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ABSTRACT

Finite-State Automata (FSA) are foundations for modelling, synthesis, verification, and implemen-
tation of controllers for manufacturing systems. However, FSA are limited to represent emerging
features in manufacturing, such as the ability to recognise and switch contexts. One option is to
enrich FSA with parameters that carry details about the manufacturing, which may favour design and
control. A parameter can be embedded either on transitions or states of an FSA, and each approach
defines its own modelling framework, so that their comparison and integration are not straight-
forward, and they may lead to different control solutions, modelled, processed and implemented
distinctly. In this paper, we show how to combine advantages from parameters in manufacturing the
modelling and control. We initially present a background that allows to understand each parameter-
isation strategy. Then, we introduce a conversion method that translates a design-friendly model
into a synthesis-efficient structure. Finally, we use the converted models is synthesis, highlighting
their advantages. Examples are used throughout the paper to illustrate and compare our results and
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tooling support is also provided.

1. Introduction

Modern manufacturing systems aim to transform mate-
rial into products by properly, flexibly and efficiently
integrating people, equipment and technology (Esmaeil-
ian, Behdad, and Wang 2016). It is expected that manu-
facturing components can interact with each other and
with the environment in a concurrent manner, sharing
resources and behaving in a safe, controllable and maxi-
mally permissive way (Hu, Liu, and Zhou 2015). In con-
junction, those features make it hard the task of program-
ming industrial controllers, as traditional paradigms for
software development are usually inappropriate (Dotoli
et al. 2017). Alternatives have been tested, for example,
with simulation (Mourtzis 2020), optimisation (Pedrielli
et al. 2018), and intelligent strategies (Guo et al. 2020;
Hu and Liu 2015). Another option is to apply formal
methods to exploit the event level of the system when
expressing its behaviour and requirements (Rosa, Bar-
bosa, and Teixeira 2019; Hu, Liu, and Yuan 2016). In
this case, automated operations can be processed in
order to calculate a controller that holds properties of
interest.

When an industrial process is seen as a Discrete Event
System (DES) (Cassandras and Lafortune 2009), the con-
trol objective is to obtain sequences of events to be
allowed under control. Events are assumed to occur spon-
taneously in the system plant, and they are restricted by
specifications, which are in general modelled using Finite
State Automata (FSA). Then, formal approaches, such
as the Supervisory Control Theory (SCT) (Ramadge and
Wonham 1989), can be applied to synthesise controllers
to be finally implemented in hardware (Qamsane, Tajer,
and Philippot 2017).

Despite their practical relevance and formal back-
ground, FSA face significant limitations when modelling
large and complex systems. Advanced features of flexi-
ble DES, such as context recognition and switching, are
difficult to be expressed by ordinary FSA and they are
usually associated with large state-spaces, which chal-
lenges both modelling and processing (Silva, Ribeiro,
and Teixeira 2017). Parameterized FSA allow to address
complexity issues in modelling and control of DESs. A
so-called parameter is an engineered argument, embed-
ded on a modelling formalism, that captures and carries
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context semantics throughout an FSA. This expands the
information potential of a DES model and extends the
related control techniques to cover a broader class of
problems.

Technically, a parameter can be embedded either on
transitions (Cury et al. 2015) or on states (Teixeira
et al. 2015) of a DES model. In the first case, Event-
parameterised FSA (EpFSA) are mechanisms that sys-
tematically map events into sets of new events, called
parameterized events, that carry a given context seman-
tic for the modelled DES. On the other hand, State-
parameterised FSA (SpFSA) are variable-based models
that can be designed by Extended Finite State Automata
(Chen and Lin 2001), and control can be implement
by disabling events based on the evaluation of logical
formulas that manipulate variables.

In theory, both EpFSA and SpFSA play a similar role
in modelling and control of DES, so that their choice
should be straightforward. However, it does not exist so
far in the literature an explicit way to compare them
and expose their advantages. As each approach is struc-
tured within a specific framework, their integration is
not direct and they may lead to different control solu-
tions, modelled, computed and implemented distinctly
(Teixeira et al. 2015; Cury et al. 2015; Rosa et al. 2017).

It has been reported that EpFSA benefit modelling and
synthesis (Cury et al. 2015), besides to be modular (Teix-
eira, Cury, and de Queiroz 2018) and to have potential
to reduce implementation costs (Rosa et al. 2017). But,
in this case, the entire parametrization structure depends
on an engineer to be constructed by hands. Differently,
SpFSA are more suitable for modelling as they allow to
express behaviour and control restrictions by manipulat-
ing simple formulas, instead of complex state-machines.
However, variables of a SpFSA are natively atomic struc-
tures, which may limit modularisation, reducing the pos-
sibilities for taking advantages in the synthesis and imple-
mentation phases.

This paper shows how to combine advantages from
EpFSA and SpFSA. We initially present a background
that allows us to understand each parameterisation strat-
egy, discussing their motivations and presenting exam-
ples. Then, we formally introduce a conversion method
that translates a design-friendly model into a synthesis-
efficient structure. Algorithms are provided to systemati-
cally extract meanings (parameters) from the states-space
of a SpFSA, transferring them to an event-based EpFSA
that expresses equivalent behaviour. Then, we show how
the resulting EpFSA models can be exploited in modular
synthesis, which leads to a set of controllers that tend to
be obtained more efficiently with respect to the classical
SpFSA-based synthesis. The impact of the resulting set
of controllers on implementation issues is also discussed.
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We finally reproduce some classical results and examples
from the literature, then we solve them using our method
in order to evidence advantages. A tool (Southier 2021)
is provided to support the algorithms presented in the
paper.

The manuscript is structured as follows: the back-
ground about FSA, EpFSA and SpFSA is presented in
Section 2; the conversion methods is introduced, dis-
cussed and exemplified in Section 3; synthesis aspects
are exploited in Section 4; finally, Section 5 brings some
conclusions and perspectives.

A first attempt to theoretically combine advantages
from EpFSA and SpFSA was made (Southier et al. 2019).
However, in that study, we do not consider: modular-
synthesis advantages, modular conversion, tool imple-
mentation, and test cases. All these items feature in this

paper.

2. Background

Many real world systems share the feature of being event-
driven, i.e. their evolution in time is guided by the occur-
rence of asynchronous signals, called events, in opposi-
tion to time-driven behaviours. Systems that share these
features are called Discrete Event Systems (DES) (Cassan-
dras and Lafortune 2009) and they cover a wide range of
domains, such as robotics, manufacturing, logistics, etc.

A DES can be modelled by formal languages (Hopcroft,
Motwani, and Ullman 1939). Events define the basic
structure of a language, and they are taken from a finite
alphabet ¥, such that ©* denotes the set of all strings pos-
sibly built using events in X, including the empty string €.
Two strings s, t € £* can be concatenated as st, and a sub-
set L C X* is said to be a language. The prefix-closure of
LCS*isL={seX*|steLforsomete T*}.

In practice, when modelling a DES, it is usual to
be interested in a class of languages called regular. A
language is regular if it can be represented by a Finite-
State Automata (FSA) (Cassandras and Lafortune 2009),
which is a tuple A = (E, Q.9°,Q%, F), where X is the
alphabet; Q is the set of states; ¢° € Q is the initial state;
Q® C Q is the subset of marked states; and I' € Q x
Y x Q is the transition relation.

The transition between any two states g1, q2 € Q with

the event 0 € X is represented by q; 5 q2,and it can be
extended to a string s € £* by q; > q2- Notation q; 5
means g 5 q2 for some state g, and the same notation
is used for strings in £*, and A > means q° > q for

some state g € Q, while A — g means ¢° N q for some
sex*
The set of events originating from g is given by I'(q) =

{ceX|q Z }, which can be restricted to a given subset
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T by ' () ={oce€ X C|q->} and the enable-
ment of an event ¢ from q is captured by I'?(q) = true.

When a DES is modelled by an FSA A, its behaviour
can be describedby L(A) ={se T* | A N q€Q}ie.
a language that includes all possible sequences generated
by A. Its marked behaviour L“(A) € L(A), associated
with the tasks accomplished by A, is defined as L”(A) =
{se=*| A qe Q). Alanguage L(A) is said to be
non-blocking if L(A) = (L2(A)).

Two FSA, A'=(%,,Q,,47,Q¥.T1) and A?=
(22, Q,,95,Q5, Fz), can be composed as Al | A% =
(Z1U%,Q xQ,(q7,95),Q" x sz,FAIHAZ), where
[ 4142 is defined as:

° (ql,qz) 2 41, 95), if o€ 21Ny, qu LN q}> and
q2 - ‘J2>
o (qq) > (q1,92),ifo € 1\ Xy and q1 — q};

o (q.q2) > (q1,qb).ifo € T3\ Ty and g2 > gl
e undefined, otherwise.

The operation || synchronises shared events and inter-
leaves the others. Notation Al means a composition of
aset {Al,... A"} of FSA, ie. Al = Al|| ... | A™

2.1. Example of a manufacturing system

Consider the DES in Figure 1. Machines 1 and 2 receive
external raw material (events a and ¢), manufacture
workpieces types B and D, and deliver them to a buffer
(events b and d) in arbitrary ordering. Machine 3 assem-
bles pairs of workpieces type D in the buffer (event g), and
it is disabled for other types. Machine 4 picks up work-
pieces from the buffer (event e), packs, and removes them
from the system (event f).

