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Abstract We make two fits of an ODE system with 5 equations that model immune
response by CD4+ T cells with the presence of regulatory T cells (Tregs). We fit
the simulations to data regarding gp61 and NP309 epitopes from mice infected with
lymphocytic choriomeningitis virus LCMV. We optimized parameters relating to: the
T cell maximum growth rate; the T cell capacity; the T cell homeostatic level; and
the ending time of the immune activation phase after infection. We quantitatively and
qualitatively compare the obtained results with previous fits in the literature using
different ODE models and we show that we are able to calibrate the model and obtain
good fits describing the data.
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1 Introduction
The immune system has many components, one of the most important being T cells,
a type of lymphocyte that develops in the thymus. The invasion by a pathogen will
result in Antigen presenting cells (APC) [3] presenting the pathogen’s characteristic
peptides. T cells are activated by their specific antigen and start secreting cytokines,
e.g. interleukine 2 (IL-2), in order to alert other cells of the immune system and to
promote proliferation [29]. Occasionally, a mistake may happen and a clonotype of
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T cells is stimulated by self-antigens, resulting in an auto-immune response. The role
of Regulatory T cells (Tregs), a subset of T cells, is to prevent such auto-immunity
through their immune suppressive action. In particular, Tregs inhibit cytokine secretion by T cells [6, 25, 26]. Mis-regulation of Tregs may result in the appearance of
auto-immune diseases such as IPEX [24].
There has been as increasing interest in mathematical modelling of immune
responses based on both in vivo or in vitro data. See the reviews by Zhu et al.
[29, 30]. There are several mathematical modelling techniques that have been used
to model immune responses by T cells. See Callard et al. [11] and Lythe et al. [18]
for reviews. León et al. [16] used a hypergeometric distribution in a discrete model,
while de Boer et al. [12], Burroughs et al. [6], Pinto et al. [23], Blyuss et al. [4] and
Khailaie et al. [15] studied systems of ordinary differential equations (ODE). In this
work we will use the ODE model in Pinto et al. [23] developed from the article from
Burroughs et al. [6]. A 7 ODE model with two T cell clonotypes was used in Atefeh
et al. [1] to fit the time dynamics data from Homann et al. [14].
Here, we aim to use the model with 5 ODE from Pinto et al. [23], that will allow
us to make two separate fits to the data from Homann et al. [14], one fit for epitope
gp61 and another fit for epitope NP309. In Sect. 2, we present the immune response
model. Afterwards, in Sect. 3, we fit the model to the data. We discuss and analyse
the fits in Sect. 4 and we finish with some conclusions in Sect. 5.

2 Immune Response Model
We consider the set of 5 ordinary differential equations from Sect. 3 in Pinto et al.
[23] to model CD4+ T cells and regulatory T cells. Tregs are activated at a rate a
by self antigens from an inactive state denoted by R, to an active state denoted by
R ∗ . Similarly, T cells are activated at a rate b by their specific antigen to the IL-2
secreting state T ∗ from the non-secreting state T . All cells proliferate when they
adsorb IL-2 cytokines. We also consider an inflow of immune T cells into the tissue
(Tin ) and Tregs (Rin ), which can represent T cell circulation or naïve T cells from
the thymus.
The model consists of a set of five ordinary differential equations. We have an
equation for each T cell population (inactive Tregs R, active Tregs R ∗ , non-secreting
T cells T , secreting or activated T cells T ∗ ) and interleukine 2 density I .
dR
dt
d R∗
dt
dT
dt
dT ∗
dt

= (ερ I −β(R + R ∗ + T + T ∗ ) − d R )R + k̂(R ∗ − a R) + Rin ,
= (ερ I −β(R + R ∗ + T + T ∗ ) − d R ∗ )R ∗ − k̂(R ∗ − a R),
= (ρ I − β(R + R ∗ +T + T ∗ ) − dT )T + k(T ∗ − bT +γ R ∗ T ∗ ) + Tin ,
= (ρ I − β(R + R ∗ +T + T ∗ ) − dT ∗ )T ∗ − k(T ∗ − bT +γ R ∗ T ∗ ),

Immune Response Model Fitting to CD4+ T Cell Data …

3

dI
= σ (T ∗ − (α(R + R ∗ +T + T ∗ ) + δ)I ).
dt

The parameter values used and obtained in the fits are presented in the Appendix,
in Tables 1 and 2. As in Afsar et al. [1], we will consider death rates to be equal
dT = d R and d R ∗ = dT ∗ , and also equal relaxation rates k = k̂. The inflow of T cells
Tin can be different from the inflow of Tregs Rin . Further details of the model are
presented in Burroughs et al. [5–10], Oliveira et al. [21, 22], Pinto et al. [23] and
Yusuf et al. [28].

