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Abstract: In this paper, a daily plan model to the irrigation of a crop field using 
optimal control was developed. This daily plan model have in consideration: 
weather data (temperatures, rainfall, wind speed), the type of crop, the location, 
humidity in the soil at the initial time, the type of soil and the type of irrigation. 
The aim is to minimise the water used in the irrigation systems ensuring that 
the field crop is kept in a good state of preservation. MATLAB was used to 
develop our mathematical model and obtain its output. Its results were 
compared with experimental ones obtained from a real farm field of grass in 
Portugal. This comparison not only allowed us to validate our model, but also 
allowed us to conclude that, using optimal control considerable savings in 
water resources, while keeping the crop safe are obtained. Some real test cases 
were simulated and the comparison between the optimised water to be used by 
the irrigation system (calculated by software) and the real amount of water used 
in irrigation site (on-off control system for irrigation) produced water savings 
above 10%. 

Keywords: optimal control; irrigation systems; real data; water resources; 
Portugal. 
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1 Introduction 

According to Stocker et al. (2013), climate change is a reality and it will severely affect 
our lives. The temperature in certain parts of the globe increased as much as 2.5 degrees 
in the last century. This phenomenon has continuing and accelerating growth. On the 
other hand, in Iberian Peninsula, the rainfall is also expected to drop and, consequently, 
water resource is already an issue. 

The amount of freshwater available in our planet is only 2.5% of all the existing 
water. From this small slice, 70% is used in agriculture, where, as it is know, the wasted 
water is significant, see for example Frenken et al. (2012). In this context, it is crucial 
save water, especially in agriculture, see Haie et al. (2012, 2011) and Dalezios et al. 
(2017). 

The importance of the study of irrigation systems can be seen in Valipour et al. 
(2015). Most irrigation systems for sale in the market are based on the on-off control with 
no prediction techniques; the system triggers the irrigation cycle when a minimum critical 
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value of soil moisture is detected and suspends it when a defined maximum is reached 
(sometimes close to saturation). The excess of water in the soil, that is frequently a result 
of these types of systems, is responsible for a significant water waste. We developed an 
irrigation system in which soil moisture does not present abrupt variations in order to 
achieve effectively minor water expenditure. A careful planning of water needs, as 
opposed to unplanned strategies of water consumption, e.g., on-off irrigation systems, 
promotes significant water savings. This is achieved by implementing a smart strategy 
which uses data from the past and a prediction of future events, using techniques of 
optimal control. Optimal control theory emerged as a field of research in the 1950s in 
response to problems concerning the aerospace exploration of the solar system. Optimal 
control problems involve the minimisation of a cost function which depends on a state 
and control related through differential equations and other constraints involving the 
control and/or the state. The fact that one can specify a set control constraints combined 
with the possibility of dealing with general cost functions enlarge the applicability of 
optimal control problems to a wide range of control engineering problems, see Martin  
et al. (1993), Lenhart et al. (2007), SubChan et al. (2009), Van Straten et al. (2010), Lee 
et al. (2014), Asprion et al. (2001) and Xiang et al. (2015). 

Other works were designed to take advantage of storing rainwater to save water 
consumption. See Zahraei et al. (2017) and Fawal et al. (1998). 

Our software uses the weather data to obtain the best irrigation plan for 10 days 
ahead. To do so, an existing yearly model, Lopes et al. (2016) was adapted to a daily 
model. In this work, we used weather for 10 consecutive days from the ISEP 
(http://www.meteo.isep.ipp.pt) website, that allows us to determine the rainfall and the 
evapotranspiration which are essential parcels of our dynamics. The evapotranspiration is 
calculated using a simplified version of Pennman-Monteithm (Allen et al., 1998; Walter 
et al. 2002). Howerever, other formulas to determine evapotranspiration are being 
proposed, see Goodarzi et al. (2017). The results are in agreement with the expectations, 
that is, in rainfall days the irrigation system is inactive and, in the drought days the 
irrigation systems have to be activated. 