Machines 1, 2, 3 and 4 can be modelled by the FSA G',
G?, G, and G* shown in Figure 2, so that the plant model
is given by the composition G = G! || G* || G| G~

For control, it is assumed that the buffer has capacity
of 2 workpieces, and one aims to prevent its overflow and
underflow. In addition, machine 4 can only remove a pair
type D from the bufter after they are paired by machine 3;
otherwise (the buffer is not full or it includes only type B
workpieces) machine 4 is enabled anytime and machine
3 is disabled. The specification E = E' || E* || E?, shown

;) Machine 1 Machine 3
b g

d
—C) Machine 2

f
Buffer ) © Machine 4 ———

Figure 1. Manufacturing system with intermediate buffering.

;

;'f:::::

oo -0%e -6
€ annee ..’:Q C.ZQ
\3 dig)

b,d

)

Figure 2. Plant and specification models for the example.

Table 1. Number of states (and transitions) for the example.

G E
8(32) 7(12)

K=E|G
56 (136)

in Figure 2, is modelled to control G. Dashed lines mean
events disablement in E.

Model E! disables the event e when the buffer is empty
(state 7). Also, the events b and d are disabled by E?
when the buffer is full (state r5). Furthermore, E> dis-
ables e and enables g when the buffer has exactly two type
D workpieces (state rg), forcing in this case g to occur
before e.

The composition K = E || G models the behaviour
expected for G under the control of E and Table 1 shows
the number of states of these models.

Model K can then be used as input to synthesis algo-
rithms. This Section discusses only options for FSA-
based DES modelling, while control synthesis frame-
works are approached in Section 2.

2.2. A motivating gap of ordinary FSA models

Despite the recognised role ever played by FSA for
DESs modelling, they face significant limitations when
applied on real industry-scale problems. It can be shown
Mohajerani, Malik, and Fabian (2017), Gohari and Won-
ham (2000), Cury et al. (2015), Teixeira et al. (2015),
Rosa, Teixeira, and Malik (2018), and Teixeira, Cury, and
de Queiroz (2018) that workflows commonly found in
factory automation, such as recycling, buffering, and par-
allel manufacturing, may require hundreds of thousands
of states to be expressed by ordinary FSA.

In Figure 1, for example, the activation of machine 3
depends on memorising certain sets of components in
the buffer in order to ensure their correct manufacture.
For a buffer with capacity of n workpieces, for instance,
this modelling might require n + 1 states to be handled. If
more than one type of workpiece were to be traced in the
buffer, then this modelling could be far more complex.

As these are manual tasks, memorising complex
sequences of events and states relies entirely on the



designer and it is not rarely unworkable. Alternatively, the
literature (Teixeira et al. 2015; Cury et al. 2015) has sug-
gested the possibility of enriching FSA with parameters
that model extra information or meaning about specific
parts of a DES behaviour. When properly engineered, a
parameter allows identifying and isolating certain con-
texts from others, throughout the system model, and
this can simplify design tasks. A formalism that sup-
ports embedding parameters into FSA is presented in the
following.

2.3. Parameterisation of events

Event-parameterised FSA (EpFSA) are state-machines
similar to ordinary FSA, but extended with a mechanism
that stores parameters of a DES model in the form of
instances of events, systematically mapped from the orig-
inal event set. The result is a model that provides addi-
tional information of a DES, which in general benefits
modelling.

Formally, a EpFSA maps each event 0 € ¥ into a set
of instances A° = {81, 8>, . ..,8,},and §; aims to store cer-
tain context semantics, which is to be further defined. In
this way, X becomes a reference event set for an instanti-
ated event set A = | J cx A°.

The mapping from A to the reference ¥ can be imple-
mented by IT: A* — X%, defined recursively such that
IT(¢) = € and T1(#8) = 1 (t)o for t € A*, § € A° and
o € ¥ (Cury et al. 2015). This map can be generalised
to any language L5 C A* by II(Lp) ={s€ T* | It e
Lo, 1(t) = s}. Inversely, M. x% - 24 maps from
the reference set X to the dilated domain A, and it can be
defined as IT7!(s) = {t € A* | T1(t) = s}, and extended
to any language £ by [171(L) = {t € A* | T1(t) € L}.

For an FSA A, the map I171(A) means replacing the
event of each transition by the respective set of instances
Ap. Inversely, I1(Ap) recovers each original event, so
that

(') =A (1)

follows Cury et al. (2015). This process is illustrated in
Figure 3.

When a DES plant is modelled by G, the correspond-
ing EpFSA G5 = I1~1(G) represents G with enriched

o1 A% = {591,651 ,...}
o2 «—— I «—— A%2 = {§72,652,...}
0 4>H714>

On A0n={5‘f”,5§”,---}

Figure 3. Event dilatation and recovering.
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context semantics carried by instances of events, and
the return to G is well defined from I1(G5) = G as in
Equation (1). However, note that Gy, is a particular ver-
sion of G that may enable more than one instance for
each event enabled in G. In practice, this means that G is
capable of recognising different context semantics for G,
but it is unable to choose which one applies at each step.

The choice for instances in A° = {81,385, ...,8,} of an
evento € ¥ depends on an additional model to filter G,
assigning its appropriate semantics. A filter, denoted Hy,,
has the unique role of imposing context switching to the
plant composition G || Hg. That is, Hy has no intention
to restrict G, by disabling events completely, as specifi-
cations do. Instead, it simply chooses which instance of
event should survive in Gy when more than one are eli-
gible. Furthermore, in this paper a filter is assumed to be
precise, as follows.

Definition 2.1: For a DES plant G, let G = (G
and let Hy, be the filter for G. Hy, is precise if, for every
state ¢ € Qg ||H, > and every event o € %, it follows that
P @l < 1.

Definition 2.1 ensures a single instance §; € A iseligi-
ble upon a transition in G, || Hg. It represents the context
to be enabled and all others are disabled.

2.3.1. Example with EpFSA
For the example in Section 2.1, the corresponding EpFSA
are depicted in Figure 4.

Events b and d are instantiated such that AP =
{bo, b1, by} and A = {do, d1,d>} and they aim to carry
extra information about the number of workpieces types
B and D in the buffer, respectively. Events e and g are also
parameterised as A = {eg, e,, ¢4} and A = {go, gu> La}
such that: ey and gy mean that the buffer is empty; e; and
g4 represent a set of type D workpieces in the buffer; and
e, and g, represent all other combinations.

Then, the plant models G%, i=1,...,4 enrich the
corresponding plants G' by recognising more contexts,
but they are unable to choose which context applies at

G%: “ G%: . G%: Gg:
@O @O -@> —@®

90,9n5 9d

bo, b1, b2 do,d1,d2 €0, €en, €4
Eot: Egp?2: Eo3:

| ! o L %
€o ..b2,d2 - i
€en,€ed bo, b1, do, d1 goygn,edd

Figure 4. Plant and specification models for the example.
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9a, b2, d2

) oe,
e bo
dy cn b1
d() €n
bo do
dn

dn

0,60 gn7b27d2

g
€d

S
(®

gnv b27 d2

Figure 5. Filter for the example.

Table 2. Number of states (and transitions) for the example.

Plant Specification Filter Composition
FSA 8(32) 7(12) - 56 (136)
EpFSA 8(72) 2(11) 6 (24) 56 (136)

frs bo,b1,b
every step of the plant. For example, transition g, ———>

qo is labelled with all instances of b, while it should pre-
cisely enable one. Such a complement is provided for the
plant G, by Hy,. For the plant in Figure 4, a precise Hy
can be designed as in Figure 5.

Note in Figure 5 that each state of H enables at
least one event in the instantiated event set Affo =
{bi,di, ¢j, gj}, fori = 0,1,2and j = 0, n, d, for each event
in the corresponding reference set I'l (Afo) = {b,d, e, g}
This means that Hy, acts strictly as a complement for G,
not ever restricting it. Furthermore, Hy enables exactly
one instance for each event in [T(APo) at each state,
which means that it is precise. Therefore, when composed
with Gy, Hg leads to a plant that keeps a single string
t € L(Gy, || Hy) for each corresponding s € £(G), while
still simplifying the specification Ep with respect to E,
besides to make it independent on buffer capacity.

In the example, overflow and underflow can be
avoided by Ep! and En?, and the correct actioning of
Machine 3 is guaranteed by En®. Table 2 shows the num-
ber of states of these models.

2.4. A motivating gap of EpFSA models

In comparison with FSA, EpFSA are more efficient to
design and memorise contexts of a DES, at the price of
modelling the filter Hy to complement its plant model.
Besides to be an additional step included in the design of
DESs, modelling Hy is also a manual task with complex-
ity difficult to be estimated in advance.

Therefore, although the instantiated version of the
DES model clearly benefits the project of specifica-
tions (as shown in the example of Section 2.3.1 and in
the literature (Cury et al. 2015; Teixeira, Cury, and de

Queiroz 2018)), it in contrast transfers modelling effort
to the plant, reverting parts of its advantages and making
its usefulness at least questionable.