3 Simulations and Fits
In this section we describe our methods and do the fits of the model to two time series
of the immune response by CD4+ T cells to lymphocytic choriomeningitis virus LCMV in mice obtained from laboratory experiments from Homann et al. [14]. Each
of the time series that constitute the data regarding the concentration of T cells that
responded to each of the two different LCMV epitopes studied, the gp61 (14 data
points) and the NP309 (8 data points).
Previously published articles provided the estimates for most of the parameter
values [2, 6, 20, 21, 27] and we considered that the parameters in Table 1 are fixed.
The parameters to be fitted are in Table 2. Their admissible range was obtained from
the literature [6, 19, 21]. These parameters are: the T cell maximum growth rate
ρ/α; the T cell capacity T cap = ρ/(αβ); the homeostatic T cell level T hom which is
related to the T cell inflow Tin by Tin ≈ T hom dT , assuming no antigenic stimulation
of T cells b = 0 and small homeostatic values T hom + R hom << T cap . See [23] for
further details. Note that the parameters used in the optimization procedure are related
to the T cells activated by their respective epitope, while the parameters related with
Tregs and the parameters related with cytokines were fixed.
Following Afsar et al. [1], we assumed that the T cells were stimulated by the
pathogen between the inoculation time t = 0 and a final time tend . Hence, we considered a specific step function of time for the antigen simulation parameter b: a high
value of the antigenic stimulation of T cells b = 1000 for times within [0, tend ], and
a very small value, b = 10−5 , outside that interval, see Table 1. The ending times tend
of high antigen stimulation intensity b corresponding to the exposition to a pathogen
were also considered in the optimization procedure to fit the model to the data. See
Table 2 for the fits for epitopes gp61 and NP309.
The initial condition (at time t = 0) corresponds to the homeostatic controlled
state, with a low concentration of T cells. This state was achieved by numerically
integrating the model for a long time, for a small value of antigenic stimulation of T
cells, b = 10−5 .
Our objective was to minimize the sum of squares of the residuals in a logarithmic
scale:
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Fig. 1 Fit of the ODE model to the laboratory measurements of the CD4+ T cells concentration for
the gp61 epitope. The vertical axis has logarithmic scale. Green line: T + T ∗ ; Blue dots: T ; Cyan
dashes: T ∗ ; Red line: R + R ∗ ; Orange dots: R; Violet dashes: R ∗ . The vertical dashed line marks
2
the ending time tend = 9.102 of the immune response phase. r esgp61
= 0.294 and M N S Q gp61 =
0.0294. The parameters are shown in Tables 1 and 2



#data points

r es 2 =



log x(ti ) − log(T (ti ) + T (ti )∗ )

2

i=1

where #data points is the number of data points, x(ti ) are the concentrations of T
cells from Homann et al. [14] and ti are the observation times, and T (ti ) + T (ti )∗
represents the total T cell concentration from the fit at time ti . The observation
times range from 0 to 28 days after infection. Starting from several initial random
parameter estimates, we used an iterative procedure to obtain the optimized values
of the parameters. The optimized parameters for the best fit are presented in Table 2
of the appendix. The fit to the data is presented graphically in Figs. 1 and 2.
The software used for the simulations of the model was GNU Octave—version
5.2.0. The routine used for the numerical integration of the ODE system was lsode.
The routine used for the optimization procedure of minimizing the residuals was
fminsearch implementing the Nelder-Mead algorithm/downhill simplex method.
Starting from time t = 0 we observe in Figs. 1 and 2 that the concentration of
T cells grows in a non-linear fashion, initially with the majority of T cells being
secreting T cells T ∗ . Hence, as the IL-2 cytokine is being increasingly secreted (data
not shown), we observe an increase in the growth rate of both T cells and Tregs.
However, with higher concentration of Tregs, in particular, active Tregs R ∗ , there is
an augmented relaxation rate of secreting T cells T ∗ to the non-secreting state T . At
some point in time, around day 5 for epitope gp61 and near day 9 for epitope NP309,
the concentration of secreting T cells is close to the concentration of non-secreting
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Fig. 2 Fit of the ODE model to the laboratory measurements of the CD4+ T cells concentration
for the NP309 epitope. The vertical axis has logarithmic scale. Green line: T + T ∗ ; Blue dots:
T ; Cyan dashes: T ∗ ; Red line: R + R ∗ ; Orange dots: R; Violet dashes: R ∗ . The vertical dashed
line marks the ending time tend = 8.782 of the immune response phase. r es N2 P309 = 0.507 and
M N S Q N P309 = 0.127. The parameters are shown in Tables 1 and 2

