Chapter 1

Renormalization of Circle Diffeomorphism
Sequences and Markov Sequences

Joao P. Almeida, Alberto A. Pinto, and David A. Rand

Abstract We show a one-to-one correspondence between circle diffeomorphism
sequences that are C'* n-periodic points of renormalization and smooth Markov
sequences.

1.1 Introduction

Following [2-7, 15, 19-23], we present the concept of renormalization applied to
circle diffeomorphism sequences. These concepts are essential for extending the
results presented in [19,20] to all Anosov diffeomorphisms on surfaces, i.e., for
proving a one-to-one correspondence between C'* conjugacy classes of Anosov
diffeomorphisms and pairs of C'* circle diffeomorphism sequences that are C'*
n-periodic points of renormalization (see also [1, 18-20]). The main point in this
paper is to establish the existence of a one-to-one correspondence between C'*
circle diffeomorphism sequences that are C'* n-periodic points of renormalization
and smooth Markov sequences. This correspondence is a key step in passing from
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circle diffeomorphisms to Anosov diffeomorphisms because the Markov sequences
encode the smooth information of the expanding and contracting laminations of the
Anosov diffeomorphisms [8—14,16, 17].

1.2 Circle Diffeomorphisms

Let a = (a;);2, be a sequence of positive integers and let y(a) = 1/(ao +1/(a1 +
1/--+)). Forevery i € Ny, let y; = y;(a) = 1/(a; + 1/(ajt1 +1/--+)) and let S; be a
counterclockwise oriented circle homeomorphic to the circle S; = R/(1+ y;)Z.

An arc in S; is the image of a nontrivial interval / in R by a homeomorphism o :
I —S;. If I is closed (respectively open), we say that o(I) is a closed (respectively
open) arc in S;. We denote by (a,b) (respectively [a,b]) the positively oriented open
(respectively closed) arc on S; beginning at the point a € S; and ending at the point
beS;. ACH atlas 7 in S; is a set of charts such that (1) every small arc of §; is
contained in the domain of some chart in .27, and (2) the overlap maps are C'**
compatible, for some o > 0.

Let <7; denote the affine atlas whose charts are isometries with respect to the
usual norm in S;. Let the rigid rotation 8" S; — S; be the affine homeomorphism

with respect to the atlas .o7; with rotation number /(14 7).

A homeomorphism % : S; — S; is quasisymmetric if there exists a constant C > 1
such that for each two arcs /; and I, of S; with a common endpoint and such that
|I1|; = |L|i, we have |h(I1)];/|h(l2)]; < C, where the lengths are measured in the
charts of o7; and 7.

A C' circle diffeomorphism sequence (g:,S;, %)%, is a sequence of triples
(gi,Si, %) with the following properties: (1) g; : S; — S; is a C'** diffeomorphism
with respect to the C'*% atlas <7 for some a > 0; and (2) g; is quasisymmetric
conjugate to the rigid rotation g, with respect to the atlas ;.

We denote the C'* circle diffeomorphism (g;,S;,<%) by g;. In particular, we
denote the rigid rotation (g,,S;, ;) by g,.

1.2.1 Horocycles

Let us mark a point in S;, which we will denote by 0; € S;. Let S? = [0;,i(0;)] be
the oriented closed arc in S; with endpoints 0; and g;(0;). For every k € {0,...,q;},
let S¥ = [gf(O,'),g;‘H(Oi)] be the oriented closed arc in S; with endpoints g¥(0;)
and g“*1(0;) and such that S¥ NS ! = {g5(0)}. Let $%*' = [g“"1(0;),0/] be the
oriented closed arc in S; with endpoints g/’ +l (0;) and 0;.

We introduce an equivalence relation ~ in S; by identifying the a; + 1 points
gi(0),... ,g?"H (0) and form the topological space H;(S;,g;) = S;/ ~. We take the
orientation in H; as the reverse orientation of the one induced by S;. We call
this oriented topological space the horocycle, and we denote it by H; = H;(S;, g;).
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We consider the quotient topology in H;. Let 7y, : S; — H; be the natural projection.
The point

& =y (8i(01) = - = me (g4 (0)) € H;

is called the junction of the horocycle H;. For every k € {0,...,a;}, let S’f =

]
SﬁH(Si,gi) C H be the projection by 7, of the closed arc Si-‘. LetR;S; = S?_H USflef,l
be the renormalized circle in H;. The horocycle H; is the union of the renormalized
circle R;S; with the circles S{fH forevery k € {1,...,a;}.

