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Abstract. Sectorization means dividing a whole into parts (sectors), a procedure
that occurs in many contexts and applications, usually to achieve some goal or to
facilitate an activity. The objective may be a better organization or simplification
of a large problem into smaller sub-problems. Examples of applications are politi-
cal districting and sales territory division. When designing/comparing sectors
some characteristics such as contiguity, equilibrium and compactness are usually
considered. This paper presents and describes new generic measures and proposes
a new measure, desirability, connected with the idea of preference.

1 Introduction

Sectorization problems (SP) occur in many contexts and applications in which a
large region should be divided into smaller regions that meet specific conditions
such as, for example, the division of a region into political districts ([Hes65],
[Ric13]) or the definition of sales territories ([Gonll1], [Hes71], [Kal05]). The
division of a geographical area into smaller regions facilitates routing in the col-
lection of municipal solid waste ([Rod15a], [Mou09]) or snow removal ([Muy02],
[Sall2]). Sectorization may also appear in the description of regions for health
care ([Benl3]), emergency accident ([Ber77]), for policing ([Dam02], [Lunl2])
and location of schools ([Tak03], [Car04]), electricity distribution areas ([Ber03])
and maintenance operations [Per0O8]. The detection of communities in social net-
works is another recent application: finding groups of individuals (vertices) within
which connections are dense but sparser between them ([New04]). Clustering and
Sectorization present different motivations ([Kal05]): the first aims the dissimilari-
ty between groups and the second (in territorial design, for instance) has just the
opposite intention. Being the applications of SP so abundant and important, their
study becomes of great relevance to society and also to science, since SP do not
have an easy solution, and the solution methods used are highly dependent on
applications, as can be attested by the above-mentioned references. These methods
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range from exact, using mathematical programming, to heuristic approaches, in a
single or multi-criteria framework. But even those that follow “exact” models
often end up in approximate methods.

Commonly, there are a set of common features to be preserved in the construc-
tion or evaluation of sectors, such as: Equilibrium (identical proportion of the
parts in relation to the whole), Compactness (sectors showing regular shapes, cir-
cles or squares, avoiding "tentacles" ...) and Contiguity (elements of each sector
arranged in single "body", thus avoiding breaking the sector into small portions).
These three characteristics are not unique, although they account for most relevant
applications. Therefore, the evaluation of the quality of the sectors, obtained by
any method, is a difficult task, due to the differently defined metrics involved.

This paper discusses and proposes some general and new measures that can be
used to assess the quality of sectors and subsequent comparison of the results ob-
tained. In a more advanced stage of the ongoing research work, the authors intend
to integrate these general measures with a sectorization approach based on an
analogy with electromagnetism forces [Rod15b] and with a multi-criteria method
described in [Fer13]. That may result in a “universal method” for many real
sectorization problems, if appropriate adjustments are provided.

2 Measures

The most common measures or criteria used in Sectorization contemplate, in some
way, conceptions or definitions of Equilibrium, Compactness and Contiguity.
Other criteria such as integrity, in political districting, or racial balance in school
districting, are used in specific applications. In this paper, in addition to advancing
general definitions for the most common measures, another one, related with de-
sirability, is proposed.

The authors consider that the defini-
60 tions should be simple, transparent and
clear to decision makers and easily
adapted to cover most current real situa-

50— — -

0T —® tions. It may be questionable the use of

30 —— | complex measures when, often, the mod-

els need to be simplified and/or decisions

RS ERuER must be taken in the absence of clear
10— — facts or data.

o For the sake of illustration of the

0 0 a0 60 measures, a small example with 25 ele-

mentary units to be aggregated into 4

Fig. 1 Group with 25 elementary units to  sectors is presented in Fig. 1. Suppose

construct 4 sectors that a quantity is assigned to each point,

in this case a quantity 1 assigned to a

small grey circle and a quantity 2 assigned to a large grey circle. The total quantity

equals 37 (12 large circles plus 13 small circles). Lines between circles establish
relations between points.

jsf@fe.up.pt



Measures in Sectorization Problems 205

” \ \ ° \ : Suppose that each of the four
o fe @ <+ @ o o < @ - & - | gectors has a limit quantity of 10,
v ® ¢+ @/+ @ |« ® ¢+ o + o | enoughtoaccommodate the quan-
® & e |21 Aﬂ - & - | ity 37, and that after applying
»lo—ife - @) m e({ ° ° different methods, two distinct
ERE1 (CELS | OSE 350 w _T\é sectoilzatlons. vxere thalned,
°, - . el - - ! “Left” and “Right” (see Fig. 2).