In order to validate our new model, our results were compared against results from 
irrigation system of a real farm field from Instituto Superior de Engenharia do Porto 
(ISEP), in Portugal, that uses on-off control irrigation system. Our results are good and 
promising as one can read in Section 3. Further tests need to be done for industrial 
validation. 

The paper is divided in four sections: in Section 2 the model for an irrigation system 
based on the optimal control theory is presented, where the dynamic is given by the 
hydrological balance equation; in Section 3, the discrete-time model for the irrigation 
problem is presented. Numerical results are analysed and compared with real situations; 
finally, in Section 4 conclusions and future work are shown. 

2 The irrigation problem 

The irrigation problem consists in optimising the water used in the irrigation of farm 
fields via a planning strategy by means of the optimal control with inequality constraints, 
where the trajectory (x) is the water in the soil and the control (u) is the flow of water 
introduced in the soil via irrigation system. The formulation is: 
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( ) [0, ]
( ) [0, ] a.e.
(0)

T
u t dt

x t f t x t u t t T
x t x T
u t M
x x

�  (1) 

where f is the hydrologic balance function, xmin is the hydrological need of the crop 
[according to Raposo (1996)], x0 is an initial state, T is a given time and M is the 
maximum flow of water that comes from tap. 

2.1 The dynamic equation 

As seen before the dynamic equation is given by: 

( ) , ( ), ( ) a.e. [0, ]x t f t x t u t t T�  (2) 

where the dynamic function, that represents the hydrologic balance, is given by  
f(t, x, u) = u + rfall(t) – evtp(t) – loss(t, x), where rfall(t) is the daily precipitation read 
from the website ISEP (http://www.meteo.isep.ipp.pt), evtp(t) is the estimated 
evapotranspiration for the type of crop, loss(t, x) represents the losses due runoff and 
deep percolation. 

2.2 Rainfall – rfall(t) 

As said before the rainfall is defined via rfall(t). It has the daily precipitation until a 
maximum of ten days, read from the website ISEP (http://www.meteo.isep.ipp.pt). 

2.3 Evapotranspiration – evtp(t) 

The evapotranspiration is composed by the evaporation and the plant’s transpiration. For 
a given crop, we may say, that: 

0( ) ( )cevtp t K evtp t  (3) 

where Kc is a specific value according to the crop, see Raposo (1996) and evtp0(t) is the 
reference evapotranspiration, that was estimated using Pennman-Monteith equation 
(Allen et al., 1998; Walter et al., 2002): 

2

0
2

9000.408
273

1 0.34

n a dR G γ U e e
Tevtp

γ U
 (4) 

where, Rn is the net radiation at the crop surface [MJm–2day–1], G is the soil heat flux 
density [MJm–2day–1], ea – ed is saturation vapour pressure deficit [KPa], U2 is wind 
speed at 2 m height [ms–1], T is mean air temperature at 2 m height [ºC], Δ is the slope 
vapour pressure curve [kPaºC–1] and γ is the psychrometric constant [kPaºC–1]. 
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However, since not all data is available, an approximation to this formula was used. A 
good estimation for evtp0 is obtained using the following inputs: date, location, altitude, 
maximum and minimum temperature and wind speed at 2 m height. See for example in 
Pereira (2004). 

2.4 Losses – loss(t, x) 

The losses due deep percolation were modelled as follows: 

( ) ,
( , )

( ) ,
FC

FC FC

k t x x x
loss t x

x x k t x x x
 (5) 

where xFC represents the amount of water retained in the soil after the the soil was 
drained. It depends on the type of soil. If x < xFC the losses are explained by Horton’s 
equations, see Lopes et al. (2016). On the other hand, if x > xFC (the water is no longer 
absorbed by the soil), the losses are given by the sum of the excess of water in the soil 
with the losses that are explained by Horton’s equation, see Horton (1940, 1945). The 
determination of k(t) was done by comparing the trajectory obtained from our model and 
the real trajectory. Note that k(t) is such that minimises the sum of the quadratic errors 
between the two mentioned trajectories. 