A parameterization in H; is the image of a nontrivial interval / in R by a homeo-
morphism o : I — H;. If I is closed (respectively open), we say that a(I) is a closed
(respectively open) arc in H;. A chart in H; is the inverse of a parameterization.
A topological atlas % on the horocycle H; is a set of charts {(j,J)} on H; with the
property that every small arc is contained in the domain of a chart in 4, i.e., for ev-
ery open arc K in H; and x € K, there exists a chart {(j,J)} € Z such that JNK is a
nontrivial open arc in H; and x € JNK. A C'* atlas % in H; is a topological atlas
2 such that the overlap maps are C'*% and have C!'*% uniformly bounded norms,
for some o > 0.

Let o/ be a C'" atlas on S; in which g; : S; — S; is a C'* circle diffeomorphism.
We are going to construct a C'* atlas Qf}H on H; that we call the extended push-
forward o/ = (my,), o of the atlas <7 on S;. If x € H;\{&;}, then there exists a
sufficiently small open arc J C H; containing x such that 7, 1(J) is contained in the
domain of some chart (7,7) of .o%. In this case, we define (J, 7o T, 1) asachartin &/ .
If x = &; and J is a small arc containing &;, then either (i) nrg’i1 (J) is an arc in S; or
(i) 7, 1(J) is a disconnected set that is the union of two connected components.

In case (i), 7, 1(J) is connected, and it is contained in the domain of some chart
(1,1) € <. Therefore, we define (/,i07,.") as a chart in 7.

In case (ii), 7, 1(J) is a disconnected set that is the union of two connected arcs
IF and I of the form I = (cl, g}(0)] and IR = [g7(0),cR), respectively, for all /,r €
{1,...,a;+1}. Let J- and J¥ be the arcs in H; defined by J- = m,,(IF) and 7, (I¥)
respectively. Then J = JF UJR is an arc in H; with the property that J-NJR = {&},
for every I,r € {1,...,a; + 1}. We call such an arc J an ([, r)-arc, and we denote it
by J; . Let ji, : J;, — R be defined by

, tom, !(x) if x € JX,
Jl,r(x) = {iogigr—l Ojrg_il(x) if x € ‘]ZL’

Let (1,7) € .27 be a chart such that 7, (1) O J; ,. Then we define (J; ,, j;,) as a chart
in /M (see Fig.1.1). We call the atlas determined by these charts the extended
pushforward atlas of <7, and by abuse of notation, we will denote it by safiH =
(ng[)* ‘Q{l

Let the marked point 0, in S; be the natural projection of 0 € R onto 0; € S; =
R/(1+7%)Z. Let SY = [0:,8,(0;)] and sk = [gf.‘(O,'),gl.“(O,-)]. Furthermore, let

H; =Hi(5i,gi) ) 5{(,1-1 = SﬁH(Si,gi) , RiSi :SLH Uﬁ?ﬁl and ﬁH' = <n5i>*gi-
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RS=S!,USz H;

Fig. 1.1 The horocycle H; and the chart j , : J; - — R in case (ii). The junction &; of the horocycle
3 i i 1
is equal to & = 7y, (£:(01)) = - = 7, (g7 (0,)) = 7, (g7 (0;))

1.3 Renormalization

The renormalization of a C'* circle diffeomorphism g; is the triple (R;g;, R;S;, Ri.7;),
where (1) R;S; is the renormalized circle with the orientation of the horocycle H;,
i.e., the reversed orientation of the orientation induced by S;; (2) the renormalized
atlas R;of; = </ |gs, is the set of all charts in .7 with domains contained in R;S;;
and (3) R;g; : R;S; — R;S; is the continuous map given by

-1
oga,+1 (”gi|SOH) (x) ifx e S?,H’

Rigi(x) = -1 .
Sﬂi+1> (x) ifxe a‘+ .
iH

Ttgi ©8i© (”gi

We denote the C'* renormalization (R;g;, R:S;, Ri.%) of g; by R;g,.

By construction, the renormalization R; 8; of the rigid rotation 8; is affine conju-
gate to the rigid rotation 8;, - Hence from now on, we identify ( i8; RiS;, Ri ;)
with (g, .S 1, 241)-

Recall that a C'* circle diffeomorphism g : S; — S; is a C'T% diffeomorphism
with respect to a C!*% atlas ./ on S;, for some « > 0, that is quasisymmetric con-
jugate to a rigid rotation g : S; — S; with respect to an affine atlas .2/ on S;.

The renormalization R;g; is a C'™ circle diffeomorphism quasisymmetric conju-
gate to the rigid rotation 8.,,- Hence Rig; is quasisymmetric conjugate to the C'*
circle diffeomorphism g 1. The marked point 0; € S; determines the marked point
Og,s, = m,,(0;) in the circle R;S;. Thus, there is a unique topological conjugacy h;
between R;g; and g4 such that 7;(Og;s,) = 041 (see Fig. 1.2).
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£,(0,)

g/(0)

//HQ;J‘ -
et H;,y

RO

Fig. 1.2 The horocycles H; and H;ij, and the renormalized map R;g; : R;S; — R;S;. Here

ajt1+1

55 = g,'(O,') =...= g;’i+l (0,‘), §i+l = 8i+1 (0,‘+1) = =841 (0i+1)), and the map R[g[ is identi-
fied with g;1

A C'* circle diffeomorphism go determines a unique C'* renormalization circle
diffeomorphism sequence R(go) = (&i,Si, %), given by

(8i,Si,4%) = (Rio---oRogo,R;jo---0RySo,R;0--- o Ry.a%).