In the following, we show that the filter Hy can nev-
ertheless be derived from a different notion of mod-
elling, which tends to be more tunned with the designer’s
perception, alleviating the burden added to the plant
modelling by EpFSA. We also exploit the automatic con-
struction of a modular version of Hy = Hy || - - - [|Hg,, ,
which can further benefit other steps of the project of
controllers, such as control synthesis (see Section 4), in
addition to design issues.

2.5. Parameterisation of states

State-parameterised FSA (SpFSA) are similar to ordinary
ESA, but their transitions include formulas over vari-
ables. Formally, a SpFSA can be expressed as a tuple
Ag = (Z, V,Q,q° Q%, Py, F) (Chen and Lin 2001; Teix-
eira et al. 2015) where X is the alphabet of events; V =
{v1,...,v,} is the set of variables; Q is the set of states!;
q° € Qistheinitial state; Q¥ C Q is the subset of marked
states; Py is the set of formulas over V;and I' € Q x
¥ x Py x Qisthe transition set that leads from a state in
Q to another, with an event taken from X, and formulas
taken from the set of formulas Py.

In this definition, a variable v is an entity with a finite
domain Dom(v) and an initial value v° € Dom(v). Then,
V ={v1,...,v4} has a domain Dom(V) = Dom(v;) x

- X Dom(vy,). In order to manipulate variables, SpFSA
use formulas from Py = {p1,...,pm}. In conjunction,
variables and formulas establish a new transition mech-
anism, also denoted differently (Chen and Lin 2001): a
transition from g to q; in Q, with the event 0 € ¥ and

g g
formulap € Py,is exposed as g kA q1- Notation gqo 7

o:p
means qo —> ¢ for some state q; € Q.

In order to differentiate variable values before and
after the transition, a mnext-state variable set V' =
V..., v}, with Dom(V) = Dom(V"), is associated to
V. Then, v € Dom(v) and ¥ € Dom(v') mean the value
assumed by the variable v respectively in the current and
next-state.

Structurally, each formula p € Py is constructed using
a set of current-state variables, denoted VP, and a set
of next-state variables, V[f,, such that V, € V and Vl/, -
V’. Then, the effect of evaluating formulas upon tran-
sitions can be described by their impact on variable
values associated with current and next-states. This
can be captured by the variation imposed to the gen-
erated tuple f/;, =W,...,v) € Dom(VI’,) = Dom(V}) x
cee X Dom(v]/») with respect to the source tuple ¥, =



(s -+ > Vm) € Dom(Vp) = Dom(vy) X - -+ x Dom(vy,),
which are called valuations.

A formula p € Py can either update or test variable
values upon transitions. An update p replaces the valua-
tion 17[,, associated to the current-state, to a new valuation
v, in the reached state, which is denoted by ¥, = p(¥p).
A valuation ¥, is said to be valid for p if ¥, € Dom(V}),
and f/l/, € Dom(V[,). Differently, test formulas (or guards)
do not change any variable value (VI/J = (), they simply
test values associated to the current state (,), disabling
or not the transition depending on the test result, i.e.
p(vp) = true or p(V) = false. Therefore, any valuation
Vp € Dom(V)) is valid over test formulas.

For the results in this paper, it is sometimes neces-
sary to infer about some particular variable values inside
a larger tuple. Let Vi = {v;,...,v;} be a set of variables
and 1 = (j,.. ., ;) be a valuation on V7. We denote by
¥1(V3) the values in ) that correspond to variables in V>,
forany V, C V.

To exemplify, let x and y be two variables such that
Dom(x) = Dom(y) = {1,2,3}, and V = {x, y}. Now let
x' =x+y+1 be a formula p; € Py that changes the
value of x', with V, = {x,y}, VIIH = {x}, Dom(Vp,) =
Dom(V), and Dom(VI’,I) = Dom(x). The current-state
valuations ¥, are in the form of (x, ) and the next-state
valuations ¥, are in the form of ().

Then, for a valuation f/Pl = (1,1), it follows that
p1(Vp;) = (3) and ¥, = (1,1) is valid with respect to
p1.For ¥y, = (2,2),thenp;(¥,)) = (5) ¢ Dom(V[,l),and
‘A’pl = (2,2) is not valid for p;. For a test formula, for
example y > 2, it follows that V,, = {y}, Dom(}V},) =
Dom(y), and the valuations ¥,, are in the form of (y).
Then, p>(¥p,) is true for the valuation ¥, = (3),and false,
otherwise.

Next, plant SpFSA are assumed to implement only
updates. This is because we want updates to be context
selectors for the plant, without imposing any restriction.
Differently, specifications only test value combinations,
from those enabled by the plant, and have the purpose
of disabling transitions upon false evaluations. These
assumptions are necessary conditions for the synthesis
algorithms with SpFSA to hold (Teixeira et al. 2015; Malik
and Teixeira 2016, 2020, 2021).

Furthermore, in order for the context selection to be
precise, i.e. for it to enable a single value combination at
each state, updates are assumed to be exact, i.e. for each
valuation ¥,, an update p(,) leads to a unique valuation
f/;,. This differs from approaches that also handle variable
abstraction, which in general deal with nondeterminism
of variable values (Teixeira et al. 2015; Malik and Teix-
eira 2020). Finally, updates are all required to be conver-

. fee o:p1 o:p2
gent, i.e. for any two transitions x; — y; and x;, —

y, with the same event o € X, it holds that 17;,1 = 9;,2.
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This means that two updates cannot implement divergent
changes on a variable, upon a same event.

Remark that, so far, a SpFSA is exposed in its implicit
form, i.e. including all formulations. In this case, the
value combination to be associated with each state is
unknown until each formula is in fact evaluated. After
that, the SpFSA becomes explicit, as each variable value
is revealed in each state and the state-space is unfolded.
In this paper, we use unfolded SpFSA for quantifications,
such as state-space, which is a measure for computational
effort.

Given a SpFSA A, = (%,V,Q,q°, Q% Py,T), the

o

explicit version of a transition gy —> ¢q; is written as

(90> Vp) 5 (q1 f/;,), such that ¥, and f/} are the valuations
in g9 and q;’, respectively. This can be extended to strings

se€ X* by (qo,Vp,) N (ql,%l). Notation (go, ¥p) >

means (qo, ¥p) 2 (q1, %), i.e. ¥ in go enables the event o
leading to some state q; € Q and some next-state valua-
tion ¥;,. The same notation is used for strings in £*, where

A, > means (@° Vpo) N (q,f/}’n) for some state g € Q

and some next-state valuation % > while A — g means

(@° Vpo) > (q,%l) for some s € X*. Then, L(A,) =
{se X" |A, > q € Q}is the language of A,,.

2.5.1. Example with SpFSA

Here, we show how the example presented in Section 2.1
can be remodelled using SpFSA and we highlight possible
benefits of that.

Let the FSA G!, G%, G? and G* from Figure 2 be now
modelled respectively by the SpFSA GL, GZG, G3€ and G46
as in Figure 6. Structurally, they are essentially the same,
except that the SpFSA update variables x, y € V. They are
defined with domains Dom(x) = Dom(y) = {0, 1, 2, 3}
and initial values x° = y° = 0, in order to memorise the
number of workpieces inserted in the buffer by Machines
1 and 2, respectively. The variables are updated by formu-
las on transitions with the events b and d (insertion) and
e (removal).

GZ‘:‘: ! u G%: 1 . G:é.: ! Gé: ! f
@
' —z+1 y +—y+1 z' 0
y <0
Bel: | Be?: | B ify=2

l g
©= d

ife4+y>0 if o 41 e
ifr+y <2 ) .
ify#2 fy=2

Figure 6. SpFSA models for the example.
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Table 3. Number of states (and transitions) for the example.

Plant Specification Filter Composition
FSA 8(32) 7(12) 56 (136)
EpFSA 8(72) 2(11) 6(24) 56 (136)
SpFSA 72 (380) 2(14) 56 (136)

The benefits brought by updating x and y in the system
plant can be really seen when remodelling E. Underflow
and overflow can now be prevented respectively by the
modular specifications Eg! and Eg?, while the correct
activation of machine 3 (occurrence of g only for a pair
type D) is controlled by the specification E¢>, depicted in
Figure 6.

Model E¢' tests the values of x and y before enabling
the events b, d, e and g, which is independent on buffer
capacity. This comes at the price of constructing the
updates in the plant model, but this is rather an intuitive
task, in general.

For SpFSA, the plant model is given by the compo-
sition G = Gle | Gze | G% | G4€, and the specification is
modelled by E¢ = E¢! || E¢? || E¢® || E¢*, so that K¢ =
G |l E¢ expresses the behaviour expected from G when
controlled by E¢. Table 3 shows the number of states and
transitions for these models. For the sake of clarity, it also
repeats the statistics for all approaches.

Note that K¢ is modelled with 56 unfolded states,
therefore the same number as K (and Kp). This suggests
that the computational cost to process both models is the
same, but the modelling of K¢ and Kp is much simpler
and it remains simple for any buffer size to be considered.