3 Discrete-time model for the irrigation problem 

In this section, we intend to obtain the numerical solution to our problem using sequence 
of finite dimensional nonlinear programming problems. From now on, the following 
corresponding discrete-time model: 

1

0

1

min

0

min

s.t. : , , , 0, , 1
, 0, ,

[0, ], 0, , 1
,

N

i
i

i i i i i

i

i

u

x x θF t x u i N
x x i N
u M i N
x a

…
…
…

 (6) 

where xi is the trajectory and ui is the control at time step i, F is balance water function, 
xmin is the hydrological need of the crop, a is an initial state, θ is the time step 
discretisation and N is the number of days for which our model was applied. The dynamic 
equation implements the water balance in the soil: 

, , rainfall( ) evapot( ) losses , ,i i i i i i i iF t x u u t t t x  (7) 

where the evapot is the evaporation from the soil and the transpiration of the crop and the 
losses mean the losses of water due to the runoff and deep infiltration. The rainfall, 
evapotranspiration and losses models were described in previous sections. In order to 
solve the optimisation problem, the MATLAB function ‘fmincon’ was used. The 
algorithm used was active set (the default option). In order to test our software, four test 
cases were considered. Note that these cases use real data from a crop field in ISEP from 
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Porto, Portugal and the chosen culture was grass. So, the following four parameters of 
our model are defined as xmin = 18.72 mm, M = 10 m3/day, Kc = 0.95, xFC = 46.8 mm. 

3.1 Results and qualitative validation of the model 

In the next four examples, we are able to verify that our results correspond to reality. In 
two of these examples there is enough rainfall for the crop to survive and in the last two 
examples, there is a situation of drought and the irrigation system has to be activated. 
These examples correspond to a period of ten consecutive days in a field in ISEP. 

Figure 1 Results for Case 1 (see online version for colours) 

 

3.1.1 Case 1 

In the first case there was heavy rainfall. It corresponds to the period between 1st May 
and 10th May of 2015. The precipitation in this period was as follows: 

50.29, 3.81, 33.02, 30.73, 1.27, 0.76, 15.53, 0.76, 0, 0] (mm).  

As the rainfall is abundant, the humidity in the soil is always above the level where the 
crop enters is distress. There is no need for irrigation. When rain is abundant, the second 
branch of the losses function (5) is used. See Figure 1. 

3.1.2 Case 2 

The second case there was light rainfall. It corresponds to the period between 14th 
October and 24th October of 2015. The precipitation in this period was as follows: 

[0, 0, 0, 0.76, 12.95, 0.25, 0, 0, 0, 0] (mm)  

The results obtained are in Figure 2. 
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Figure 2 Results for Case 2 (see online version for colours) 

 

There is no need for irrigation, since the humidity in the soil is always above the level 
where the crop enters is distress. Since rain is not abundant, only the first branch of the 
losses function (5) is used. 

3.1.3 Case 3 

The third case there was drought without precipitation. It corresponds to the period 
between 1st August and 10th August of 2015. 

Figure 3 Results for Case 3 (see online version for colours) 

 

The results obtained can be seen in Figure 3. 
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It does not rain at all in the period considered in this case. The humidity in the soil 
drops very fast and the control (irrigation) has to be activated after 2 days. As one can see 
in Figure 3, once the irrigation is activated, it remains until the end of the period in study, 
guaranteeing just enough water for the crop to survive. 

Figure 4 Results for Case 4 (see online version for colours) 

 

3.1.4 Case 4 

The fourth case there was drought. It corresponds to the period between 1st September 
and 10th September of 2015. The rain is very scarce, the precipitation in this period was 
as follows: 

[0, 0, 0, 0, 0, 0, 0, 0, 1.02, 0] (mm).  

The results obtained can be seen in Figure 4. 
The humidity in the soil was already at its minimum level (for the crop to survive) 

and therefore the control (irrigation) has to be activated for the whole period. It provides 
just enough water for the crop to survive. Note that in day 9, evapotranspiration value is 
slightly above irrigation value, since there was light rainfall. 

