose        ߪ (଴)ߙ	 ,0< = (଴)ߚ = 0  and 	݌(଴), ,	(଴)ݍ ,(଴)ߛ (଴)ߣ > 0; 

Step 2: Select a shape parameter c  for the objective 
function; 

Step 3: Compute the Complementary Gap (Gap	≡ ݍ்ߛ > If Gap .(݌்ߣ+  ,then the optimal solution has been reached	,ߝ
go to Step 9; else, go to Step 4; 

Step 4: Update the relaxation parameter ߤ = .ߩ ୋୟ୮ଶ௠  ; 

Step 5: Solve the reduced correction equation (22) 
for	ሾ݀ݔ, ,ߚ݀ ,݌ሾ݀	ሿ் and then computeߙ݀ ,ݍ݀ ,ߛ݀  ;ሿ்ߣ݀

Step 6: From (23) and (24) choose the primal and dual 
step-lengths (∆௉, ∆஽); 

Step 7: Set the primal and dual variables as: 



቎ݔ(௞ାଵ)݌(௞ାଵ)ݍ(௞ାଵ)቏ = ቎ݔ(௞)݌(௞)ݍ(௞)቏ + ∆௉ ൥݀ݍ݀݌݀ݔ൩	    	ێێۏ
(௞ାଵ)ߣ(௞ାଵ)ߛ(௞ାଵ)ߙ(௞ାଵ)ߚۍ ۑۑے

ې = ێێۏ
(௞)ߣ(௞)ߛ(௞)ߙ(௞)ߚۍ ۑۑے

ې + ∆஽ ൦݀ߣ݀ߛ݀ߙ݀ߚ൪  

Step 8: Set ݇ = ݇ + 1 and go to step 3; 

Step 9: Choose the neighborhood parameter,  ߬௕, close to 
the boundaries and find primal-dual suspicious measurements 
contaminated with GE such that: ϖ =	 ሼ݅	|	|ߛ௜ݍ௜ − ߬௕	ߤ| ≥ ௜݌௜ߣ|	&	0 − ߬௕	ߤ| ≥ 0ሽ 

Step 10: Choose a threshold T. For the identified 
measurements with spike noise such that: ሼϖ	|	|ݎர௪| measurementሽ	suspicious	of	residual	weighted	is	ர௪|ݎ|	;	ܶ<  then 
withdraw ݖர from measurement set and go to Step 1, else go 
to Step 11; 

Step 11: END 

 

 

VIII. SIMULATIONS FOR A 3-BUS SYSTEM CASE 

This section presents some illustrative insight-providing 
results in a 3-bus DC-model system, shown in Fig. 1, with line 
reactances and the indication of the measurement plan for 
active powers. A basic power flow case was created; Gaussian 
noise was added to all measurements, with zero mean and 
standard deviation ߜ =   .ݑ݌	0.01

The results for SE were obtained, for a linearized DC model, 
with the proposed GCIP (c=13.4, σ=6). Voltage magnitudes for 
all the buses are 1 pu, the angle of bus 1 is 0 rad, and the angles 
of buses 2 and 3 are to be estimated. 

 

 
Fig. 1. The 3-bus DC test system. 
 

A. Single gross error case 

Over the basic data with noise, a gross error was 
superimposed on injected power in bus 2, with a value in the 
range of [25δ, 30δ] relative to the noise δ. Table II demonstrates 
the measurement scheme used for single GE case where ݖ௙ 
represents the power flow results and z are the measurements 
contaminated with noise. The corresponding results for 
different neighborhoods ( ଶࣨ, ஶࣨ, ஶࣨି ) are then compared in 
Table III where errors are the difference between power flow 
and estimate and residuals are the difference between measured 
values and estimates. As suggested by experimental results, all 

neighborhoods could successfully identify the GE. It is clear 
though that infinity and pseudonorm neighborhoods could in 
fact detect the exact amount of added GE (error is almost zero). 
The results show the error is still insignificant in case of using 
2-norm neighborhood in this case. Another measure to compare 
the results is a nodal voltage metric previously proposed in [17], 
given by: ܯ௏ = (1݊෍ቚሬܸԦ௜௘௦௧ − ሬܸԦ௜௧௥௨௘ቚଶ௡

௜ୀଵ )ଵଶ 
(32) 

where ሬܸԦ௜௘௦௧  and ሬܸԦ௜௧௥௨௘  are the estimated and reference 
(obtained from a previous power flow run) voltage values at the 
i-th bus. The smaller the index, the higher the performance of 
an estimator is. Based on [17] definition, the ܯ௏ index for ܮଶ 
neighborhood was calculated as 0.001 while this value is equal 
to 0.00002 for both ஶࣨ or ஶࣨି .  

 
 

TABLE II. MEASUREMENT SCHEME FOR ONE GE (BOLD) 
z no. 1 2 3 4 5 6 7 8 

z type pଵିଶ pଶିଷ pଵିଷ pଶିଵ pଷିଶ pଷିଵ Pଵ Pଶ ݖ௙ -0.43 0.10 -0.10 0.43 -0.10 0.10 -0.53 0.53 

z -0.44 0.11 -0.08 0.45 -0.09 0.08 -0.52 0.78 

 
 