Actually, the difference between K¢ and Ky is that K¢
can keep memory of a DES model by manipulating simple
formulas, engineered over a high-level view of the system.
Differently, obtaining Ko requires the manual construc-
tion of a filter Hy, which is unsystematic and it can be
complex (see Figure 5). In practice, the construction of
Ko only transfers modelling effort from the specification
to the filter, so that its real advantages are unclear to be
claimed.

2.5.2. Amotivating gap of SpFSA models

Despite possible modelling advantages brought by the
easy way behaviours and restrictions are expressed,
SpFSA do not fully exploit modularisation under control
synthesis. ~ There are  abstraction techniques
(Teixeira et al. 2015) that work modularly (Malik and
Teixeira 2016, 2020) by removing unnecessary variables
from synthesis. Variables to be ruled out are chosen
according to the role they play in control, and this
reduces the computational effort needed to process syn-
thesis. However, those techniques do not work with par-
tial abstractions, i.e. abstractions that, besides removing

unnecessary variables, also remove unnecessary parts of
necessary variables.

Partial abstractions are more complicate to be con-
structed, as variable domains are intrinsically insepara-
ble, so that they are usually taken entirely in synthesis.
When a variable domain is large and combined with
other variable domains, it tends to create huge states-
spaces that limit algorithmic treatment and prevent, to
some extent, modelling advantages to propagate through
synthesis and implementation phases. Parallel advan-
tages can be taken by converting SpFSA into EpFSA, as
shown in the following.

3. Proposed conversion method

This Section shows how EpFSA can be derived from
SpFSA. The idea is to conduct modelling using SpFSA,
converting then into EpFSA for synthesis. Advantages of
this method are quantified in Section 4, and the general
context of the conversion is illustrated in Figure 7.

The first column illustrates the usual case where a DES
and its specifications are respectively modelled by the
FSA G and E, where K = G || E is the synthesis input
using the classic monolithic SCT framework (Ramadge
and Wonham 1989).

In the third column, SpFSA are used to handle mod-
elling. It uses the same event set X as for FSA, but it is
helped in modelling by variables and updates. The result
is that FSA G and E are now expressed by SpFSA G and
Eg, which leads to a composition K¢ that can be used as
synthesis input for the algorithm in Teixeira et al. (2015).

The second column structures modelling on a differ-
ent, dilated, set of events, A. This leads to a plant G that
is complemented with Hy for context recognition and
switching. In the same way, E turns to be modelled by
E5 and the synthesis input is then given by the compo-
sition Kp = Gg || Ep || Hg, such that [1(Kp) and K are
expected to be language equivalent? (Cury et al. 2015).

Summarizing, FSA, SpFSA and EpFSA are expected
to compose equivalent synthesis inputs. However, ordi-
nary FSA are usually limited for modelling. Differently,
SpFSA are more suitable for modelling, but not directly
for synthesis.

For example, the algorithm in Teixeira et al. (2015)
synthesises for controllability and least restrictiveness of
SpFSA, but it does not work for nonblocking results. Fur-
thermore, a supervisor computed from SpFSA is another
SpFSA that makes implementation more difficult, as it
still includes formulas and updates. Finally, the SpFSA
synthesis result is also difficult to be compared with an
ordinary supervisor, as SpFSA and FSA do not usually
share the same properties (Malik and Teixeira 2020).



FSA
Events P
States Q,q°, Q%

Plant

Specifications

Synth. in-
put

Framework | (Ramadge and Wonham 1989)

Figure 7. Structural comparison of FSA, SpFSA and EpFSA.

This motivates us to take advantages from SpFSA
in modelling, but using their ordinary EpFSA version,
obtained from our conversion method, for the further
steps of control engineering. EpFSA have the advantage
of keeping modularity by renaming events according to
contexts, which in synthesis is essential to split compu-
tation in smaller, simpler, parts (Teixeira, Cury, and de
Queiroz 2018). Next, we present the proposed conversion
method in details.

3.1. Converting SpFSA into EpFSA

Recall that, in a SpFSA, a transition with a given event
o € ¥ may implement formulas p € Py that use or test
variables values (v, ..., Vj) = ¥, € Dom(V}), leading to
a deterministic valuation (v¢/,..., /) = f/}) € Dom(V[/))
at every state.

Variables in the sets V, and V[/,, and their valuations
Vp and ¥y, are parameters that represent the DES con-
text in its current and next-states, respectively. In order to
reproduce similar effect using parameterised events, one
option is concatenating each original event to a param-
eters describing the change from current to next con-
text. This notion leads to a new set of parameterised
events.

Systematically, if there is no context switching upon
a transition, i.e. the transition does not implement any
formula and Vj, UV, = ¢, then there is no need for cre-
ating a parameterised event. However, if V, U VI/’ #+ 0,
then at least one variable value has been modified or
tested upon the transition and parameters representing
this modification must be added to the in-construction
EpFSA. This construction is formalised by first defining

a set of variables V° = Uj Vp; U VI’,],, for all 72 Then,

for a valuation WA/? € \A)"’, such that Vo = Dom(V?), the
context switching can be captured by the parameterised

GQ ” Eo H Hg
(Cury et al. 2015)
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EpFSA

Ge”EQ‘

|

(Teixeira et al. 2015)

event 0y, o, meaning that the variables in V° have the
valuation \Aff before the transition with o.

For instance, consider the transitions M and
ZEZ™ such that Dom(z) = Dom(w) = {0,1}. First,
V7 = {w,z} is created, because V,y o = {w}, V), _, =
B, Vo w = {z},and V,, _ = {w}. Observe that all vari-
ables involved in the updates related to o are elements in
V7. Then, V7 = Dom(V°) = {(0,0), (0, 1), (1,0), (1, 1)}
includes all valid combinations for variables in V. Now,
by concatenating the event o, the variables V?, and each
possible combination @? € V7, one creates the param-
eterised events as Oyofios 1€ Owz00, Owz01> Owzl0s and
Owzll. ’

By doing this for all events, and all possible variable
changes, an EpFSA can preserve exactly the same seman-
tic of updates as a SpFSA, but using a different mecha-
nism, which enriches transitions instead of states. In this
paper, the entire conversion is founded on the four-steps
procedure in Figure 8.

The first step extracts all contexts to be possibly
assumed by the SpFSA plant G, and specification

conversion

1
Context Algorithm 1 :
extraction : |
T |
Plant @ : Algori I I
ithm 2 L G, '
conversion : ¢ : g : - :
| | | |
. ! : :

Switching i ;

L[ Algorithms 3 and 4 (1) !
extraction . gt an i i |
| 1

: | : |

1

Specific. | : I |
1 ! :

| 1

| 1

\ 1

\ 1

Figure 8. Conversion process from SpFSA to EpFSA.
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Algorithm 1: ConTexT EXTRACTION FROM SPFSA TO EPFSA

input :plant G, = (Z¢, Ve, Qg 95 Q% Pve. ')
specification E¢ = (g, Vi, Qp, 47> Q%» Pve, T')
output: set of parameterized events A

1 begin
2 A0
3 foreach o € 5 do
4 A — BV 3,0 — ¢
5 foreach transition q; U—P> q2 € I'g UTg, such that
q1,92 € Qe UQE, p € Pyg U Pyg ande UVI/’ #0
do
6 ‘ V7 < VI UL U,
7 end
8 foreach \A/f € Dom(V?), such that V° = {v;, ..., Vi)
and Dom(V?) = Dom(vj) x - - - x Dom(vg) do
9 Vo «—Vou @f such that Vf WU Vlé) is valid
with respect to p V transitions
q U—P> g €' UTE
10 end
11 A’ «— A’ U {JV(,W }, for each %A/f’ e Ve
12 if VO = (J then
13 | A «o
14 end
15 A<« AUA
16 end
17 return A
18 end

Ee (Algorithm 1). This generates a set of parame-
terised events A, each representing a context. Then, the
SpFSA plant G is converted into an EpFSA plant Gy
(Algorithm 2). As initially G may not be precise, a filter
is constructed in the third step by extracting the context
switching behaviour from variable updates (Algorithms 3
and 4). Finally, the fourth step maps the restrictions
modelled by the specification, from SpFSA to a EpFSA
(Algorithm 5). Each algorithm is introduced, discussed
and exemplified in details in the following.

3.1.1. Context extraction

For context extraction, Algorithm 1 initially takes the
new alphabet A as empty (line 2). Then, for each event
o € X,itconstructs a set of parameterised events A rep-
resenting all possible contexts that o can assume. V is
the set of variables involved on context representation of
o and V7 is the set of possible valuations for V, that is,
@'f e V7 such that @j’ € Dom(V?).

Initially, A”, V? and Vo are all empty (line 4). Then,
all transitions labelled o : p are read from the input
SpFSA G and E¢ (line 5) in order to identify the vari-
ables that represent contexts for o. Variables in V, U

VI/, are added to the set V. Next, each valuation \A/f €
Dom(V?) is inserted into the set \A)'”, as long as \A/f is

valid with respect to all formulas on transitions with o
(line 8).

Finally, each parameterised event is created by asso-
ciating to o the variables in V? and each of the valid
valuations V? in V7. Ifno parameterised event have to be
created (i.e. Vo = ) then o is added to A”. As a result,
Algorithm 1 identifies all possible contexts in G and Eg,
and reproduces them in A by using a mechanism that is
free from formulas and variables.