The example presented in Fig.1
Fig. 2 Two sectorizations named Left and Right with the initial map and the two
proposed groups of sectors in
Fig. 2 are used to illustrate the
different measures.

2.1 Equilibrium

To evaluate the equilibrium, that is, the similarity between the quantities (number
of electors, amount of work, quantity of waste to collect,...) in each sector, the
proposed measure is the coefficient of variation (CV,). It is calculated as follows,
for a group of k sectors with quantities g;, i=1,...,k:

k

. ZQi

k
S . 1
CV. =—1  where g=-2 ands' = [— —q)? .
= q=-= . k_lz:;‘(ql 0)

Balanced sectors should have a CV, as close to zero as possible. The use of the
coefficient of variation allows the comparison between sectors obtained with dif-
ferent original sets.

If only the equilibri-
um is considered, the
Left solution is bet-

Y EEREPS o ® ter than the Right,
“ @+ @ @ |»n @+ 0@ CV(Left)
vl e @ o @ e e @ o @ - <CV(Right)).

Fig. 3 Two solutions — Left: CV, = 0.054 and Right: CV,=0.162

2.2 Compactness

Let us associate the concept of compactness to the idea of concentration or densi-
ty. Higher concentration should avoid sparse sectors.
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Each sector i (i=1,...,k) has a value of compactness d; that is defined by:
Z%’
=)

' dist(o;,p;)
dist(o,p;) is the distance (Euclidean) between the centroid of the sector i, o0;, and
the point of the same sector, p;, that is farthest from o;.

Depending on the particular application other more suitable metrics may be
considered. In fact, in a broad sense, compactness may be defined as the total
quantity (in a sector) divided by the number of elements of that sector.

Higher values of d; represent higher values of compactness, which means a

“higher density" in sector i. It is desirable that, regarding the same map, different
sectors appear with similar values of compactness. To quantify that similarity it is

, q;; represents the quantity assigned to the point j in sector 7, and

proposed the coefficient of variation of compactness given by CV,;: CV4 :%,

k

>4

i=1

k
ﬁ (gi—e_h)z . A good sectorization must have a
Tl

where d =

CV, close to zero.
Once again the example is revisited and showed in Fig.4.

Regarding compactness,

B “ } the Right solution is better

. o than the Left (CV4(Right)>
CENTIEAA || CVy(Left)).

Fig. 4 Left CV4=0.7606 (d,=0.8050; d,=0.6472; d;=0.8050;
d,=0.8050) and Right CV4=0.1192 (d1=0.5824; d,=0.6472;
d;=0.6685; d,=0.5093)

2.3 Contiguity

The contiguity of sectors is another recurrent and important feature to considerer
when evaluating the quality of sectors. Depending on the application it is desirable
that each sector form just one body, or more strongly, that the interceptions be-
tween sectors are as small as possible. Two types are considered: Strong Contigui-
ty and Weak Contiguity.
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Strong Contigui-

- \ \ - \ \ ty - A sectoriza-
E=: B [EElEs: Srl BN tion presents
== i EEHINEE i strong contiguity
MEE &t = if the area of each
ME § — smaller  convex
psSE=aSE — polygon, contain-
°s 2 w© o ing all elements

of each sector,
Fig. 5 Left sectors with strong contiguity; in Right sectors, red and does not overlap
blue touch each other the others. This

condition may be
even stronger: the areas should not touch each other. Only the Left solution shown in
Fig.5 has absolute strong contiguity.

Weak Contiguity - is concerned with the shape of the sectors, and with the links
between elementary units within each sector. If the subgraph induced by the
elements (vertices) which represent the sector and links (arcs and edges) is con-
nected, that is, there is a walk between any pair of elements of the sector without
leaving it, the sector presents weak contiguity.

The evaluation of the weak contiguity of the k sectors is calculated using the
adjacency matrices obtained from the k subgraphs G;' = (V’;, E’) (i=1,...,k), where
V’; and E; represent the set of vertices and the set of edges of subgraph G';, respec-
tively. The number of vertices of each sector i is represented by: IVil=n;, i=1,...,k.
For each subgraph, G also considers the symmetric matrix given by
Mi:[miwj]wd-:l qi With principal diagonal with zeros