We note that the C'* renormalization circle diffeomorphism sequence R(go) is a
C'* circle diffeomorphism sequence.

We say that a sequence a = (a;)7", is n-periodic if n is the least integer such that
ai+n = a; for every i € Ny. We observe that given a n-periodic sequence of positive
integers a = (a;)7, ¥i = vi(a) = 1/(a;+1/(ai1+1/---)) is equal to ¥, for every
i € Np. Hence there exists a topological conjugacy ¢; : S; — S;1, such that

®iogi = gitno i,

because g; and g;1, = R;1,,0---oR;g; are C I+ circle diffeomorphisms with the same
rotation number ¥; = Yiyp.

We say that a sequence R(gy) is a C'* n-periodic point of renormalization if ¢;
is C'* for every i € N.

1.4 Markov Maps

Let R(go) be the renormalization circle diffeomorphism sequence associated to the
C'* circle diffeomorphism go. The Markov map M; : H; — H;4 is given by

Mix) = { T, (x) if x € R;S;,

—k —1 : k _ .
Ty, | OTlg08; " 0T, (%) ifxeS;iy, for k=1,...,q;.
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The Markov sequence (M;)7.(go) associated to a C'* circle diffeomorphism gy is
the sequence of Markov maps M; : H; — H;y for i € Ny. Two Markov sequences
(M) (g0) and (N;)72(go) are quasisymmetric conjugate if there is a sequence
(hi)72 of quasisymmetric maps h; such that M| o h; = hj;.; o M; for each i € Ny.

The rigid Markov sequence (M;)7, = (Mi)io(g,) is the Markov sequence
associated to the rigid rotation g . The rigid Markov maps M; : H; — H,; | are affine
with respect to the atlases .27’ and &/ {ZIH (see Fig. 1.3).

The Markov sequence (M;); ,(go) has the following properties: (i) the Markov
maps M; are local C'*% diffeomorphisms for some o > 0, and (ii) the Markov
sequence (M;)7(go) is quasisymmetric conjugate to the rigid Markov sequence
(M;);20(8,) because g; is quasisymmetric conjugate to g ..

The n-extended Markov sequence (M;)"—,' (go) is the sequence of the n-extended
Markov maps M;(go) : H; — H; defined by

M;(g0) = ¢,’7| oMiipo0---0M,.

We observe that a sequence R(gg) is a C'* n-periodic point of renormalization if
and only if the n-extended Markov maps M; : H; — H; are C'* for every i € N.

The rigid n-extended Markov sequence (M,)"—) = (M;)"—, (g,) is the n-extended
Markov sequence associated to the rigid rotation 8- The rigid n-extended Markov
maps My, ...,M,_; are affine with respect to the atlases <&/ 61 ey gﬁ’_l, respec-
tively, because the conjugacy maps 91’ :S; — S,y are affine.

iwa T T g :
| [ 1 !
I | ' ' '
1 | ' : '
' i '
oo : :
i\t | I ' I
P : :
- 7.2 S W— Y A L. e o @ mm-kemmceaoo
iva[ ! e s
1 | 1
. | ! |
' | :
: |
° 1 | |
: |
° 1 | 1
1 1 ! 1
Gyt 1 | L
Vi i ST e
= i : i
7 ——e A o o —— N
o] I . o
!
o | |
1
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_ 20202 1 '
[ R AR \ !
~ ~ a1 2 o
g; 0Z g," e e g; g;

Fig. 1.3 A representation of the rigid Markov map M; : H; — H;, with respect to the atlases
/H and gﬁl respectively. Here we represent by 0; and 0;1 the points Ty, (0;) and .. 0i41),

respectively, and by g} the points Tg, o&’((gc), forke {i,i+1}andl e {l,...,ax+1}

If ¢ :S; — Siyn is C'*%, then the n-extended Markov sequence (M,):’;Ol (go)
has the following properties: (1) the n-extended Markov maps M; are local C!T¢
diffeomorphisms, for some o > 0, because the Markov maps My, ... M, of the
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sequence (M;)")(go) are local C'*¢ diffeomorphisms, and (2) the n-extended
Markov maps M; are quasisymmetric conjugate to the rigid n-extended Markov
maps M; because the Markov maps My, ... M,_| are quasisymmetric conjugate to
MO) s 7Mn71'
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