3.1.1.1. Example. For the input models in Figure 6, it
is possible to obtain the corresponding Ap by using
Algorithm 1. Events a, ¢ and f have no transitions
with formulas in Figure 6 (V, =V, = follows for
all transitions), then A® = {a}, A° = {c}, and A = {f}.
The formulas X' <— x+ 1 and if x+ y < 2 are associ-
ated with the event b, then the set of variables asso-
ciated with b is V® = {x,y}. The set of valuations
in the form (x,y) of VY that are valid with respect
to all formulas associated to b in the plant is Vb =
{(0,0), (0, 1), (0,2), (0,3),(1,0), (1, 1), (1,2), (1, 3),(2,0),
(2,1),(2,2),(2,3)}. Because x == 3 would assign a value
beyond the domain of x, the valuations (3, 0), (3, 1), (3, 2)
and (3,3) are not valid. Therefore, the set of parame-
terised events for b is A? = {b3xy00,bxy01> bxy02,bx903 by 10
bxylb bxylZa bxy13: bxy20> bxyZl’ bxy22> bxy23}-

In the same way, for the event d, V9 = {x, v} Vi =
{(0,0),(0,1),(0,2), (1,0), (1,1),(1,2), (2,0), (2, 1),(2,2),
(3,0),(3,1), (3, 2)}’ and Ad = {dxyOO) dxyOla dxyOZ: dxy10>
dxylb dxylZ: dxyZOa dxyZl > dxy22’ dxy30’ dxy?:l’ dxy32}$ for e,
V¢ = {x,y}, V¢ = {(0,0), (0,1), (0,2),(0,3), (1,0),(1, 1),
(1,2),(1,3),(2,0), (2,1),(2,2), (2,3),(3,0), (3, 1), (3,2),
(3,3)}, and A® = {exyOanxyOI’exyOZ’ €xy03>€xy10> €xy11>€xy12>
€xy13> €xy20> Exy21> €xy22> €xy23> €xy30> €xy31> €xy32s> €xy33 )3 and,
for g V&={y}, V¢&={(0),(1),(2),(3)}, and A=
{gyOagylagyZag)B}-

3.1.2. Plant conversion
In order to convert the plant into an EpFSA, Algorithm 2
replaces each event o of a transition in G’é by the corre-
sponding parameterised set of events A’ € A. For that,
it initially constructs a structure of states identical to the
input SpFSA. As the new alphabet and transition relation
are undefined at this point, they are started as empty.
For each transition labelled with an event o in the
input SpFSA G’é (line 4), the corresponding events A° &
A are included into the output EpFSA alphabet Ag
(line 5). Then, new transitions are created replacing the
event o by each of the parameterised eventsin A” (line 6).
Finally, those transitions are included on set I'p.

3.1.2.1. Example. By taking the alphabet A, generated
by Algorithm 1, it is possible to create the EpFSA in
Figure 9 by providing the SpFSA plants in Figure 6 as
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Algorithm 2: PLANT CONVERSION FROM SPFSA TO EPFSA

Algorithm 3: SWITCHING EXTRACTION FROM SPFSA To EPFSA

input : SpFSA plant G;; = (Z,V,Q,¢°, Q%, Py, T)
set of parameterized events A
output: EpFSA plant G = (A9, Qq4,4%,Q%.T0)

1 begin

2 Q@eQrQ%(_Qw’AD(_g)FQ(_@

3 q°® <~ q°

4 foreach transition q; k4 q2 € T, such that q1,q; € Q,
o € Xandp € Py do

5 Ap < Ap UA?

6 I'p < T'p U{q N 2}, forall§ € A”

7 end

8 return G};)

9 end

1. 2. 3. 4,
ah: T G3: ahi
W@ - —@Wo —~@5@
bzy007bzy01 dzy007dzy01 9y0 €xy00, €Exy01
bmy027bzy03 d1y027d1y10 9y1 €xy02, €xy03
bzy107bmy]] dzy]]ydzy]Q 9y2 €zyl10, Exyll
b1y127b1y13 d1y207d1y21 9y3 €xyl2, €ryl3

dzy227dzy30
d1y317d1y32

bzyQOabmyQ]
b1y227b1y23

€xy20, Cxy21
€xy22, €ry23
€xy30, Exy31
€xy32, €ry33

Figure 9. Converted plant models.

input to Algorithm 2. The result is that each event o € X
is replaced by the corresponding A” € A.

3.1.3. Context switching

Note that the models resulting from Algorithm 2 require
to be complemented with a mechanism to select and
switch contexts. Without context switching, events of an
EpFSA may occur ambiguously with respect to the source
event (signal) in the DES plant, from which they have
been created.

To avoid such a problem, Algorithms 3 and 4 explore
the updates in G, to create a set, denoted H, of additional
EpFSA, named filters. Models in H aim to implement
context switching based on how variables in V' change
their values upon transitions.

In this paper, for the sake of clarity, the construction
of H is illustrated in 2 steps: Initially, we use Algorithm 3
to calculate an intermediate set H’ of filters H,,, each one
addressing the context switching of a particular variable
vi € V; Then, we use H’, and Algorithm 4, to calculate
the final set H of 2-state modular filters, such that Hy =
Hl = gl

The reasoning behind Algorithm 3 can be stated as fol-
lows. First, the set H' is initialised as empty. Then, for
each variable v; € V a EpFSA filter H,, is created and
added to set H'. The process of creating each H,, is as
follows: first, a set of states Q,,, representing each possi-
ble value in the domain of variable v;, is created (line 4);

input : plant model G, = (%,V,Q,4°,Q”, Py,T)
set of parameterized events A

output: set H' of non-modular EpFSA representing the plant
context switching

1 begin

2 H <~ ¢

3 foreach variable v; € V, such that Dom(v;) = {Vi1,...,Vin}

and v{ € Dom(v;) do

4 Qv < {qwy;---» 97, }

5 q% é_'%f’Q% <~ Qw

6 A @, Ty <0

7 foreach transition q 2% erdo

8 foreach parameterized event Oyoto € A?, such

that v; € V° do

9 curr < Ve i)

10 if v; € V[’ then

11 ‘ next <—p(§7"(Vp))

12 else

13 | next < curr

14 end

15 A" = AU {0y g0 )}

Oyo o

16 Ly, < Ty Uiqeurr > Qnext)
17 end

18 end

19 H,, < (A%, Qv q%: Qiﬁ) Iy)

20 H « H' U{H,}
21 end
22 return H'
23 end

second, the initial state g, is defined to include the initial
value v{ € Dom(v;) of the variable v;; third, all states are
marked Q) = Q) and sets A" and I, are initialised
(line 6); then, all transitions and parameterised events of
H,, are created based on how the variable v; changes its
values upon transitions.

In this way, each event o of a transition g 7% €T has
a corresponding parameterised event set A”. And, each
parameterised event Oyoto € A’ identifies: (i) which
variable has changed its value upon the occurrence of o,
in V° ; and (ii) what was the value of this variable before
o,1in V7, i.e. the current-state value. The value assumed
after o can be calculated by simply applying formula p to
V.

Therefore, as each state in Q,, maps a value of v;, it is
possible to create transitions in I',, labelled Oyoio such
that: the current-state () identifies the current value
of v; (i.e. Vo (vi) (line 9)); and the next-state (nexr) iden-
tifies the value assumed by v; after the transition (i.e.

p(\A/" (Vp)) (line 11)). When g Z& does not changes the
value of v;, i.e. v; ¢ V;,v the current and next-state are
assumed as the same (line 13).

The event Oyoto € A° is added to the event set A"
(line 15) and the created transition is added to I'y,. The
created non-modular filter model H,, is added to set H’,
which is returned by the end of the algorithm.
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3.1.3.1. Example. Given the alphabet A, resulting from
Algorithm 1, one can automate the design of the EpFSA
filters in Figure 10, by giving the SpFSA plants in Figure
6 as input to Algorithm 3. As V = {x,y}, Algorithm 3
creates the filters Hy and H,, for the variables x and y,
respectively.

Consider the variable x, for example. A state set
Qx = {90-91- 92,93} is created to map the values of
Dom(x) = {0, 1,2, 3} (line 4). The initial state is defined
as qo, because x° =0, and all states are marked.