From these four examples, it is possible to say that the model is qualitatively good. 

3.2 Comparison between numeric solution for humidity in the soil and real data 
for humidity in the soil 

The instruments used in ISEP to measure the soil tension provide us the output in 
pressure units. To compare this results with ours, one has to convert our results from mm 
to percentage of the volume of the soil occupied with water and, finally from the last one 
to tension of water in the soil (kPa – pressure). 
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Figure 5 Tension of water in the soil versus water in the soil for different types of soil 

 

Source: da Silva et al. (2006) 

To perform the conversion of units properly, the characteristics of the soil should be 
studied in a laboratory. We do not have the possibility to do that at this moment. In 
Figure 5 from da Silva et al. (2006) we may see the relationship between tension of the 
water in the soil (kPa) and the correspondent percentage of the volume of the soil 
occupied with water. The curve LVDA1 da Silva et al. (2006) ( to 32.8% clay, 14.2% of 
sand, 52.70% of thin sand, 0.3% silt, with the soil density of 1,317kg/m3) was considered. 
Taking a number of points from that curve, we defined a polynomial function that best 
fits the curve (using a least squared error approach). Note that LDVA1 is the intermediate 
curve. It provided fairly good results and so, it was assumed that it probably represents an 
approximation to the type of soil in ISEP. 

The conversion from mm to percentage of the volume of the soil occupied with water 
was done taking into account: 

1,000i i wpx θ θ pp zr  (8) 

measured in mm, where θi is percentage of the volume of the soil occupied with water, 
θwp is percentage of the volume of the soil occupied with water when the soil is dry,  
zr = 0.7 5m is the height of the plant’s root and pp = 40% is percentage of the volume of 
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the soil occupied with water bellow which the plant is suffering, see Gonçalves et al. 
(1997) and Pereira (1995). 

Figure 6 Results (a) for Case 1 and (b) for Case 2 (lower panel) (see online version for colours) 

 
(a) 

 
(b) 

Our next step is to validate the model taking into account measures of water in the soil in 
the real crop field, measured in (kpa). The numerical results are for the same four cases as 
before (all inputs are equal). Case 1 and 2 did not need irrigation. Real humidity in the 
soil and, the one that our software provides, will be compared. In Case 3 and 4, since 
there is irrigation, it will be compared our solution (in terms of humidity in the soil), with 
the solution obtained using our model having the real irrigation as input. These two 
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results are also compared with the real humidity in the soil measured in site with 
appropriate instruments. Note that a measurement of humidity in the soil below 5 kPa, 
means the soil is close to saturation, if this value is above 20 kPa the soil is dry. Since 
soil moisture tension is a measure of suction, it should be negative. The minus sign was 
dropped for matters of convenience. 

3.2.1 Case 1 and Case 2 

Recall that there is no irrigation for both cases. This was verified both as output of our 
software and in the real crop field. The results obtained can be seen in Figure 6. 

Figure 7 Results for Case 3 in terms of (a) trajectory and (b) control (see online version  
for colours) 

 
(a) 

 
(b) 
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As one can see, the solution obtained for the humidity in the soil using our model is 
similar to the real one. 

Figure 8 Results for Case 4 in terms of (a) trajectory and (b) control (see online version  
for colours) 

 
(a) 

 
(b) 

3.2.2 Case 3 

In this example, it can be seen that initially the soil is close to saturation. Then, due to the 
lack of rainfall, the soil dries up very fast. Our optimal solution (curve in blue) guarantees 
that the plant survives, spending the minimum amount of water. When, our software is 
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used, with the real amount of water used in irrigation as input (curve in green) the 
behaviour of the computed humidity in the soil is close to the real one (curve in red). This 
qualitatively validates the model developed. Another issue is the comparison between the 
optimised water used in the irrigation system using our simulation (black curve) and the 
real amount of water used in irrigation by ISEP (note they use an on-off control system 
for irrigation). One can estimate that we may achieve a 16.8% of water savings. The 
results obtained can be seen in Figure 7. 