TABLE III. COMPARISON OF RESULTS FOR ONE GE (BOLD) 
z 

no. 
Estimates Residuals Errors ଶࣨ ஶࣨ ஶࣨି ଶࣨ ஶࣨ ஶࣨି  ଶࣨ ஶࣨ ܰஶି

1 -0.49 -0.43 -0.43 0.06 0.00 0.00 0.06 0.00 0.00 
2 0.11 0.10 0.10 0.00 0.01 0.01 -0.01 0.00 0.00 
3 -0.11 -0.10 -0.10 0.03 0.01 0.01 0.01 0.00 0.00 
4 0.49 0.43 0.43 0.04 0.01 0.01 -0.06 0.00 0.00 
5 -0.11 -0.10 -0.10 0.02 0.01 0.01 0.01 0.00 0.00 
6 0.11 0.10 0.10 0.02 0.01 0.01 -0.01 0.00 0.00 
7 -0.60 -0.53 -0.53 0.08 0.01 0.01 0.07 0.00 0.00 
8 0.60 0.53 0.53 0.18 0.25 0.25 -0.07 0.00 0.00 

 
 

B. Three gross errors case 

Similarly, random noises from Gaussian distribution were 
added to power flows of line 1-2 and 2-3, as well as the injected 
power in bus 2 according to the presented values in Table IV. 
The results in Table V show that although GCIP is able to 
identify the GEs correctly in all the cases, however, infinity 
neighborhood is able to accurately grasp the amount of gross 
error in all three measurements (error is almost zero here as 
well). Comparing the ܯ௩ indexes as well, ܰஶ has the smallest 
value of 0.00004 while this index is equal to 0.001, 0.004 for 
second and pseudonorm respectively. This proves a clear 
advantage of using ܮஶ for GE identification.  

 
TABLE IV. MEASUREMENT SCHEME FOR THREE GE (IN BOLD). 

z no. 1 2 3 4 5 6 7 8 

z type pଵିଶ pଶିଷ pଵିଷ pଶିଵ pଷିଶ pଷିଵ Pଵ Pଶ ݖ௙ -0.43 0.10 -0.10 0.43 -0.10 0.10 -0.53 0.53 
z -0.72 0.39 -0.09 0.44 -0.09 0.09 -0.53 0.79 

 
 
 
 



TABLE V. COMPARISON OF RESULTS FOR THREE GE (IN BOLD). 
z 

no. 
Estimates Residuals Errors ଶࣨ ஶࣨ ஶࣨି  ଶࣨ ஶࣨ ஶࣨି  ଶࣨ ஶࣨ ஶࣨି

1 -0.5 -0.4 -0.3 0.3 0.3 0.4 0.03 0.01 -0.09 

2 0.1 0.1 0.1 0.3 0.3 0.3 0.00 0.00 0.02 

3 -0.1 -0.1 -0.1 0.0 0.0 0.0 0.00 0.00 -0.02 

4 0.5 0.4 0.3 0.0 0.0 0.1 -0.03 -0.01 0.09 

5 -0.1 -0.1 -0.1 0.0 0.0 0.0 0.00 0.00 -0.02 

6 0.1 0.1 0.1 0.0 0.0 0.0 0.00 0.00 0.02 

7 -0.6 -0.5 -0.4 0.0 0.0 0.1 0.03 0.00 -0.11 

8 0.6 0.5 0.4 0.2 0.3 0.4 -0.03 0.00 0.11 

IX. SIMULATIONS FOR A 30-BUS SYSTEM CASE 

To confirm the preliminary results obtained with the infinity 
norm, a testbed was prepared based on the IEEE 30-bus system. 
A Monte Carlo sampling was used to create 500 complex 
scenarios. Each generator state was sampled as Up, or Down 
(probability of 0.18 to 0.23); similarly, loads could be in one of 
several demand levels or be disconnected with probability 0.01. 
This ensured a large diversity in the scenario set. Then, GEs 
were superimposed, in six experiments, by adding 0 to 5 
simultaneous errors. The performance of the infinity norm ஶࣨ 
in identifying GEs is assessed by inspecting the occurrence of 
the following events in each scenario:  

(1) False Positive (FP) or False Alarm: the measurement is 
labeled as a possible GE, but in fact it is not;  

(2) False Negative (FN) or Missed Alarm: the measurement 
is labeled as clean of GE, but in fact it is contaminated.  

A FN means that some GE remain undetected; a FP denotes 
that some measurement is labeled as possibly containing a GE 
while it does not. Tables VI summarizes the FN and FP rates 
(FNR, FPR) for all the scenarios in each set of experiment with 
0 to 5 GEs. The extremely low values of these rates illustrate 
the high success of the IPM solver with neighborhood ஶࣨ in 
identifying multiple GE in a SE process. The stability of the 
FNR is also a strong indicator that the identification strategy 
based on ஶࣨ is very robust and almost never misses to pinpoint 
contaminated measurements, even in cases of multiple GE. 

 
Table VI. FN and FP rates in 6 scenarios of multiple GE 

GE nr. 0 1 2 3 4 5 
FNR 0 0.052 0.039 0.039 0.030 0.039 
FPR 0 0 0.001 0.007 0.003 0.010 

X. CONCLUSION 

The combination of an Interior Point Method with 
Generalized Correntropy can be used advantageously as a 
solver for the State Estimation process, not only to reach for the 
optimum regression solution but also as a tool to identify 
measurements contaminated with gross errors. 

This second usage is an important novelty deserving 
highlighting. IPM-based models have been proposed in the past 
as solvers for the SE problem, but never as GE identifier. Yet, 
it is not a straightforward process – one of the requirements is 
the definition of a neighborhood to the Central Path. 

This paper illustrates the fact that a neighborhood definition 
N∞, based on a Chebyshev or L∞ metric, provides the best 

results in gross error identification via IPM. This is not 
surprising, in fact, because this metric allows defining a broader 
neighborhood that other metrics, including the Euclidean – and 
gross errors are to be found apart from the Central Path of IPM. 

The results presented help in shedding some light on why 
GCIP is a very promising and performing method for SE, even 
in the presence of multiple gross errors. 
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