Then, for each transition g 7% €T in the plant
model, and based on the corresponding events Oyoipo €
A?, for x € V°, the transitions of H, are created as
follows:

b:
. forq—p>,withp—x’ «—x+1:

bxyOO bx 01 bxy02
o transitions go — g1, qo > q1> 90— q1, and

bxy03
qo —> q1 are created, because the current-state

value of x is 0 and the next-state value of x is

p0) =1;
bxy1o by bay12
o transitions q; —> q2, q1 —>q2, q1 —>Q2, and
bxy13

q1 — q2 are created, because the current-state
value of x is 1 and the next-state value of x is
p(1) =2

bxyZO bx 21 bxyZZ
o transitions g —> g3, q2 - q3> g2 —> g3, and

bxy23
q2 — g3 are created, because the current-state

value of x is 2 and the next-state value of x is

pQ2) =35
Hy b:cyOO Zzylo bzylo dmy20 bzyQO Zmy'do
€200 xyll Ty . xy31
€z2y01 :
€xy02
€2y03
day00
dmyOl
dzyOQ
bxyOl bzy02 bzyOS
]{%; dnyO Zmyll dzyOl ZmylZ dzyOZ ZwylS
encyOO dacyl() zy21 dmyll ry22 dmle zy25
oy10 dmyQO gy1 d1y21 Gy2 dzy22 9y3
€ay20 Jx d.’l?’il/30 ::; < 1 K
€xy30
b:tyOO
bzle
by
;zio Z;Z?i €xy02 €xy03
€zyl2 €xyl3
Cry2l epyn9 €xy23
€xy3l €zy32 €zy33

Figure 10. Non-modular filters.

ag bO
b1 a2
co co
c1 Cc2
; a0, b+, —~<
a1, bz, c1,c2
0 T b1,a2
Figure 11. Example of superstates.
e:p . ,
e forq—, w1thp =x <« 0
€xy01 €xy02 €xy03
o transitions qo—> q0» qo—> qo, QO—> qo> go—>
€xy10 €xyl1 €xyl2 €xyl3
q0> 41 q0,> 41 qo, q1 qo0, 91—
€xy20 €xy21 €xy22 €xy23
q0> 92 q0> 92 q0> 92 q0> 92 q0>
€xy30 €xy31 €xy32 €xy33
92 q0> 92 q0> 92 qgo and g - q0

are created, because regardless the current-state
value of x, the next-state value of x is always 0;

d:
. for—p>, such that p does not update x, it follows that:
.. dxyOO dxyOl dxyOZ dxle
o transitions qo 40> 90 q0> 90 q0> q1

dxyl 1 dxyl 2 dxyZO dxyZl

q1> 91 q1> q1 q1> 92 qQ> 42—

dxy22 dxySO dxyS dx 32
92,92 92,93 q93>93 q3 and q3 =
q3 are created as self-loops, because regardless
the current-state value of x, the next-state value

is the same;

The same reasoning applies for the variable y, which leads
to the EpFSA filter H, shown in Figure 10. Then, Hy =
H = {Hx, Hy} can be exposed as set of non-modular
filter models. Next we show how to obtain the modular
version of H'.

3.1.3.2. Non-modular to modular conversion. The idea
of superstate plays an essential role for the modular
derivations that follow. For an FSA A, it is possible to
create an FSA A’, such that a group of states in A is repre-
sented by only one state in A", which is called a superstate
(Bassino, Béal, and Perrin 1998). Each different grouping
of states in A leads to a different FSA A;, and it follows
for all cases that A = A;, which denotes that A; includes
A and may be a more permissive model.

Figure 11 illustrates this idea by an example of an FSA
A with three states (qo, q1 and g3) and three 2-state mod-
els (Ag A1 and A,). In A, the states g; and g, from A are
combined into a superstate gq1,2), while state go remains
unchanged. Transitions between the states q; and g, in A
are now self-loops on the superstate g1 ,2). The same fol-
lows for A; and A,, which could include two superstates
q10,2} and q10,1}- Note that L(Ag||A1]|Az) = L(A).



Algorithm 4 NON-MODULAR TO MODULAR FILTER CONVERSION

input :set H' of non-modular EpFSA filters
output: set H of 2-state modular EpFSA filters

1 begin
2 H<« @
3 foreach model HJ/ € H', such that H]( = (Aj’-, QJ’-,qf’, QJ‘-‘”, l"]f)
do
4 C < Ulujj cij}, such that u;; # @, ¢ # 0,
uij U cj = Qj, u N ¢j = Pand |uy| = 1
5 foreach {ujj,c;} € Cdo
6 Aj < A]’.
7 Qij < {quy» qc;}
. !’
8 if g; f u;j then
9 ‘ 9ij < quy
10 else
11 | a4 < a4y
12 end
13 Qg? <~ Qj
14 [jj <0
15 foreach transition q; 3 ¢ €Ty do
16 if q1 € w;jj and q; € u;j then
8
17 ‘ Lij < T U{qu; — quy}
18 else if q; € ¢jj and q; € c;j then
s
19 ‘ Iyj < T Ufqe; = qc;}
20 elseif q; € ujj and q, € c;j then
s
21 ‘ Lij < T U{qu; — 9}
22 else
s
23 ‘ Iyj < Ty U{qge; = quy}
24 end
25 end
26 Hjj < (A, Qijs 43 Qi » Ty)
27 H<«~ HU {H,-j}
28 end
29 end
30 return H
31 end

The idea of superstates is now used to rebuild the com-
ponents in H; € H'. This leads to very compact models
that, as shown in Section 4, have potential to benefit syn-
thesis. The following Algorithm 4 takes as input the set
H’ and it constructs the set H that includes only 2-states
EpFSA.

The key idea of the algorithm is established on line 4,
that creates all possible combinations j of two sets of states
ujj and cj;. We assume that u;; is a unitary set including a
state from Q;, while ¢;; is its complement set that includes
all other states from Q;, except u;;. In conjunction, each
combination j of u;j and ¢;j models a state q,; and a
superstate gc; of a 2-state modular filter Hj;.

The reasoning behind Algorithm 4 is explained as fol-
lows. Firstly, the event set Ajj is assumed to be the same
as A;. Then, the state set is created based on the two sets,
ujj and c;j, such that Q;; = {quij, qcij} (lines 6 and 7). The
initial state gj; is defined as gy, if q;’" € ujj, or as qc;; oth-
erwise. The marked state set and the transition relation
are then initialised.
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For each transition ¢ 2 92 € T'jj in Hj, a new tran-
sition is created in Hj; by verifying if the states q; and
g are either the state q,,; or combined into the super-
state qc; (lines 17 to 23). On line 26 the modular filter
Hijj is constructed and added to H. By repeating this pro-
cedure for all components in H’, the algorithm leads to
a set H = {Hj,...,H;} that can be composed to form
Hy=H I When composed to the plant model G, Hy
represents equivalently the context updated by variables
and formulas in G, using a different construction.

The following proposition confirms that the proposed
method preserves the same behaviour after conversion,
i.e. that Gy || Hy is equivalent to the explicit version of G .

Proposition 3.1: Let G, be a SpFSA modelling a DES
plant, and let G, and Hg be EpFSA computed from G
by Algorithms 2, 3, and 4. Then, it follows that

L(Gg) = L(IT(Gy | Hyp))-

Proof: Given a SpFSA plant model Ge = (qu, Ve, Qg
qo@, Q@, Pye, F@), converted EpFSA plant GZD:(A@, Qo
q%, Q%, 1";3), and filter model Hy = (AH, Qw» 95p>
Q% FH), lets € ¥*and o € T ¢, such thatso € ,C(Ge),
we show that also so € L(IT(G4 || Hg)).

First, so € E(G@) implies, by construction, that
there exists a valuation v, € Dom(V,) that is valid for
some p € Py, which also implies that there exists f/}, €

Dom(VI’,) such that, for go, g1 € Qg the transition G, N

(90> ¥p) AR (91, f/;,) exists. Also, as by assumption in this
paper updates are all exact, then the valuation ¥, leads to
a single possible next state valuation /.

From Algorithm 1, the valid valuations ?/p upon
the event o lead to a set {§p,...,8,} = A% of events
(line 11). Then, by Algorithm 2, there exists transi-

tions g3 ﬂ) qa, for all §; € A%, with g3,q4 € Qo. Fur-
thermore, from Algorithm 4, each possible valuation
is represented by a state, i.e. ¥ and ¥, can be repre-
sented by states g5 and g¢ € Qp. Because the valuations
are exact, for each different valuation f/p there is only

one corresponding transition gs LA gs € 'y, such that
i € A?. Therefore, after y € L(Gy, || Hy), for TI(y) =
s, also yd; € E(GD | Hg), and as I1(5;) = o by con-
struction, then so € E(H(GQ | Hg)), which generalised
shows L(Gg) € L(TT(Gy || Hy))

For the inverse inclusion, let § € A, and y € A*, such
that y§ € L(Gg || Hg). We show that TI(y8) € L(G).

14 )
Construct Gy || Hy = go — 41, for qo,q1 € Qp. From

8
Algorithm 4, the transition qo — ¢q; is constructed
univocally from a set of transition (Algorithm 2) for
events in A, such that I1(8;) = o, for every §; € A°
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(Algorithm 1). As A% # {J, there exists at least one

o
valid valuation so that ¢ REN g3 in G, for 0 € X¢
and ¢2,93 € Qe. In the explicit notation, there exists

I
Ge — 2 (g2, 9p) 2 (g5,7,) and TI()o € L(Gg). W

3.1.3.3. Example. From the EpFSA filters in Figure 10,
Algorithm 4 can calculate a set of 2-states EpFSA to be
the modular filter. For instance, consider the model H, =
(Ax, Qx, g5, QY5 ') and the corresponding 2-state mod-
els in Figure 12. The set of possible combinations of Qy is
C = {{{ao}- {91, 92, 93}}, {41}, {90, 92, 931}, {92} {90, 91
g3}} g3} {90, 91, 9211}, that is, u; = {qo} implies ¢; =
(91,92, 93} w2 = {q1} implies c; = {qo, 92, q3}; u3 =
{q2} implies c3 = {q0,q1,93}; and uy = {gq3} implies
¢4 = {q0,q1>q2}. Then, for each u; there exists a 2-
state filter model Hy, with construction exemplified
as follows.