3.2.3 Case 4 

In this example, it can be seen that initially the soil is close to the minimum needs of the 
crop. Then, due to the lack of rainfall, the irrigation starts right away. Our optimal 
solution (curve in blue) guarantees that the plant survives, spending the minimum amount 
of water. 

As expected, the curve in blue is almost horizontal, which correspond to the hydric 
need of the plant. Using our software with the real amount of water used in irrigation as 
input (curve in green) the behaviour of the computed humidity in the soil is very close to 
the real one (curve in red). This validates qualitatively the model that developed. 

Another issue, is the comparison between the optimised water used in the irrigation 
system calculated by our (black curve) and the real amount of water used in irrigation by 
ISEP (note they use an on-off control system for irrigation). One can estimate that we 
may achieve 11.1% of water savings. The results obtained can be seen in Figure 8. 

4 Conclusions 

According to Stocker et al. (2013), climate change is a reality and it will severely affect 
our lives. The temperature in certain parts of the globe increased as much as 2.5 degrees 
in the last century. This phenomenon has continuing and accelerating growth. On the 
other hand, in Iberian Peninsula, the rainfall is also expected to drop and, consequently, 
water resource is already an issue. 

A careful planning of water needs, as opposed to unplanned strategies of water 
consumption, e.g., on-off irrigation systems, promotes significant water savings. This is 
achieved by implementing a smart strategy which uses data from the past and a prediction 
of future events, using techniques of optimal control. The implemented model, using such 
techniques, is easily adapted to the different hydric needs of the crop. Another issue is 
related with the growth of the crop. The plant’s hydric needs are vary with time and the 
implemented model is able to cope with this, with minor changes. 

The fact that we are planning the irrigation (using optimal control tools), avoid abrupt 
variations of the water in the soil and consequently, reduce the water losses. On the other 
hand, the crop keeps healthy. Using this approach, it is guaranteed, that a minimum value 
of irrigation is obtained at each time step, assuming that the weather forecast data is not 
very far from reality. It is our intention to implement a re-plan strategy, in order to avoid 
major errors, when the weather forecast fails. 

A software was developed such that, when fed by the weather data for ten days head, 
obtains the best irrigation plan for that time period. To do so, we adapted the existing 
model (Lopes et al., 2016). In order to solve the optimisation problem, we used the 
MATLAB function ‘fmincon’, where the algorithm used was active set (the default 
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option). Note that in the previous mentioned model, monthly rainfall was defined as the 
average of the previous ten years, the evapotranspiration has a specific value for the crop 
and for a certain location. In this work, the previous model was adapted, to study a daily 
water planning. The weather variables (prediction for the ten days head) were taken from 
the website ISEP (http://www.meteo.isep.ipp.pt). The evapotranspiration present in the 
dynamics of the problem was computed using a simplified version of Pennman-Monteith 
(Walter et al., 2002). The obtained solutions are good. 

Moreover, two types of situations were studied. In first situation, there was significant 
rainfall and the irrigation system, as expected was not activated. This was also true in 
site. In this case, it was proved that the estimated amount of water in the soil and the 
actual amount of water in the soil measured by ISEP, were very close. In the second 
situation, there was no rainfall. An optimal solution was obtained, where the irrigation 
estimated by our software guaranteed that the water in the soil goes to the minimum 
amount of water that preserves the crop and keeps that way. By doing so, savings of 
water are guaranteed. In order to validate the model it was compared the real humidity in 
the soil, versus the humidity in the soil using our simulation having as input the real 
amount of water used by the irrigation system of ISEP. Once again, one can see that the 
numerical results are in agreement with the real ones. 

Another issue studied here was the comparison between our optimal solution and the 
real amount of water used in the farm field. In one of the considered test cases, it is 
possible to save as much as 16% of water. Other in site test are needed, but, we believe 
that, the tool developed, when the proper hardware is ready to install in a farm field, can 
be very useful to the farmers, specially in regions of the world where water is scarce. 

It is expected that the model would work for any type of cultures (irrigated everyday 
or otherwise). The constraint is that enough data to run the developed software is 
available. 
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