T cells. After that point in time, the growth rate of T cells slows down until the end
of the immune response phase. In the relaxation phase, we observe a reduction both
in the concentration of T cells and Tregs due to the quick decrease of secreting T
cells, and consequently the drop of IL-2 to negligible levels (data not shown), thereby
stopping growth. Immediately after the end of the immune response phase, the decay
in the concentrations of all cells is faster due to the action of the Fas-FasL death by
apoptosis, modelled by the quadratic term with β (see more details in Afsar et al. [1]
and Pinto et al. [23]). As the concentration of T cells becomes smaller, this term will
have a reduced relevance in the decay and the linear death term will have a higher
relative importance. We note that the concentration of inactive Tregs is higher than
the concentration of active Tregs since their activation rate is relatively small a < 1.
2
= 0.294
For the gp61 epitope we obtained the residual sum of squares r esgp61
while for the NP309 epitope we obtained r es N2 P309 = 0.507 as presented in Figs. 1
and 2, respectively. Furthermore, we also present the residual mean square M N S Q =
r es 2 /d f for each fit, where the number of degrees of freedom d f = #data points
−#free parameters, and #free parameters = 4 is the number of free parameters. So
we obtained, respectively, M N S Q gp61 = 0.0294 and M N S Q N P309 = 0.127.
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4 Discussion
Afsar et al. [1] have previously simultaneously fitted the time series of the immune
responses for epitopes gp61 and NP309 from Homann et al. [14] to a 7-ODE
2
= 0.565
model. For each series, they have obtained the sum of residuals r esgp61
2
and r es N P309 = 0.995, and they have obtained the residual mean square M N S Q =
0.0975 for the simultaneous fit. Comparatively, we now obtain lower sum of residuals for both epitopes. Our residual mean square value for the epitope gp61 fit is
lower than the value for the simultaneous fit from [1] while for the epitope NP309
fit it is slightly higher. This might be explained by the fact that on the simultaneous
fit we have a total of 14 + 8 = 22 data points, while having only 8 data points for
the separate NP309 fit.
The same data have been analysed by de Boer et al. [13]. They have made two fits
for each epitope, with a biphasic and a monophasic contraction phase respectively. For
the gp61 epitope they obtained respectively M N S Q gp61 = 0.06 and M N S Q gp61 =
0.17. For the NP309 epitope they obtained respectively M N S Q N P309 = 0.10 and
M N S Q N P309 = 0.12. When comparing our fits to theirs we see that for epitope
gp61 fit we obtain lower residual mean square values than both their biphasic and
monophasic models. For the epitope NP309 fit we obtain a higher residual mean
square value, albeit very close to their value for the monophasic model.
The equations being used here are different from de Boer et al. [13]. Similarly
to Afsar et al. [1], we use the same equation. We used the same equations over
time and changed only one parameter in time: the antigenic stimulation of T cells b.
This parameter was either in the “on” or “off” state, which is a simplification of a
biologically more complex time evolution. The ending time of the immune activation
phase tend is a parameter in the optimization procedure and specific to each epitope.
Moreover, contrary to [1] where tini = 3.31, here we have set the initial time of the
immune activation phase tini = 0, which is the time when the disease is inoculated in
the mice according to the experimental description in Homann et al. [14]. Opposite
to de Boer et al. [13], we observe that the immune response activation seems to
end earlier for epitope NP309 than for epitope gp61 (tend = 8.782 and tend = 9.102,
respectively), but we agree with them that the peak time is quite uncertain and would
require further research with different models and/or different and more frequent
data around that point.
As in Afsar et al. [1], we assumed that the initial condition is the controlled
homeostatic state. Regarding the homesostatic T cells level, in [1], the T hom values
for each T cell clonotype are 2409 and 787.74, while here we obtained T hom = 10.94
and T hom = 32.79 for gp61 and NP309, respectively. While the homeostatic T cells
level apparently differ by two orders of magnitude, the difference is mostly explained
by these values effectively working as a parameter determining the initial condition
for the ODE system. Notice that around day 3, for both epitopes, our simulations
have concentrations of T cells near 1000 (see Figs. 1 and 2). With respect to the value
of the maximum growth rate of T cells, it is close to the one reported by de Boer
et al. [13], although the “true” growth rate in our model is time dependent (see Afsar
et al. [1] for more details). We estimated a higher maximum growth rate for the gp61
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epitope than for the NP309 epitope, which is also the case in de Boer et al. [13].
Using the quadratic death term β allows for a smooth transition between the rapid
apoptosis phase we observe around day 9 and the slower death rate we observe later,
instead of two separate phases as presented in de Boer et al. [13]. We observe that
this is also indirectly present in the optimization procedure since β influences T cell
capacity T cap = ρ/(αβ).
Although the value we selected for the death rates of T cells is low, our model
does not include the differentiation into memory cells, like in Afsar et al. [1], thus
we used the initial 28 days of the data from Homann et al. [14]. Another limitation
is to consider that the antigenic stimulation of T cells b is a step function of time
instead of a smooth function, that would require more parameters. Since we have
a small number of data points, the fixed parameters have the same values for both
epitopes, which can be interpreted as that both clonotypes of T cells have similar
characteristics. Our model has two strengths. Firstly, it has the same equations in all
phases of time, the immune activation phase and the contraction phase, and without
needing to consider biphasic regimes. Secondly, in our fit the free parameters were
specific to the T cells responding to each epitope.