Given u; = {qo} and ¢; = {41, 92, ¢3}, the initial state
is qu,, because g € u; (line 9) and the set of states
is Qv = QY = {quy>9c,} = {g10}> 901,2,3}}- Also, for each
transition in I'y, a transition in Iy, is created, such
that:

I{11: bxy007b7y01
zy027 Ty03

ba:yl(% b:vylly b:sy127 bzyli}

bTyQO, b:r,yZla bacy227 b.ry23
dwy107dzy117dxy12
dzy207dmy217dzy22

€2y00, €xy01
Ezy02aezy03
d_LyOO) J.y()l

e transitions labelled ex00 €xy01> €xy025 €xy03> dxy00> dxy01>
and dyyo2, are a selfloops on the state go € Q. There-
fore, the created corresponding transitions on I'y, are
also a selfloops on state g, , because qg € uy;

e transitions labelled b.y00, bxyo1, bxyo2, and byyos, depart
from qo to q1 € Qx. Then, the created corresponding
transitions in I'y, are from g, to q.,, because g € u;
and q; € cy;

e transitions labelled €xy10> Exyll> €xyl2> Exyl3> €xy20> €xy21>
€xy225 €xy235 €xy30> €xy31> €xy32> and €xy33> depart from q1»
g2 or g3, to qo € Qy. Then, the created corresponding
transitions in I'y, are from g, to qy,, because g € u;
and q1,92,93 € c1;

e all other transitions from I'y do not leave or reach
qo- Therefore, the created corresponding transitions in
Iy, are selfloops in g, , because qg ¢ ci;

Now, we can repeat this: for u; ={g;} and c; =
{40, 92> g3}, which results in the filter Hy,; for uz = {q»}
and c3 = {40, 41,93}, resulting in the filter Hy,; and for
uy = {gq3} and cs = {40, 91,92}, resulting in the filter
Hy,. Similarly, the set of EpFSA filters Hy,, Hy,, Hy,, Hy,
can be obtained from Hy, and they are shown in
Figure 13.

H .
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Figure 12. Modular Filters for variable x.
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Figure 13. Modular Filters for variable .



3.2. Specification conversion

One remains to show how control specifications mod-
elled by SpFSA can be converted into EpFSA that express
equivalent control rules. This construction is structured
as in Algorithm 5. For each model E¢', it is created a cor-
responding event-parameterised model En’ that imposes
equivalent restrictions to the plant. However, instead of
disabling transitions using test formulas, Ep’ exploits the
dilated alphabet to reproduce the same effect.

To construct Eg’, the algorithm applies a very simple
strategy: it reads E¢’ and identifies the variable value that
have been prohibited by test formulas. Then, it disables in
Eo' transitions including events that correspond exactly
to those variable values.

Initially, Algorithm 5 creates a structure of states iden-
tical to the input SpFSA and starts the alphabet and
transition relation of Ep’ as empty. Next, it reads all tran-

sitions — from E¢' to create the alphabet and the tran-
sition relation for the output Ep'. Based on each event
o read, the parameterised events in A’ are added to the
output alphabet (line 5). Then, transitions in the out-
put EpFSA are created for the parameterised events o7

in A%, such that p(@'(Vp)) = true, that is, transition for

which the valuation in V is true for the formula p (line 7).
Transitions in Eg’ that do not have formulas associated to,
are directly added to the set of transitions I'p (line 9). All

other are disabled, because p(V(Vp)) = false.

3.2.1.1 Example
The SpFSA specifications of Figure 6 are given as input
to Algorithm 5 and the resulting EpFSA are shown in
Figure 14.

For example, Eg! enables an event e only when
x+ y> 0 is true. Equivalently, Ep' disables the instance

Algorithm 5: SPECIFICATION CONVERSION FROM SPESA T0O EPFSA
input : SpFSA specification E¢’ = (%, V, Q,4° Q*, Py, T")
set of parameterized events A
output: EpFSA specification Ep' = (A, Qg.9%,Q%.'0)
1 begin

2 Qo < Q Q3 < Q% Ap < WTp <0

3 q% <~ q°

4 foreach transition q; 2R q2 € T, such that q1,q; € Q,

o € X, p € Py and V), is the set of variables in p do
5 Ap < Ap UA?
6 if V, # () then
Oy
7 I'p < T'p U{q: AN g2}, forall oy, € A”
such that p(@(Vp)) = true

8 else

9 ‘ I'p < TI'p U{qlng},forallaeA”

10 end
11 end
12 return Ep
13 end
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Figure 14. Converted specification models.

exyo0 of e, representing x = y = 0, as p(0,0) = false. In
the same way, E¢? enables b and d when x + y < 2 is true.
Then, Ep? disables the parameterised events that model

p(x,y) = false.

3.3. Test cases

Now we test our approach with respect to other exam-
ples in the literature. Four cases are selected, and they
represent workflows typically found in a industrial envi-
ronments, described briefly as follows:

e Example 1 (Wonham 2010): two machines intercon-
nected by a buffer with capacity n (we fix in 2 for test).
This example exploits the memory necessary to trace
all possibilities of insertion and removal in a buffer;

e Example 2 (Aguiar et al. 2013): a manufacturing
line where two concurrent machines produce differ-
ent types of workpieces, that are then delivered to
a shared 2-positions buffer. Depending on the order
in which the workpieces are manufactured by the
two machines, they are treated throughout the pro-
cess. This means that a model for this example has
to memorise every combination of workpieces all the
way out the manufacturing line (Rosa, Teixeira, and
Malik 2018).

e Example 3 (Zhong and Wonham 1990): an industrial
transfer line that allows rework of material. This exam-
ple remounts to Zhong and Wonham (1990), and it
has been revisited several times since then by the liter-
ature. It fairly illustrates a possible blocking problem
(Wonham 2010), besides to be a good measure for
design and synthesis complexity (Cury et al. 2015),
and modularisation alternatives (Teixeira, Cury, and
de Queiroz 2018);

e Example 4 (Silva, Ribeiro, and Teixeira 2017): a flex-
ible manufacturing system that receives two types of
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Table 4. Number of states (and transitions) for literature problem
models and corresponding converted models.

Domain 1 2 3 4

G 14(22) 3640 (15604) 288 (888) 921600 (7937280)
E¢ 1(2) 21(193) 4(26) 128 (2438)
K¢ 10(14) 3500 (9236) 624 (1180) 14580 (56376)
Gy 4(16) 40 (7104) 12 (200) 2048 (108032)
Eon 1(6) 21 (2443) 4(70) 128 (5632)
Hgy 4(6) 169 (546) 65 (306) 1200 (13200)
Ko 10(14) 3500 (9236) 624 (1180) 14580 (56376)

workpieces from an external feeder. Machines and
operations throughout the system are orchestrated
according to the type of workpiece that has entered
the line. As the system is expected to produce multi-
ples types of workpieces in simultaneously, one has to
trace every possible combination of products through-
out the line, which has potential to require a huge
amount of memory and modelling effort (Malik and
Teixeira 2020).

The four examples were firstly modelled using SpFSA,
and then converted into EpFSA using the proposed algo-
rithms. For the sake of brevity, we do not show these
models explicitly, but we summarise the results in terms
of number of state and transition for the SpFSA plant
(Gg) specification (E¢) and the synthesis input model
K¢ = Gg|[Eg; and for the respective converted EpFSA
plant (Gg), specification (Ep), filter (Hg) and the syn-
thesis input model Ko = Gg||E || Hg. Table 4 shows the
results.

As expected, K¢ and Ko have the same number of
states and transitions for all examples, which suggests that
they are equivalent, as it can be confirmed by checking,
for example, language inclusion.

It remains to be shown that also synthesis results are
equivalent. It is also of interest to know how easy synthe-
sis becomes if we provide the converted EpFSA model as
input, instead of SpFSA. These subjects are approached
in the following.

4. Control synthesis frameworks

This Section presents synthesis frameworks that use FSA,
SpFSA, and EpFSA models to obtain controllers for DESs.
It also illustrates each framework by extending the exam-
ple of manufacturing system in Section 4.4.

4.1. Supervisory control theory

When plant and specifications are designed as FSA G and
E, a key question is to know whether G can be restricted
through control in such a way that E is satisfied.

For this purpose, the event set is partitioned into the
sets X and X, including controllable and uncontrollable
events, respectively. Events in X can be disabled by the
controller, while events in X, cannot be directly pre-
vented from occurring. Then, the control synthesis, a clas-
sical result of the Supervisory Control Theory (Ramadge
and Wonham 1989), is processed to calculate a controller
for G.

Given a prefix-closed plant behaviour L(G) € £* and
a specification K € L“(G), it is desired to construct a
so-called supervisor S that restricts L(G) to K by dis-
abling only controllable events. A necessary and sufficient
condition for the existence of S is controllability: K is
controllable with respect to L(G) if KX, N L(G) C K.