,,,,,

i i i
0
my M3 myp;
i i i
M my 0 Moz v My,
i i i
m, My, M,3 - 0

i

i 1, if in sector i exists a walk between w and j
where m,,; = .
0, otherwise

n;
If for all j e{1,...,n;}, Zmivj =n; —1 or, which is equivalent, for all w €
w=1
n;
{1,...,n;} the condition Zm;j =n; —1 is verified, then sector i is contiguous. But
j=1
different levels of contiguity must be considered.
The next expression is used, as a measure of contiguity (c;) for each sector i:

jsf@fe.up.pt



208 A.M. Rodrigues and J.S. Ferreira

ni ni
2| 2
e, =27/ This is not enough to characterize the level of contiguity.
n; (”i _1)
The quality of the sectors must combine the contiguity of all sectors produced. To
evaluate the resulting contiguity, depending on the objective, some measures can
be considered such as the difference between maximum and minimum values of
contiguity or the value of contiguity of the worst sector. The weighted average
(¢) of isolated contiguities, is proposed:
k
i=1
N
final contiguity is proportional to the size of the sector.
From the perspective of contiguity, a good sectorization must have a ¢ value as
close to 1 as possible.

c= . C is a value that is always between 0 and 1. Using weights the

0 ) o
o N S A DO P il N~ When  only
w = e e == (weak) contigui-
2 0 @ o ° ty is consi-dered,
w EE,, W — Left is preferred.

Fig. 6 Left ¢ =1 (¢,=1; c,=1; c3=1; ¢4=1) and Right ¢ =0.7867 (¢, =
0.71429; c,=1; ¢3=0.1667; c4,=1)

2.4 Desirability

Suppose the situation in which it would be desirable that some specific groups of
elements belong to the same sector. It is just a preference, and not a mandatory
situation. For some reason, eventually past experiences, the decision maker prefers
that some groups of points stay together: served by the same vehicle, vote in the
same district or attend the same school, depending on the application.

For instance, after a sectors construction, the degree of desirability should
measure how close the solution is from the previous preferences of the decision
maker.

In this context, let F represent the number of groups identified by the decision
maker as having some affinity and f;, i=1,...,F, the number of elementary units in
each of the predefined F groups.

If the sectorization involves the creation of k sectors, the maximum number (H)
of elementary units out of the F groups, defined by the decision maker, is
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F
H= Z[fi —min{ fi —1[%—‘8 Then, the measure of desirability (Des) is de-

i=1
NE .
fined by: Des = 1—7, where NE is the number of elements out of the groups

(after sectorization). In the following, we illustrate the definition by considering
the example of Fig. 7, where k=4, ;=6 and f,=4.

H=f —min{ fi —1;[ %1}+ f2—min{ fs —1;{%1} =6—min{5;2}+ 4 —min{3;1}="7

This means that, in the worst case (a sectorization completely disrespecting the
preferences), the number of outsiders is equal to 7.
Left and Right sectorizations have NE equal to 2 and 4, respectively (Fig.7).

Finally, Des=1—% (Left) and Des=1—; (Right). In summary, Left

sectorization is closer to the previous desire of decision maker.

== ,,,‘,,,, ,,,! T || oo _,‘ -1 _,‘,7, — Values of desirability
o ,,},,, ,,},, SEpess ,,},,, ,,},, — near to 1 indicate that
T GET j=0=r s=r==llIPY=: oar san=s s=n== groups  selected are
w0+ @ ° SRSE E= s ] mostly respected by the
vl @ wile— @ sectorization  process.
ot ‘ + SIS + + ! On the other hand, val-

ues near to O indicate
Fig. 7 Grey rectangles represent groups defined by the deci- that the sectorization
sion maker. Left Des= 0.7143 and Right Des=0.4286 made is not respecting

the prior preferences.
If only desirability is considered, Left is better than Right.

3 Conclusion

Sectorization problems (SP) occur in many contexts and real applications, as de-
scribed. Solving SP is a complex task, as mentioned in many publications, and it is
usually indispensable to contemplate one or more characteristics of the sectors, to
evaluate the quality of the solutions. Typical properties are connected with the
ideas of equilibrium, compactness and contiguity.

This paper also considered these properties, while proposing new measures or cri-
teria and aiming at defining them as generic and transparent as possible, so that they
can be used in most practical SP. Desirability is another and new measure introduced.
The idea is to embrace possible desirabilities (or preferences) of a decision maker.

This work is part of the authors’ ongoing research about SP, which encom-
passes the integration of these generic measures with a general sectorization
approach based on an analogy with Electromagnetism [Rod15b] and with a
multi-criteria soft method described in [Fer13]. The final intention is to devise
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a “universal method” capable of dealing with many real SP, if appropriate ad-
justments are provided.
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