5 Conclusions
In conclusion, our model allows to achieve a good fit to the data of the immune
responses from Homann et al. [14] to the gp61 and NP309 LCMV epitopes, having
most of the parameters at the values described from the literature, and optimizing a
set of 4 parameters related to the maximum T cell growth rate, the T cell capacity,
the T cell homeostatic level, and the ending time of the immune activation phase. We
discuss and interpret the results and compare our fits with other fits using different
ODE models from the literature.
As future work, we could compute confidence intervals for the parameters and
check for robustness of the estimated parameters using other data sets with more
observations and more frequent T cell measurements over time.
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Appendix
The parameters of our model and their default values as well as the fitted parameters
are presented in the following two tables (Tables 1 and 2).
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Table 1 Parameters values for our model of T cells and Tregs from [1, 2, 6, 13, 17, 21, 27]
Fixed parameters
Symbol
Value
T cells T , T ∗
Death rate ratio of active: inactive T cells
Death rate of inactive T cells (day−1 )
Secretion reversionb (day−1 )
Antigen Stimulation of T cells
Tregs R, R ∗
Growth rate ratio Tregs: T cells
Relaxation rate (day−1 )
Death rate ratio of inactive Tregs: inactive
T cells
Death rate relative ratio of Tregs: T cells
Tregs antigen stimulation level (day−1 )
Homeostatic Treg levelc (cells day−1 )
Secretion inhibition
Interleukin-2 (IL-2) Cytokine
Max. cytokine concentrationd (pM)
IL2 secretion rate ( pM/day)
Cytokine decay rate (day−1 )

dT ∗ /dT
dT
k
b

1
10−3
2.4
1000

ε
k̂

d R dT

0.6
2.4
1

d R∗
dR

 dT ∗

1

dT

a k̂
R hom
γ

1
10
−1
10 Rhom


1 α
σ
σδ

200 pM
144
36

b This
c This

is in the absence of Tregs
is in terms of the homeostatic Treg level Rhom ≈

d This

is taken as 20 times the receptor affinity (10 pM)

d R −d R ∗ 
Rin 
d R 1 − k̂(a+1)+d R

Table 2 Fitted parameters values for our model of T cells and Tregs, with ranges adopted from [1,
6, 13, 20, 21]
Parameter
Symbol
Range
Fitted value
gp61 epitope (r es 2 = 0.294, M N S Q = 0.0294)

T cell Maximum growth rate (day−1 )
ρ α
Capacity of T cells (107 cells)
T cap = ρ/(αβ)
a
−1
Homeostatic T cells level (cells day ) T hom
End of the immune activation phase (day) tend
NP309 epitope (r es N2 P309 = 0.507, M N S Q N P309 = 0.127)

T cell Maximum growth rate (day−1 )
ρ α
Capacity of T cells (107 cells)
T cap = ρ/(αβ)
a
−1
Homeostatic T cells level (cells day ) T hom
End of the immune activation phase (day) tend
aT

cell inflow level is given by Tin = T hom dT

<6
0.3 − 3
< 105
6 − 15

3.298
1.847
10.94
9.102

<6
0.3 − 3
< 105
6 − 15

1.702
0.577
32.79
8.782
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