If K is controllable, then a supervisor achieving this
behaviour can be implemented by an automaton V' rep-
resenting K, which disables any controllable event not
eligible in K. If the specification is not controllable, then
it can be reduced to the supremal controllable sublanguage

supC(K, G)

= U{K/ C K|K'is controllable with respect to L(G)}

that represents the largest, or the least restrictive, sub-
behaviour of K that can be achieved by controlling G.
If it is additionally nonblocking, then it is said to be an
optimal control solution for G.

4.2. Supervisory control with SpFSA

If plant and specification of a DES are modelled as SpFSA,
controllability and nonblocking have to be extended to
also consider variable values, in addition to events (Teix-
eira et al. 2015).

For G and E¢ respectively modelling plant and spec-
ification of a DES, E¢ is said to be V-controllable with
respect to G, if the following holds forall s € ¥*,all u €
%, and all valuations ¥, f/},: if Eg 5 (90> ) and G, 5
(q1>Vv) et (q3,V,), then there exists g2 € Qg such that
Ee = (40, %) = (42,7)).

V -controllability differs from standard controllability
in the sense that a specification must not only be able to
process all uncontrollable events that are possible in the
plant, but on the occurrence of an uncontrollable event
it must also update the variables in the same way as the
plant. Differently, for controllable events, the specifica-
tion can disable some or all of the associated variable
updates.

Synthesis with SpFSA is defined on the composition
Eg || Gg and, similarly to the ordinary case, the SpFSA
supervisor, denoted supCy (E¢, G ) (Teixeira et al. 2015),
represents the most permissive behaviour that can be



implemented in G while satisfying E¢. Nonblocking of
aSpFSA A, = (2, V,Q,q°, Q%, Py, F) can be ensured if

A, > (90, Vp) implies (qo, V) 4 (ql,f/}g) for some g, €
Q®.For SpFSA, nonblocking is a post synthesis check, not
generally included into the supCy calculation.

If, besides to be controllable, supCy(E¢, G) is also
nonblocking, then it is the optimal solution to the con-
trol problem. Under the assumption of determinism of
both, events and variable values (see Teixeira et al. 2015),
it can be shown that

supC(L(Eg || Gg), L(Gg)) = L(supCy(Ee, ).

That is, the control problem with SpFSA can be han-
dled either using the ordinary language-based synthe-
sis operation (supC) or its version extended to SpFSA
(supCy). In both cases, under determinism, the result is
expected to be the same, so that the choice impacts only
on modelling.

4.3. Supervisory control with EpFSA

When plant and specifications of a DES are given as
EpFSA, synthesis algorithm is the same as for FSA. How-
ever, the resulting supervisor will control equivalently the
plant only under the following assumptions.

Let the FSA plant G be given as an EpFSA G4 ||Hy,
such that, [1(Gg||Hg) = G follows from (1). Let also the
FSA specification E, with events in X, be replaced by the
simpler EpFSA Eg that uses events in A to express E.
In this case, it is expected that, for K = G||E and Kp =

GollHg | Eo,
L(TM(Kp)) = L(K). ()

From (2), and under the assumption that Hy is precise,
then either Kg or K can be used as input to the classi-
cal SCT framework (Cury et al. 2015), and the resulting
control solution will be such that

supC(K, G) = M (supC(Ko, GpllHp)). (3

That is, EpFSA and FSA are equivalent under synthesis
(Equation (3)), but EpFSA adds modelling benefits, at the
price of ensuring Equations (1) and (2), and of designing
and enforcing Hgto be precise. As these are manual tasks,
they can be complex to handle.

From our conversion method, nevertheless, we can
centralise these manual steps on SpFSA formulas that are
more tunned with the engineer’s perception and can cap-
ture better advanced features of modern cyber-physical
DES, without changing the control result. Next Section
exemplifies this by using the previous examples.
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Table 5. Number of states (and transitions) for literature problem
models and corresponding converted models.

Domain 1 2 3 4 5

Ke 10(14) 3500(9236) 624(1180) 14580 (56376) 56 (136)
Ko 10(14) 3500(9236) 624(1180) 14580 (56376) 56 (136)
supCy 8(10) 742 (1816) 58(102) 1551 (4596) 28 (57)
supC 8(10) 742 (1816) 58(102) 1551 (4596) 28 (57)

4.4. The example revisited

Now, we synthesise solutions for the four examples
in Table 4, and also for the manufacturing example
in Section 2.1 (labeled as 5). As shown, the solutions
obtained from the converted EpFSA are the same as the
ones obtained using FSA and SpFSA (Table 5).

4.5. Efficient supervisory control with EpFSA

This Section exploits additional aspects of EpFSA-based
synthesis in order to reinforce the benefits of the pro-
posed conversion mechanism.

Remark that, if on one hand the conversion method
removes from the designer the burden of having to
model a precise Hg, on the other hand it does not
return any computational advantage. In fact, precise fil-
ters are in general associated with large state-spaces,
which compensates possible simplifications in the speci-
fication model. In general, the effort to process any ver-
sion of the problem, with FSA, SpFSA and EpFSA, is the
same.

It has been reported (Cury et al. 2015), however, that
under certain conditions synthesis with EpFSA can be
simplified by including only a part of the filter H, while
the same controller is still obtained. The plant model
that abstracts part of a precise filter Hg is called an
approximation.

Definition 4.1: For a DES plant G, let Gy = n-4G)
and let Hy, be a precise filter for Gy. G is said to be an
approximation for G || Hy, if there exists at least one event
o € X in G such that [ (q)| > 1, for q € Qg, -

Definition 4.1 implies that there exists a pair §;,8; €
A%, such that their occurrences are not precise after at
least one state in G. In practice this means that a context
to be enabled by the plant will be ambiguous, eventually.

In control, approximations may lead to more restric-
tive solutions, as synthesis may not be able to distinguish
contexts, so it disables any context that is unsafe. For a
given approximation Gy, a precise filter Hg, and a speci-
fication Ex, such that Ky = Gy||E®, it follows from Cury
etal. (2015) that supC(Ky, Gy) N Hy C supC(Kp, Gg)-

Equality can be obtained by systematically select-
ing parts of Hy to construct G, (Rosa, Teixeira, and
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Table 6. Number of states (and transitions) for literature problem
models and corresponding converted models.

Domain 1 2 3 4 5

Ke 10(14) 3500(9236) 624(1180) 14580 (56376) 56 (136)
Ko 10(14) 3500(9236) 624(1180) 14580 (56376) 56 (136)
Km’ 8(16) 2400 (8976) 68 (502) 13680 (153616) 56 (136)
supCy 8(10) 742 (1816) 58(102) 1551 (4596) 28 (57)
supC 8(10) 742 (1816) 58(102) 1551 (4596) 28 (57)
supC’ 8(10) 742 (1816) 58(102) 1551 (4596) 28 (57)

Malik 2018). For that, it is essential that Hy can be
exposed modularly, which highlights the results in this
paper. When Hy is given modularly, as in the out-
put of Algorithm 4, the approach in Rosa, Teixeira,
and Malik (2018) selects all and only the parts of Hy
that are really necessary to synthesis. This leads to a
composition Hy of modules, for L(Hg) € L(Hy). Then
an improved approximation G, = Gg||Hy can be con-
structed such that, for Kﬂ/ = GQ[/ |Eo, it always implies

supC’ = supC (K, Gy) N Hy = supC(Kp, G).

4.5.1. Example for efficient synthesis with modular
EpFSA
Finally, we synthesise a solution for each examples, with
and without approximations, in order to show their
equivalences and the simplification brought by synthesis.
As shown in Table 6, the solutions obtained using the
input SpFSA models (row 5), using the converted EpFSA
(row 6), and using approximations (row 7) are all the
same. However, the cost to synthesise with approxima-
tions tends to be reduced, as it in general explores a
smaller state-space. Such a reduction can be more sub-
stantial if supported by appropriate tooling to select fil-
ters to be included in synthesis which, in this paper, is
suggested as a future aim.

5. Conclusion

This paper discusses how parameters can be exploited to
simplify modelling and control of DESs. Two methods
are presented, each one constructed on a specific formal
background, so that they do not directly combine advan-
tages. A conversion method is then proposed to allow
conducting modelling using a design-friendly approach,
and systematically migrate it to another framework, more
tuned with synthesis and implementation issues.

The algorithms presented in the paper are all poly-
nomials in the number of states of the input automata
models. The provided tooling support allows them to be
immediately used for industrial engineering tasks.

Several examples are used to illustrate the approach,
some extended from the literature and others introduced
in the manuscript. In particular, they share the feature

of requiring the memory of intricate sequences of events
in order to decide about control aspects of the DES. By
using the proposed method, nevertheless, this memory
becomes shorter during modelling phase, and it can be
easily handled by formal structures that depend mini-
mally on the engineer.

Prospects of future research aim to extend our
approach over modular control frameworks because,
large DES problems can be intractable by the mono-
lithic versions of the SCT. We also intend to investigate
more about implementation issues, besides to extend the
respective tooling support.

Notes

1. The SpFSA literature usually refers to states as locations,
composed by a state and associated parameters, which is
here generalised indistinctly.

2. The equivalence between K and I1(Kp) (and similarly K
and K¢ ) follows, in general, but it depends on modelling
tasks, which we assume here to be well defined from the
engineering point of view.
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